
N O N - S T A N D A R D  A N A L Y S IS



PRINCETON LANDMARKS  
IN MATHEMATICS AND PHYSICS

Non-standard Analysis, by Abraham Robinson

General Theory of Relativity, by P.A.M. Dirac

Angular Momentum in Quantum Mechanics, 
by A. R. Edmonds

Mathematical Foundations of Quantum Mechanics, 
by John von Neumann

Introduction to Mathematical Logic, by Alonzo Church

Convex Analysis, by R. Tyrrell Rockafellar

Riemannian Geometry, by Luther Pfahler Eisenhart

The Classical Groups, by Hermann Weyl

Topology from the Differentiable Viewpoint, by John W. Milnor

Algebraic Theory of Numbers, by Hermann Weyl

Continuous Geometry, by John von Neumann

Linear Programming and Extensions, by George B. Dantzig

Operator Techniques in Atomic Spectroscopy, by Brian R. Judd



NON-STANDARD ANALYSIS

Revised Edition

Abraham Robinson

PRINCETON UNIVERSITY PRESS 

PRINCETON,  NEW JERSEY



Copyright © 1996 by Princeton University Press 
Published by Princeton University Press, 41 William Street,
Princeton, New Jersey 08540
In the United Kingdom: Princeton University Press,
Chichester, West Sussex

All Rights Reserved

Library of Congress Cataloging-in-Publication Data

Robinson, Abraham, 1918-1974.
Non-standard analysis / Abraham Robinson. —  Rev. ed. 
p. cm. —  (Princeton landmarks in mathematics and physics)
Originally published: Rev. ed. Amsterdam : North-Holland Pub. Co.;
New York : American Elsevier Pub. Co., 1974, in series: Studies in logic and 
the foundations of mathematics.
Includes bibliographical references and index.
ISBN 0-691-04490-2 (pb : alk. paper)
1. Nonstandard mathematical analysis. 2. Logic, Symbolic and mathematical. 
I. Title. II. Series.
QA299.82.R6 1995 
515'. 1— dc20 95-43750

Princeton University Press books are printed on acid-free paper and meet the 
guidelines for permanence and durability of the Committee on Production 
Guidelines for Book Longevity of the Council on Library Resources

Printed in the United States of America

10 9 8 7 6 5 4 3



To Renee



Engraving reproduced from  Leonard Euler's 'In troductlo  in Analysin Infln ltorum ’, first ed., 
Lausanne, 1 7 4 8 .  By courtesy of the Am sterdam  University Library.



FOREWORD (1996)

The second edition of Abraham Robinson’s monumental work, Non­
standard Analysis, has been out of print for some time. It gives me great 
pleasure, as one of the earlier followers of Robinson, to have the opportunity 
to welcome the reissuing of this unique mathematical work by Princeton 
University Press.

During this century the mainematical community has witnessed the solu­
tion of a number of long-standing problems and conjectures. One of these 
problems, attributed to W. G. Leibniz, concerns the foundation of the calcu­
lus. In the early history of the calculus, arguments involving infinitesimals 
played a fundamental role in the derivation of the basic rules of Newton’s 
method of fluxions. The notion of an infinitesimal, however, lacked a pre­
cise mathematical definition, and soon their widespread use came under 
severe attack, notably by Bishop Berkeley in England, who disdainfully 
referred to infinitesimals as the “ghosts of departed quantities.” To counter­
act the critics of the theory of infinitesimals, Leibniz proposed a program to 
conceive of a system of numbers that would include infinitesimally small as 
well as infinitely large numbers. The process to arrive at such a system of 
numbers was to adjoin ideal objects to the existing finite quantities and to 
define arithmetic rules of combining them in such a way that the new ideal 
numbers and their reciprocals could be viewed as being either infinitesimally 
small or infinitely large; yet, such that the entire system would have, in some 
well-defined sense, the same properties as the system of real numbers. This 
process was inspired by the manner in which the so-called imaginary num­
bers were introduced as ideal objects to solve equations. When Leibniz and 
his followers failed in their attempts to create such a system, infinitesimal 
reasoning gradually lost ground and survived only as a figure of speech. In 
fact, infinitesimals were gradually replaced by the D ’Alembert-Cauchy con­
cept of a limit to provide a firm foundation for the calculus. The creation of a 
mathematical theory of infinitesimals, as envisaged by Leibniz, on which to 
base the calculus remained an open problem.
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Despite the discovery of non-archimedean ordered field extensions of the 
reals around the turn of the century, Leibniz’ problem remained unsolved 
and lay dormant until the end of the 1950s. At that time the situation 
changed dramatically. It then became clear that a rigorous mathematical 
theory of infinitesimals as proposed by Leibniz was within the grasp of 
mathematics.

In 1958, the aerodynamicist C. Schmieden, in collaboration with D. 
Laugwitz, constructed a partially ordered ring extension of the reals that 
included elements that could be viewed to play the role of infinitesimals for 
the purpose of representing the Dirac delta function by a function defined 
point-wise on the ring which is infinitely small except at the origin where it 
is infinitely large. Since their ring extension contained divisors of zero and 
elements of indeterminate size that could not be classified, with respect to 
the reals, as either infinitely small or infinitely large or finite, it did not lend 
itself in a straightforward manner as a number system that could be used to 
provide a satisfactory solution to Leibniz’ problem. Nevertheless their ap­
proach was the first step in the right direction.

At the end of the 1950s, however, unaware of the Schmieden-Laugwitz 
approach, Abraham Robinson showed that the ordered fields that are non­
standard models of the theory of real numbers could be viewed in the meta- 
mathematical or external sense as non-archimedean ordered field extensions 
of the reals that externally contain numbers that behave like infinitesimals 
with respect to the reals and whose reciprocals are infinitely large; that is, 
larger in absolute value than any positive real number. As models of the 
reals, these ordered fields had, in a precise formal manner, the same proper­
ties of the reals. As a consequence, these new number systems obtained by 
using model theoretic methods, provided a complete, satisfactory solution of 
Leibniz’ three-centuries-old problem.

Since the models employed are known as nonstandard models, Robinson 
announced the creation of his theory of infinitesimals in a paper that ap­
peared in 1961 in the Proceedings o f  the Royal Academy o f Sciences o f  
Amsterdam under the title Non-standard Analysis. Robinson introduced his 
history-making paper by giving credit to the ideas of the world-renowned 
logician T. Skolem. In a paper published in the Fundamenta Mathematicae 
in 1934, Skolem showed that the system of natural numbers could not be 
characterized by any set of its arithmetical properties that were formulated in 
the lower predicate calculus. In view of the categorical nature of the Peano
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system of axioms of arithmetic, Skolem’s result came as a great surprise. 
The proof given by Skolem consisted of a construction of a proper extension 
of the system of natural numbers M that, under a precisely defined inter­
pretation of its symbols, satisfies all the properties of M that are formulated 
in the lower predicate calculus in terms of a given set of arithmetic opera­
tions such as addition and multiplication. We may add here that Skolem’s 
proper extension of N was the first explicit example of what are now referred 
to as nonstandard models of arithmetic.

After recalling Skolem’s result, Robinson continued by applying the same 
idea to the set K0 of all sentences of the lower predicate calculus in terms of 
the operations of the reals expressing properties of the real number system. 
The new number systems were then defined as nonstandard models of K0. It 
followed that, in the meta-mathematical sense, the new number systems 
were non-archimedean ordered field extensions of the reals and thus, in the 
meta-mathematical sense, contained numbers that could serve the role of 
infinitesimals and their reciprocals that could serve as infinitely large num­
bers. After making these observations and using his new and rigorous theory 
of infinitesimals, Robinson derived the fundamental properties of the theory 
of limits, and more generally of the calculus, and in doing so, presented a 
completely satisfactory solution of Leibniz’ problem.

Robinson did not stop there, however. He continued to test— success­
fully— his new methods in such fields as classical differential geometry, the 
classical theory of Lie groups, the theory of differential equations, and the 
theory of distributions that includes an improved version of the Schmieden- 
Laugwitz representation of the Dirac delta distribution. From the area of 
classical applied mathematics, Robinson discussed briefly the way in which 
the theory of infinitesimals could be used in the theory of boundary layers 
and concluded by stating that the probability that the nonstandard reals may 
provide a better explanation of certain observable phenomena than the stan­
dard reals should be borne in mind.

Abraham Robinson is considered to be one of the prominent mathemati­
cians of this century for his ground-breaking work in logic and various fields 
of mathematics and applied mathematics, but above all for his discovery of 
nonstandard analysis, which he used to unite ideas of mathematical logic 
with mathematics proper. He was bom in 1918 in Waldenburg, Lower 
Silesia and spent the larger part of his childhood in Breslau. In 1933, his 
family fled Nazi Germany and settled in Palestine. He studied mathematics
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at the Hebrew University under the wing of the famous mathematician 
Abraham Fraenkel. In June of 1940, after a brief stay in Paris studying at the 
Sorbonne, he barely escaped to England. During World War II, Robinson 
worked at the Royal Aircraft Establishment in Famborough analyzing the 
design of supersonic airfoils. In a short amount of time, this work made him 
a specialist in aerodynamics. After the war, he continued his work in mathe­
matical logic begun with Fraenkel and in 1949 he received his Ph.D. at the 
University of London. His thesis appeared later in book form under the title 
The Meta-Mathematics o f  Algebra. During those years he also continued his 
aeronautical research as a staff member of the Cranfield College of Aeronau­
tics. In 1951, he joined the Department of Applied Mathematics of the 
University of Toronto, where I met him for the first time in the fall of 1956. 
Robinson succeeded his mentor, Abraham Fraenkel, in 1957 as Professor of 
Pure Mathematics at the Hebrew University. The creation of the theory of 
infinitesimals happened during the academic year 1959-1960, while he was 
visiting the Institute for Advanced Study in Princeton. During his years as 
Professor of Mathematics and Philosophy at the University of California, 
Los Angeles (from 1962 through 1967), Robinson worked full force 
at developing nonstandard techniques for applications to various other 
branches of mathematics. He also wrote this book, the first edition of which 
appeared in 1966, and the second in 1973. From 1967 until his untimely 
death on April 11, 1974, Robinson was Professor of Mathematics at Yale. 
During those years he had started to collaborate with P. Roquette from the 
University of Heidelberg on a program analyzing problems of algebraic 
number theory with nonstandard methods.

This most welcome reissuing of Robinson’s Non-standard Analysis fol­
lows on the heels of the recent publication of Robinson’s biography by 
the renowned historian of mathematics, Joseph Warren Dauben, entitled 
Abraham Robinson, The creation o f  nonstandard analysis, a personal and 
mathematical odyssey, with a forward by Benoit B. Mandelbrojt (Princeton 
University Press, 1995). These two books present a most valuable documen­
tation of the history and the meaning of the creation of nonstandard analysis.

Since Robinson’s death in 1974, nonstandard analysis has continued to 
attract the attention of the mathematical community. Recently, these meth­
ods have been applied, with great success, in probability theory, notably in 
the theory of stochastic processes. At regular intervals conferences and
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workshops devoted to nonstandard analysis have been organized. Proceed­
ings of some of them have appeared in print.

For the interested reader we mention here the following publications: 
Nonstandard Analysis, Recent Developments, Proceedings of the Second 
Victoria Symposium on Non-standard Analysis, edited by A. E. Hurd; 
Nonstandard Analysis and Its Applications, Lecture Notes in Mathematics 
983 (Springer Verlag, 1983); Proceedings of a Conference and Workshop 
held at the University of Hull in 1986, edited by Nigel Cutland, London 
Mathematical Society Student Texts 10 (Cambridge University Press, 1988); 
and Advances in Analysis, Probability and Mathematical Physics; Contribu­
tions o f  Nonstandard Analysis, Proceedings of a 1992 International Confer­
ence honoring D. Laugwitz on the Occasion of his Sixtieth Birthday, edited 
by S. A. Albeverio, W.A.J. Luxemburg, and M.P.H. Wolff, Mathematics 
and its Application Series 314 (Kluwer Academic Publishers, 1995).

In addition, a number of textbooks on nonstandard analysis at various 
levels have appeared, each with its own flavor. Nevertheless, paraphrasing 
the advice Lagrange is alleged to have given his students about reading 
Euler, I conclude by stating, “Read Robinson; he is the master of us all.”

W il h e l m u s  A. J. L u x e m b u r g





PREFACE

Je vois plus que jamais quil ne faut 
juger de rien sur sa grandeur apparente. 
O Dieu! qui avez dome une intelligence 
a des substances qui paraissent si 
meprisables, Vinfiniment petit vous 
coute autant que Vinfiniment grand.

V o l t a i r e ,  Micromegas

In  the fall o f 1960 it occurred to me that the concepts and m ethods of 
contem porary M athem atical Logic are capable of providing a suitable 
fram ework for the development of the Differential and Integral Calculus 
by means o f infinitely small and infinitely large numbers. I first reported 
my ideas in a seminar talk at Princeton University (Novem ber 1960) and, 
later, in an address at the annual meeting o f the Association for Symbolic 
Logic (January 1961) and in a paper published in the Proceedings o f the 
Royal Academy of Sciences o f Am sterdam  ( r o b in s o n  [1961]). The re­
sulting subject was called by me N on-standard Analysis since it involves 
and was, in part, inspired by the so-called N on-standard models of 
Arithmetic whose existence was first pointed out by T. Skolem.

In the intervening years, N on-standard Analysis has developed con­
siderably in several directions. Since many o f the results have been 
reported so far only in courses or lectures, and in mimeographed reports, 
it was thought tha t a book dedicated entirely to this subject would be 
in order.

Over the years, my thinking in this area has been enlivened by dis­
cussions with several colleagues, among whom 1 venture to mention here 
R. Arens, C. C. Chang, A. Erdelyi, A. H orn, G. Kreisel, I. Lakatos, and 
J. B. Rosser. Special thanks are due to W. A. J. Luxemburg, whose lectures 
and lecture notes on N on-standard Analysis have done much to make 
the subject known am ong mathematicians.
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I acknowledge with thanks the support received from  the N ational 
Science Foundation (G rants GP-1812 and GP-4038) in connection with 
much o f the research incorporated in the present book. I also wish to 
m ention that C hapter vi is based on research sponsored in part by the 
Air Force Office o f Scientific Research and published previously in report 
form ( r o b in s o n  [1962]). Finally, I wish to pu t on record my indebtedness 
to M. M achover who read the book at the p roof stage and suggested 
various improvements.

A b r a h a m  R o b in s o n

University o f  California, Los Angeles 
April, 1965



PREFACE TO THE SECOND EDITION

Seven years have passed since the publication of the first edition o f this 
book and alm ost twice as long since the inception of its subject. The fact 
tha t a new edition has become necessary indicates that the ideas described 
here attracted a measure of attention. The least tha t can be said is that 
the intrinsic interest of the subject and its historical relevance are, by 
now, widely appreciated. Beyond this, num erous articles in the recent 
m athem atical literature contain applications of non-standard analysis 
to contem porary problems in areas as widely apart as algebraic num ber 
theory and m athem atical economics. In particular, the interested reader 
may wish to consult the proceedings o f several symposia in this area 
which were held in recent years. They are contained in: Applications o f 
M odel Theory to Algebra, Analysis and Probability, edited by W. A. J. 
Luxemburg (Holt, R inehart and W inston, T oronto 1969); C ontribu­
tions to N on-standard  Analysis, edited by W. A. J. Luxemburg and A. 
Robinson, in : Studies in Logic and the Foundations of M athematics, Vol. 69 
(N orth-H olland, Am sterdam  1972); and the proceedings of a conference 
on N on-standard  Analysis which was held in the spring of 1972 at the 
University o f Victoria, B.C., Canada, to be published in the Lecture N ote 
series of the Springer-Verlag.

A lthough the situation may change some day, the non-standard m eth­
ods that have been proposed to date are conservative relative to the 
commonly accepted principles of m athem atics (e.g., the axioms of 
Zerm elo-Fraenkel, including the axiom of choice). This signifies tha t a 
non-standard proof can always be replaced by a standard one, even though 
the latter may be more complicated and less intuitive. Thus, the present 
writer holds to the view that the application of non-standard analysis 
to a particular m athem atical discipline is a m atter of choice and th a t it is 
natural for the actual decision of an individual to depend on his early 
training.

A  more definite opinion has been expressed in a statem ent which was
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made by K urt G odel after a talk tha t I gave in M arch 1973 at the In­
stitute for Advanced Study, Princeton. The statem ent is reproduced here 
with Professor G odel’s kind permission.

‘I would like to point out a fact that was not explicitly m entioned by 
Professor Robinson, but seems quite im portant to me; namely that non­
standard analysis frequently simplifies substantially the proofs, no t only 
of elem entary theorems, bu t also o f deep results. This is true, e.g., also 
for the proof of the existence of invariant subspaces for com pact operators, 
disregarding the im provem ent o f the result; and it is true in an even higher 
degree in other cases. This state o f affairs should prevent a rather com ­
m on m isinterpretation o f non-standard analysis, namely the idea th a t 
it is some kind o f extravagance or fad o f m athem atical logicians. N o th ­
ing could be farther from the tru th . R ather there are good reasons to 
believe tha t non-standard analysis, in some version or other, will be the 
analysis o f the future.

One reason is the just m entioned simplification of proofs, since sim­
plification facilitates discovery. Another, even more convincing reason, 
is the following: A rithm etic starts with the integers and proceeds by 
successively enlarging the num ber system by rational and negative num ­
bers, irrational num bers, etc. But the next quite natural step after the 
reals, namely the introduction of infinitesimals, has simply been omitted. I 
think, in coming centuries it will be considered a great oddity in the histo­
ry of m athem atics that the first exact theory of infinitesimals was devel­
oped 300 years after the invention of the differential calculus. I am in­
clined to believe tha t this oddity has something to do with another od­
dity relating to the same span of time, namely the fact that such problems 
as Ferm at’s, which can be w ritten down in ten symbols of elementary 
arithm etic, are still unsolved 300 years after they have been posed. Per­
haps the omission mentioned is largely responsible for the fact that, 
com pared to the enorm ous development of abstract m athematics, the 
solution o f concrete numerical problem s was left far behind.’

I am greatly indebted to Peter W inkler for correcting a considerable 
num ber of printing errors which appeared in the first edition of this book 
and for closing a gap in the original statem ent of Theorem 8.1.12, page 
206.

Yale University, New Haven 
October 1973

A b r a h a m  R o b in s o n



LIST OF CONTENTS

CHAPTER I

GENERAL INTRODUCTION

1.1. Purpose of this b o o k .....................................................................................  1
1.2. Summary of c o n te n t s .....................................................................................  2

CHAPTER II

TOOLS FROM LOGIC

2.1. The Lower Predicate Calculus.........................................................................  6
2.2. In terp reta tion ..................................................................................................  8
2.3. U ltrap rod u cts ......................................................................................................... 10
2.4. Prenex normal form................................................................................................... 10
2.5. The finiteness principle.............................................................................................13
2.6. Higher order structures and corresponding languages..................................... 19
2.7. Type s y m b o l s .........................................................................................................23
2.8. Finiteness principle for higher order t h e o r i e s ................................................. 26
2.9. E n la rg em en ts......................................................................................................... 30
2.10. Examples of enlargements.......................................................................................34
2.11. General properties of en largem ents.................................................................... 41
2.12. Remarks and r e fe r e n c e s .......................................................................................48

CHAPTER III

DIFFERENTIAL AND INTEGRAL CALCULUS

3.1. Non-standard A rithm etic.......................................................................................49
3.2. Non-standard Analysis............................................................................................. 55
3.3. Convergence................................................................................................................58
3.4. Continuity and differentiation.................................................................................65
3.5. In teg ra tio n ................................................................................................................71
3.6. Differentials................................................................................................................79
3.7. Total d ifferen tia ls................................................................................................... 81



x v i i i LIST OF CONTENTS

3.8. Elementary Differential G e o m e t r y ....................................................................83
3.9. Remarks and r e fe r e n c e s ...................................................................................... 88

CHAPTER IV

GENERAL TOPOLOGY

4.1. Topological sp a ces ...................................................................................................89
4.2. Sequences, nets, mappings  ..............................................................95
4.3. Metric s p a c e s ....................................................................................................... 100
4.4. Topologies in * T .............................  106
4.5. Functions, limits, continuity, in metric s p a c e s ................................................110
4.6. Sequences of functions. Compact mappings......................................................116
4.7. Euclidean sp ace .......................................................................................................120
4.8. Remarks and r e fe r e n c e s .................................................................................... 122

CHAPTER V

FUNCTIONS OF A REAL VARIABLE

5.1. Measure and in teg ra tio n .....................................................................................123
5.2. Sequences of functions...........................................................................................130
5.3. Distributions............................................................................................................. 133
5.4. Remarks and r e fe r e n c e s .....................................................................................145

CHAPTER VI

FUNCTIONS OF A COMPLEX VARIABLE

6.1. Analytic theory of p o ly n o m ia ls ........................................................................147
6.2. Analytic fu n c tio n s .................................................................................................155
6.3. Picard’s theorems and Julia’s directions............................................................160
6.4. Compactness arguments in classical Function T heory................................... 173
6.5. Remarks and r e fe r e n c e s .................................................................................... 176

CHAPTER VII

LINEAR SPACES

7.1. Normed sp a c e s .......................................................................................................177
7.2. Hilbert space............................................................................................................. 181
7.3. Spectral theory of compact operators..................................................................185
7.4. An invariant subspace p r o b le m ........................................................................195
7.5. Remarks and r e fe r e n c e s .................................................................................... 200



CHAPTER VIII

TO PO LO G IC A L G R O U PS A N D  LIE G R O U PS

8.1. Topological g r o u p s ........................................................................................................202
8.2. M etric g r o u p s ...............................................................................................................207
8.3. O ne-param etric su b g ro u p s ...........................................................................................215
8.4. The Lie algebra of a  group ...........................................................................................225
8.5. Rem arks and r e f e r e n c e s ...........................................................................................229

CHAPTER IX

SELECTED TOPICS

9.1. V ariations  230
9.2. R iem ann’s m apping t h e o r e m .................................................................................... 232
9.3. D irich let’s p rincip le ........................................................................................................ 233
9.4. Sources and d o u b l e t s ................................................................................................. 238
9.5. Local p e rtu rb a tio n s.........................................................................................................241
9.6. B oundary layer theory  .......................................................................247
9.7. Saint-V enant’s p r i n c i p l e ...........................................................................................253
9.8. R em arks and r e f e r e n c e s ...........................................................................................258

CHAPTER x

C O N C E R N IN G  TH E  H ISTO RY  O F T H E  C A LC U LU S

10.1. In tro d u c tio n ..................................................................................................................... 260
10.2 L e i b n i z ............................................................................................................................ 261
10.3. D e l’H o s p i t a l ...............................................................................................................264
10.4. Lagrange and d ’A le m b e r t ...........................................................................................267
10.5. C a u c h y ............................................................................................................................ 269
10.6. Bolzano, W eierstrass, and a f t e r ............................................................................. 276
10.7. Infinitely small and large num bers and the in f in ite ............................................279

B I B L I O G R A P H Y ...................................................................................................................283

IN D EX  O F A U T H O R S ............................................................................................................290

SU BJECT I N D E X ................................................................................................................... 292

LIST OF CONTENTS x ix





GENERAL IN TR O D U C TIO N

1.1 Purpose of this book. Underlying the fundam ental notions o f the 
branch o f mathematics known as Analysis is the concept o f a limit. 
Derivatives and integrals, the sum o f an infinite series and the continuity 
of a function all are defined in terms o f limits. For example, let f ( x ) be a 
real-valued function which is defined for all x in the open interval (0 , 1) and 
let x 0 be a num ber which belongs to tha t interval. Then the real num ber a 
is the derivative o f  f ( x )  at jc0, in symbols

1.1.1 /'(.x0) = ( ^ )  

if
, 1 ,  f i x ) - f i x  o)
1 . 1 . 2  l i n W o -------------------  =  a .

x - x 0

Suppose we ask a well-trained m athem atician for the meaning o f 1.1.2. 
Then we may rely on it that, except for inessential variations and term ino­
logical differences (such as the use of certain topological notions), his 
explanation will be thus:

For any positive num ber e there exists a positive num ber <5 such tha t

/ ( x ) - / ( x 0)
 a < s

x - x 0

for all x  in (0,1) for which 0 <  |at — jc0 | <<5.
Let us now ask our m athem atician whether he would not accept the 

following more direct interpretation o f 1.1.1 and 1.1.2.
For any jc in the interval o f definition o f f ( x )  such tha t dx  = x  — x 0 is 

infinitely close to 0 but not equal to 0, the ratio df/dx,  where

d / = / « ~ / ( *  o),
is infinitely close to a .

C H A P T E R  I



2 GENERAL INTRODUCTION [1.2

To this question we may expect the answer that our definition may be 
simpler in appearance but unfortunately it is also meaningless. If we then 
try to explain that two numbers are infinitely close to one another if their 
distance (the modulus of their difference) is infinitely small, i.e., smaller 
than any positive number, we shall probably be faced with the rejoinder 
tha t this is possible only if the numbers coincide. And, so we may be told 
charitably, this obviously is not what we meant since it would make our 
explanation trivially wrong.

However, in spite of this shattering rebuttal, the idea o f infinitely small 
or infinitesimal quantities seems to appeal naturally to our intuition. At 
any rate, the use of infinitesimals was widespread during the formative 
stages of the Differential and Integral Calculus. As for the objection quoted 
above, that the distance between two distinct real numbers cannot be 
infinitely small, G. W. Leibniz argued that the theory of infinitesimals 
implies the introduction of ideal numbers which might be infinitely small 
or infinitely large com pared with the real numbers but which were to 
possess the same properties as the latter. However, neither he nor his 
disciples and successors were able to give a rational development leading 
up to a system of this sort. As a result, the theory of infinitesimals gradu­
ally fell into disrepute and was replaced eventually by the classical theory 
o f limits.

It is shown in this book that Leibniz’ ideas can be fully vindicated and 
tha t they lead to a novel and fruitful approach to classical Analysis and to 
many other branches o f mathematics. The key to our method is provided 
by the detailed analysis of the relation between m athematical languages 
and m athem atical structures which lies at the bottom  of contem porary 
model theory.

1.2 Summary of contents. The plan of this book is as follows. In 
Chapter n we describe the formal tools from mathematical logic which are 
required for subsequent developments. Our discussion deals with first and 
higher order theories and includes a proof o f the finiteness principle 
(compactness theorem), which is of central im portance for our purpose.

In C hapter in we detail the basic properties t>f the mathematical 
structures which serve as frameworks for N on-standard Arithmetic and 
Non-standard Analysis. We show that these structures provide an ade­
quate foundation for a theory of infinitesimals, and we develop the ele­
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ments of the Differential and Integral Calculus by means o f tha t theory. 
Next we introduce first and higher order differentials and give applications 
to some simple problems o f classical Differential Geometry. Naturally, 
these differentials are infinitely small, as they were taken to be, naively, in 
the earliest texts on the Calculus published in continental Europe, such as 
the Traite des infiniment petits o f de l’Hospital. It turns out that after the 
removal of some glaring and frequently attacked inconsistencies, the 
m ethod used in these texts can be put on a firm foundation.

In C hapter vi we show that the theory o f infinitesimals possesses a 
generalization which is applicable to (non-metric) topological spaces. 
W ithin this theory, we reformulate various basic notions of Topology. In 
particular, we obtain a striking characterization of com pact spaces, which 
has several applications.

Chapter v deals with functions of a real variable. The Lebesgue measure 
is defined in terms of N on-standard Analysis and several standard theorems 
are proved within this framework. Next, we discuss the theory of Schwartz 
distributions. O ur approach supplies a concrete realization of these 
generalized functions and, in particular, provides effective means for the 
discussion o f the notion o f the local value of a distribution.

In Chapter vi, we develop the non-standard theory of functions of a 
complex variable. Fields o f application considered in detail are (i) the 
analytic theory o f polynomials, which deals with the location of zeros of 
polynomials in the complex domain, and (ii) the theory of exceptional 
values of entire functions, including Picard’s theorems and Julia’s di­
rections. However, it is even more significant that the theory of norm al 
families is replaced by certain generalized functions provided in a natural 
way by our approach.

Chapter v ii  brings us to  the theory of norm ed linear spaces. The N on­
standard theory o f com pact operators is developed in several directions. 
In particular, it is shown that a linear operator in H ilbert space which has 
a com pact square, possesses a non-trivial invariant subspace. It is note­
worthy that the analysis given here provided the first p roof of this result, 
which settles a problem raised by K. T. Smith and P. R. Halmos (see 
b e r n s t e in  and Ro b in s o n  [1966]). A nother application o f the theory deals 
with spectral analysis.

In Chapter vm we consider topological groups and, more particularly, 
Lie groups. In our theory, the infinitesimal neighborhood of the unit
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element o f a group actually exists and constitutes a group. This group 
realizes the intuitive notion o f the infinitesimal group for a given topo­
logical group o r Lie group. It can be related to the standard concepts of 
the theory.

Chapter ix contains applications o f variational principles to several 
m athem atical problems within the framework o f N on-standard Analysis. 
In particular, we give adaptations o f a classical p roof o f Riem ann’s 
m apping theorem  and o f the Dirichlet integral m ethod in Potential 
Theory. Next we consider several topics from Hydrodynamics. We ex­
pound the basic notions o f boundary layer theory by means o f infinitesi­
mals, and we give a counterpart o f de Saint-Venant’s principle in the 
Theory o f Elasticity. Finally de Saint-Venant’s principle itself is inter­
preted rationally within the fram ework of N on-standard Analysis.

The last chapter contains a review of certain stages in the history o f the 
Differential and Integral Calculus tha t had to do with the theory of 
infinitesimals. The fact th a t the more recent writers in this field were 
convinced th a t no such theory can be developed effectively, colored their 
historical judgm ent. Thus, a revision has now become necessary.

It is natural to ask whether a non-standard method (in the technical 
sense in which the term  non-standard is used here, i.e., a m ethod o f N on­
standard Analysis) can always be replaced by a standard m athematical 
proof. This question presumes tha t the m ethods o f M athem atical Logic 
are set apart from  ordinary M athematics, and we may agree for our 
present purposes that the distinction is meaningful in practice. The 
answer to the question then is tha t the m ethod o f ultrapowers provides a 
ready means for translating a non-standard proof into a standard 
m athem atical p roof in each particular case. However, in the course of 
doing so we may complicate the p roof considerably, so that frequently 
the resulting procedure will be less desirable from  a heuristic point o f 
view. At the same time there may well exist a shorter mathematical proof 
which can be obtained independently.

The development o f the theory o f infinitesimals has very nearly stood 
still during the last one hundred and fifty years. D uring the same period 
an enorm ous am ount o f effort and ingenuity has been poured into the 
classical methods. Nevertheless, we believe to have shown that even at this 
late stage non-standard m ethods can supplement standard methods 
effectively, both in throwing new light on old theories and in order to find
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new results. We hope tha t some o f the experts, in the subjects touched 
upon in this book or in subjects not touched upon here, will consider the 
application o f non-standard methods to their field. They may find tha t in 
some cases the appropriate non-standard interpretation of a classical 
theory is no t discovered w ithout effort. But once it has been found the 
subsequent reform ulation and development o f the theory can be a 
rewarding experience.

One might express the hope that some branches o f modern Theoretical 
Physics, in particular those tha t are afflicted with divergence problems, 
might be treated with profit by N on-standard Analysis. The fact tha t the 
present book contains only applications to classical Applied M athem atics 
most probably is a testimony to the lim itations of the author and not of 
the method.



C H A P T E R  I I

TO OLS FROM LOGIC

2.1 The Lower Predicate Calculus. In this chapter we introduce the 
reader to some formalisms whose appreciation is essential for the sequel. 
The text is written in such a way tha t it can be understood by anyone with 
a rudim entary knowledge o f M athem atical Logic and of the elements of 
Abstract Set Theory.

We proceed to  describe the language of the Lower, or F irst Order, 
Predicate Calculus. Disregarding variations of m inor importance, this 
may be said to be the basic formalism of M athematical Logic.

A first order language L  is defined in the following way.
The atomic symbols of L  are:
(i) Individual object symbols, or individual constants, usually small 

italics, with or w ithout subscripts or primes, such as a,b \ c or occasion­
ally, to conform  with common usage, other symbols such as the numerals 
0,1,2,... The set o f individual constants is arbitrary but fixed (and is 
usually transfinite).

(ii) (Individual) variables, x \ y \ z kl (Italics from the end of the alphabet, 
with or w ithout subscripts, etc.). Their num ber is supposed to be infinite 
but countable.

(iii) Relation symbols of order rt,n >  1, S ( ), R (  , , ), where n denotes 
the num ber o f places in the parentheses. The set o f relation symbols is 
arbitrary but fixed and may be transfinite. (Relation symbols of order 
/7 =  0 are not required and, for ease o f understanding, will be excluded 
here.)

(iv) The connectives, ” 1 (negation), v  (disjunction), a  (conjunction), 
=> (implication), =  (equivalence).

(v) The quantifiers, (3 ) -  existential, and (V ) -  universal.
(vi) The brackets, [, and ] .

Atomic formulae are obtained from the atomic symbols by filling the empty 
places of relative symbols with either individual constants or variables,
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e.g., S(a ), S ( x n)9 R(x,a,y). From these, well-formed formulae (wff) are 
obtained in successive stages, beginning with the atomic formulae, by 
applying connectives and quantifiers in the appropriate m anner to well- 
formed form ulae obtained already. A t the same time brackets are intro­
duced in such a way tha t the mode o f construction o f a well-formed 
form ula can be determined unambiguously from its form. In more 
detail -

i f  A" is an atomic form ula, [A"] is a well-formed form ula; if X  and Y  are 
wff, then [H A ], [A' v 7 ] , [A"a 7 ] , [X=> 7 ] , [ X== 7 ]  are wff; and if X is  a 
wff then [ (3 ^ )7 ]  and [ (Vy)A'] are wff (where y  stands for an arbitrary 
variable) provided y  does not already appear in X  under the sign o f a 
quantifier, i.e., provided X does not already contain (3y) or (Vy). X  is said 
to  be the scope o f the quantifier under consideration in [(3^) A"] or [(Vy) X ] 
and in any wff which is obtained from these by the further (repeated) 
application o f connectives or quantifiers.

An occurrence o f a variable, e.g. y, in a wff X  is free  if y  is not in (3j>) 
or (Vy) or in their scope in X. The wff X  is called a sentence if it 
does not contain a free occurrence o f a variable, otherwise it is called a 
predicate.

It is usual to om it brackets if this does not lead to any ambiguity, or if 
any ambiguity which is introduced thereby is irrelevant. Thus, we write 

v  X 2 v  X f \  indiscriminately for [[Ar1 v X f \  v X f]  and for [ X x v 
\ X 2 v  ^f3]] , since (as we shall see) it is irrelevant which o f the two latter 
expressions is meant.

We say that the first order language L' is an extension o f the first order 
language L  if  the set o f atomic symbols of L is a subset of the set of 
atomic symbols o f L .

A f irst order structure, Af, consists o f a non-empty set o f individuals, A , 
in which a set P  o f n-ary relations e.g., S (  , , . . . )  are defined in the 
following sense. If S{  , ,...,) is an n-ary relation which belongs to P and 
(a1,. . .9an) is an ordered «-tuple of elements o f A then it is determinate 
whether or not S ( a i9...,an) holds in M. (In set theoretic versions of the 
notion o f a structure, a relation is actually identified with the set o f 
rt-tuples which hold for it.) For example, we may consider that an 
algebraic field is given by its set o f individuals and by the three 
relations £ ( , ) ,  £ ( , , ) ,  P (  , ,  ), where E  is binary and S  and P a re  

te

rnary and where E(afi)  stands for a = b (equality), and S(a,b,c) and
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P(a,b,c) stand for a + b = c and ab = c (addition and multiplication) 
respectively.

2.2 Interpretation. Now let M  be a first order structure and let L  be a 
first order language. Suppose that we are given a one-to-one mapping C 
between the set o f individuals of M  and a subset of the set of individual 
constants o f L  and between the relations of M  and a subset of the set of 
relation symbols o f L  in such a way that fl-ary relations correspond to 
n-ary relation symbols. We shall say that a well-formed form ula X  of L  is 
defined in M  (with respect to the mapping C) if all the individual constants 
and relation symbols which occur in X  correspond to individuals and 
relations of M  under C.

For any sentence X  which is defined in M  we shall now define what it 
signifies that X  holds in M  or is true in M , or that M  is satisfied by X , by 
means of the following conditions. If X  is defined, but does not hold in M  
we shall say also tha t X  is false in M.

(i) Let X = [ 7 ]  be defined in M  where Y  is an atomic formula. Thus 
Y = R ( a i9.. .9an) where R  is an «-ary relation symbol and a l9.. .9an are 
individual constants such that T, under C, R  corresponds to a relation R ' 
in M and a i9.. .9an correspond to individuals a'l9 . . .9a'n respectively. Then X  
holds in M  (under C) by definition, if and only if R'(a'l9 . . .9a'n) holds in M.

(ii) Suppose that the sentence X = [ “ l 7 ]  is defined in M. Thus, Y  also 
is defined in M.  Then X  holds in M  if and only if Y  does not hold in M . 
Again, suppose that the sentence X  which is defined in M  is given by 
J = [ F v Z ] .  Then X  holds in M  if and only if at least one of the two 
sentences Y  or Z  holds in M.  For the remaining connectives, supposing 
the sentence X  to be defined in A/, the rules which decide whether or not X  
holds in M  are as follows.

If X = [ Y a Z ] 9 X  holds in M  if and only if both Y  and Z  hold in M. If 
X = [Y ^ > Z ] ,  X  holds in M  provided Z  holds in M 9 and also if neither Y  
nor Z  hold in M ; X  does not hold in M  if  Y  holds in M  but Z  does not 
hold in M.  If  X = [ Y = Z ] 9 X  holds in M  if and only if both Y  and Z  hold 
in M  or neither Y  nor Z  holds in M.

(iii) Suppose now that X  has been obtained by existential quanti­
fication. Thus, X  is o f the form Af=[(3 y )Z (y ) ] .  Then X  holds in M  if  and 
only if there exists an individual constant a such that Z(a)  holds in M. 
(This implies that a corresponds to some individual o f M  under C). We
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have used the notation Z ( y ) ,Z ( a )  in  order to  indicate th a t Z (a )  is ob­
tained from  the scope o f (3>>) by substituting a for (every occurrence of) y.

I f  y  does no t occur in Z  the correct interpretation of our rule is tha t X  
holds in M  if  and only if Z  holds in M.

Finally, suppose tha t X  is o f the form  Ar= [(V y)Z (y )]. Then X  holds in 
M  if for every individual constant a o f I  which corresponds to an in­
dividual o f M  under C, the sentence Z  (a) holds in M.

One shows by induction following the construction o f a well-formed 
form ula (or, more concretely, following the num ber o f square brackets in 
a form ula) tha t conditions (i), (ii), and (iii) jointly decide unambiguously 
for every X  which is defined in M  whether or no t X  holds in M ,  for the 
given C. The question whether or not a sentence X  holds in a structure M  
depends only on the m apping Cx between the individual constants and 
relation symbols which actually occur in X  and the appropriate individuals 
and relations of M, provided there are enough individual constants and 
relation symbols available in L  to extend Cx to  a m apping C in which all 
individuals and relations o f M  are m apped on corresponding entities in L. 
F or a given M , we may at any rate extend L  to a language L' in which this 
condition is satisfied. In  order to avoid trivial but tiresome exceptions, we 
shall suppose from  now on tha t such an extension o f the given language 
has been carried out tacitly where necessary. T hat is to  say, when stating 
tha t X  holds in a structure M  for a one-to-one m apping C  between the 
individual constants and relation symbols which occur in X  and certain 
individuals and relations in M , we shall imply tha t this is the case, 
according to our original definition, in an extension L' o f L  in which Cx 
can be extended to  a m apping C as above.

Similarly, let K  be a set o f sentences in a first order language L  and let 
there be given a one-to-one m apping CK between the individual constants 
and relation symbols that occur in K  and individuals and relations o f a 
(first order) structure M,  so tha t individual constants correspond to 
individuals and, for each n >  1,«-ary relation symbols correspond to  «-ary 
relations. Then we shall say that K  holds in M  (is true in M ,  is satisfied 
by M  or, th a t M  is a model o f K ) for the given m apping CK if in some 
extension L  o f L, CK can be extended to a m apping C as above, which 
ranges over all individuals and relations o f AT, such tha t all sentences o f K  
hold in M  under this mapping, in the sense explained previously. Here 
again, the answer to  the question whether or not K  holds in M  depends
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only on CK in the sense that i f  C = C 1 and C = C 2 are two extensions of CK 
which range over all o f M  then the sentences o f K  hold in M  under C t if 
and only if they hold in M  under C2.

2.3 Ultraproducts. Let Q = { M V} be a set o f first order structures, 
where v varies over a non-em pty index set I. Suppose that the Mv are 
similar, that is to say tha t the same relations are defined in all o f them. 
(Notice tha t this concept of similarity is very wide. For example, all 
algebraic fields are similar if we take them to be given by the three 
relations o f equality, addition, and m ultiplication, as introduced above. 
We do not mean tha t the relations need be the same extensionally, i.e., we 
identify, e.g., the relations of addition in different fields although they will 
in general be different in the set theoretic sense.) Let D be an ultrafilter in /  
(or, which is the same, a maximal dual ideal in the Boolean algebra of 
subsets of /). T hat is to say, D is a set o f subsets of /  which satisfies the 
following conditions.

(i) The empty set does not belong to D , Q$D.
(ii) If AeD  and BeD  then A n BeD.
(iii) If AeD  and A c  B e  I  then BeD.
(iv) For any ,4 c :/, either AeD  or I —AeD  (although, by (i) and (ii) the 

sets A and I —A  cannot both belong to D).
By means of Q and D we now define a new first order structure QDi called
an ultraproduct as follows. The set of individuals of QD is the set of
functions f { x ) defined on /  and satisfying the condition th a t/(v )eA /v for 
every vel. Now let /?(jc1,jc2,. . ,^w) be a relation which is given for the 
structures Mv (where we have inserted the variables x l , . . . ,x2 into the 
empty places o f R  for easier reading). L e t b e  individuals of QD. 
Thus, / ;= / ; ( * ) ,  i = l ,  n w h e re /f(v)eM v, for vel , as detailed. We deter­
mine the relation R  in QD by defining tha t R ( f u  ...,/„ ) shall hold in QD if 
and only if the set {v|i?(/i(v), ...,/„ (v )) holds in M v} — i.e., the set of 
elements v of / for which /? (/i(v ), ...,/„(v)) holds in M  — is an element of 
the ultrafilter D.
This completes the definition of QD.

2.4 Prenex normal form. A wff A" in L  is said to be in prenex normal 
form  if, in the construction of X  from atomic formulae, the quantifiers 
(if any) are applied after the connectives (if any) or, which is the same, if 
the connectives are in the scope of all quantifiers.
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For the purposes of this and the following section, two sentences X  and 
Y will be called equivalent if they contain the same individual constants 
and relation symbols, and if X  =  Y  holds in all structures in which this 
sentence is defined. This will be the case if and only if for any structure M  
in which X  and Y  are defined, and by the same correspondence, either 
both X  and Y  hold in M  or neither X  nor Y  holds in M.

2.4.1 T h e o r e m . For every sentence X , there exists an equivalent sen­
tence X 0 which is in prenex norm al form.

In order to establish this result, we observe that if X  is equivalent to Y  
and Y  is equivalent to Z  according to  the above definition, then X  is 
equivalent to Z, i.e., the (meta-mathem atical) relation of equivalence 
between sentences is transitive. For a given X , we may therefore find an 
equivalent Y  by a succession o f modifications each leading from a given 
sentence to an equivalent sentence. The modifications required here are 
based on the following facts which can be verified w ithout difficulty by 
means o f the definitions of section 2.2.

(i) If X  contains a wff of the form [ Y  = Z ]  and we replace it by 
[[F z > Z ] a  [Zz5 Y j \  then we obtain a sentence X '  which is equivalent 
to  X, by 2.2 (ii).

(ii) If  X  contains a wff of the form [F=>Z ], and we replace it by 
[ [ I F ]  v Z ]  then we obtain a sentence X '  which is equivalent to X , again 
by 2.2(ii).

(iii) The sentence F = [ " l [ Z v I F ] ]  is equivalent to F ' =  [ [ “ |Z ] a  
[~ lIF ]] , by 2.2(ii), and the sentence 7 = [ i [ Z a  IF ]] is equivalent to 
r  =  [ [ l Z ] v [ l  ^ ] ]»  by 2.2(ii) (these are ‘de M organ’s laws’). Hence, 
if a sentence X  contains a well-formed formula F = [ ” l [ Z v  IF ]], and we 
replace Y  by Y ’ =  [ [  “1Z ]  a  [ “1 IF ]] then we obtain a sentence X '  which is 
equivalent to X. And if the sentence X  contains a wff Y =  [ “1 [Z  a  IF ]] and 
we replace the latter by f '  =  [ [ l Z ] v [ ' 1 1F]] then we obtain a sentence 
X '  which is equivalent to X.

(iv) If the sentence F is  given by F =  [ ”1 [(3y)Zj]  then Y  is equivalent 
to r  =  [(Vy)[ 1 Z ]] ,  by 2.2(ii) and 2.2(iii), and if F = [" l[ (V y )Z ]]  then Y  
is equivalent to Y ' = [(3y)[ “1Z ] ] ,  also by 2.2(ii) and 2.2(iii). Accordingly, 
if in any sentence we replace a well-formed formula  [~ l[(3 y )Z ]]  or 
[n [(V y )Z ]]  by [(3jp)[ ~I Z ] ]  or [(V y)[“ lZ ]]  respectively, then we obtain 
an equivalent sentence.
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(v) i f  j r = [ [ ( 3 ^ ) z ]  v  W ] and if  u is a variable tha t does not occur in X  
then X is equivalent to X '  — [(3w )[Z ' v  W j]  where Z ' is obtained from  Z  
by substituting u fo ry. Similarly, if X —[ W \/  [ (3 y )Z ]], then with wand Z ' 
as before, X  is equivalent to X ' =  [(3 w )[JT 'v Z ']]. Similarly statements 
hold if the existential quantifiers, (3y), (3w) are replaced by universal 
quantifiers, (Vy) and (Vw); or if the connective of disjunction, v ,  is re­
placed everywhere by the connective o f conjunction, a  or if both o f 
these m odifications are carried out simultaneously. Finally, if this trans­
form ation is carried out for a well-formedformula X  which is contained in 
a sentence Y, then the result is a sentence Y '  which is equivalent to Y  
provided the new variable w does no t appear in Y  within a quantifier which 
includes X  in its scope.

By means o f (i) and (ii) we may replace any given sentence X  by an 
equivalent sentence which contains neither =  nor 3 . For example,

x  =  [[(Vy) [K (fl, y )]] => [ 1  [(Vy) [[<2 (y)] V [(3z) [ S (y , z ) ] ...]  

is equivalent to

x i =  [ [ "I tOOO [R (a > jO ]]] v [ “ I [0 0 0  [ [ 6  0 0 ]  V [(3z) [S  (y, z ) ] . . . ] .

Next, employing (iii) and (iv), we may transform  every sentence X  which 
does not contain =  or id into an equivalent sentence in whose construc­
tion every in troduction of the connective of negation precedes the in tro­
duction o f the connectives of disjunction and conjunction and o f the 
quantifiers. Thus, continuing the above example, we may replace X t by 
the equivalent

* 2 = [ [ ( 3 j ) h  [ * ( « ,y ) m  v  h  [(Vy)[[Q(y)] v. [(3z)[S(y, z)]...]. 

Continuing this operation, we obtain in successive stages the sentences

* 3  =  [ [ ( 3 j0 h [ * ( a ,y ) ] ] ] v  [ (3 y )[n [[Q (y )]v  [(3z)[5(y , z)]...],

^4  =  [[(3y) [ n  [R (a, y )]]] v  [(3y) [["1 [Q (y)]] a  [ ~\ [(3z) [S (y , z ) ] . . . ] ,  

and

^5  =  [[(3y) [ 1  [R (a, v )]]] v  [(3y) [ [  1 [Q (y )]] a  [ (V z )  [ 1 S (y, z ) ] . . . ] .

The last sentence, X 5, has the required form.
Using (v) above we may now modify the sentence obtained so far so
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that, finally, all connectives precede all quantifiers in the construction of 
the sentence from atom ic formulae. Thus, in the particular example 
considered above, X 5 is equivalent to

*6 =  [ ( 3 m )  [ [  n  [R ( a ,u)]] V [(3y) [(Vz) [ [  H [Q O ')]] a  [ 1  [S (y ,  z ) ] ...]

and to

*o =  [(3«) [(3 W) [(Vx) [ [  “ I [K ( a ,«)]] v  [[■~) [Q (w)]] a  [ ~| [ S (w, x ) ] ] ] ] ] ] ]

The last sentence, X 0, is in prenex norm al form.
Observe, tha t for a given sentence X, the equivalent sentence in prenex 

norm al form is not unique. This can be shown by means of the above 
example. M ore simply, if Ar= [ [ (3 y ) [0 (> ?)]] a  [(Vz)[jR(z)]]] then both 
the sentence [(3y)[(Vz) [[£)(>>)] a  [ /? (z )]...]  and the sentence [(Vz) 
[(3y )[[2 (.v )] A [ ^ ( z) ] •••] are equivalent to X  and in prenex normal 
form.
Observe tha t the sentences cannot be obtained from each other merely by 
renaming variables.

From  now on, we shall perm it ourselves to simplify our notation by 
om itting

(i) brackets around atomic formulae
(ii) the outerm ost brackets around any wff
(iii) brackets between successive quantifications.

M aking use of these rules we may, for example, write the above X 0 as

(3 u )(3w)(Vx) [ [  1 R ( a , «)] v [ [  1 Q (w)] a  [ 1 S(w,  x )]]]  .

2.5 The Finiteness Principle. In this section we shall prove a central 
result o f the Lower Predicate Calculus, which is of fundam ental im por­
tance for our theory.

A set of sentences will be called consistent if it possesses a model.

2.5.1 F in it e n e s s  p r i n c ip l e  ( c o m p a c t n e s s  t h e o r e m ) . Let /Cbe a set o f  

sentences such that every finite subset of K  is consistent. Then K  is 
consistent.

For the proof, we may suppose that all sentences of K  are in prenex 
norm al form. For if this is not the case from the outset we consider a set K0 
which is obtained from K  by substituting for every sentence X  in K  an
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equivalent sentence X 0 which is in prenex norm al form. Suppose that every 
finite subset o f K  is consistent and let Kq be a finite subset o f K0. Then K0 
is obtained from a finite subset K ' of K  by substituting for every sentence 
o f K '  an equivalent sentence in prenex normal form. Since K '  is consistent 
it possesses a model and this is also a model of K q, i.e., Kq also is con­
sistent. Hence, assuming that we have already proved our assertion for K0, 
we may conclude that K 0 possesses a model, and this is also a model of K. 
Accordingly, we shall suppose from now on that the sentences of K , as 
given, are in prenex norm al form.

We shall require a mode of interpretation of sentences in prenex normal 
form which was conceived by Skolem and Hilbert and developed further 
by H erbrand. To introduce it, let us consider the sentence A"=(Vx) 
(3y)Q (x ,y)  where Q(x,y)  is a wff. According to 2.2, the assertion that X  
holds in a structure M  signifies that fbr every individual constant a , 
denoting (i.e., in correspondence with) an individual of M,  there exists an 
individual constant b such that Q(a,b) holds in M. Applying the axiom of 
choice, we may select such a b for every a, and we may then say that there 
exists a function </>(x) (called a Skolem function ox functor) defined on the 
individual constants which denote individuals o f Af, and taking values in 
the same set, such that for every a in the set, Q { a ^ (a ) )  holds in M. In this 
expression, </> is a function from individual constants (i.e., entities o f the 
language L) to individual constants, but we shall perm it ourselves to use 
the same symbol also in order to denote the function from and to the corre­
sponding individuals. Thus if a and b denote individuals a and b' of M  
respectively, and 6 =  </> (a), then we write also V  — $  (a'). The fact that such 
a function exists implies, conversely, that the sentence (Vx) (3y) Q (x, y)  
holds in M. The expression (? (x ,0 (x )), which is outside our formal 
language L, is called a (Skolem ) open form  sentence. By saying that 
0(x,</>(x)) holds in M  we mean that Q(a,(f{a)) holds in M  for every 
individual constant which denotes an individual o f M.

In order to exemplify the general case, consider the sentence

2.5.2 (Vx)(3j;)(Vz)(3u)(3i?)(Vw)(3f) g (x ,  y 9 z, m, v, w, t)

where Q is a wff without quantifiers. 2.5.2 holds in a structure M  if and 
only if the open form  sentence

2.5.3 Q (x, (f) (x), z, if (x, z), * (x, z), w, Q (x, z, w))
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holds in M  for an appropriate choice of the Skolem functions 

<f> (x), \p ( x ,  z ) ,  x (X,  z ) ,  g ( x , z , w ) ,

i.e., if
2.5.4 Q (a, (j) (a), b,\jj(a, b), x (a, b), c ,g (a , b, c))

holds in M  for all a,b, and c which denote (correspond to) individuals in 
M. Here again, the symbols (p,ij/,x,Q, which are outside the formal 
language L  will be used both for functions from individual constants 
which denote individuals of M  to individual constants, and for the func­
tions from the corresponding individuals to the corresponding individuals. 
Note that the Skolem functions correspond to the existential quantifiers 
in the given sentence X, and their arguments correspond to the universally 
quantified variables which precede the respective existential quantifier 
in X. If X  begins with an existential quantifier then the corresponding 
Skolem function reduces to a constant, i.e., it takes a single value (in M).

In order to prove 2.5.1. let K  be a set o f sentences in prenex norm al 
form such that every finite subset of K  is consistent. We shall construct a 
model for K in the form of an ultraproduct. The index set /  is defined as 
the set of all finite subsets o f K  (so that /  is not empty). In order to agree 
with the notation of section 2.3 we shall denote these subsets of K  by small 
Greek letters, v,/i,.... For every vel we select a corresponding structure Mv 
such that A/v is a model of v under some specified mapping Cv. Such a 
structure exists for every vel, by assum ption, but the determ ination of an 
indexed set Q — {MV} where v varies over /  involves the axiom of choice 
(except in the trivial case where /  is finite). For every v, Cv is a mapping 
from the individual constants and relation symbols o f the sentences of v 
onto corresponding individuals and relations of A/v. We may then identify 
relations in different Mv if they are denoted by the same relation symbols 
in K. If, for some v, a relation symbol R  of K  does not correspond to any 
relation in Mv (because R does not occur in the sentences of v) then we 
define a corresponding relation R', with the same num ber of variables, 
arbitrarily in Mv, e.g., by stipulating tha t R' does not hold for any 
individuals o f Mv. In this way we ensure tha t the structures of Q = {MV} 
are all similar. Having chosen Q it remains to select an appropriate ultra­
filter D on /.

For every vel, let dv be the set o f elements ^ of /  such that vc=^, v is a 
subset o f and let D 0 be the set o f all these dv, in symbols D 0 = {dv}veI.
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Then D0 has the following properties.
(i) 9$D0, D 0 does not contain the empty set.
For if A eD0 then A = dv for some ve/and  so veA , A is not empty.
(ii) If A gD0 and BeD 0 then A n BeD0.
Indeed if A eD 0 and BeD0 then A = dv, B = d\l for certain elements v 

and fi o f /. Let <7 =  v U ju. Then a is a finite subset of K  and hence, is an 
element of I. We claim that da = A 0  B. For if qeA n B then q c  v and q c  jx 
and so q=>ii U v. Thus QEda. While geda implies q c g ,  p v ,  (?=>/*, hence 
qeA , qeB, qeA  fi B. This shows that A ft  B = dff and so A  n Be I.

Consider the sets o f subsets o f /  which are extensions of D0 and which 
satisfy conditions (i) and (ii) above. Among these sets there are maximal 
ones, by Z orn’s lemma. Let D  be one o f them. We are going to show that, 
in addition to (i) and (ii) above, D possesses also the following properties.

(iii) If A eD and A c  B e  I  then BeD.
For let D' = { B \ B c I  and A c  B  for some A e D}. Thus, D' consists of all 

subsets o f /w h ich  contain elements of D as subsets. Hence, D c D ' . Also, 
if BeD' then B 4=0 since B  contains a subset A which belongs to D and 
hence, is not empty. Finally if B and B' belong to D' then B c A , B ' c A '  for 
some A and A' in D. Hence, B o B ' c A o A ' ,  where A n A 'eD, by (ii) 
above. But then B  n B'eD'. This shows that D ’ is a set o f subsets of 1 which 
satisfies conditions (i) and (ii) above. But D is a maximal set o f this kind 
and so D = D'. Now it follows immediately from the definition of D' that 
if A eD' and A a  B e  I  then BeD'. This proves (iii) since D = D '.

(iv) If  A a  I  then either A eD or I —A eD.
Observe tha t A and I —A cannot both belong to D since their inter­

section is empty. Suppose that, for some A c  /, neither A  nor I — A belongs 
to D. Define D t by

D x = {B \B = C o  F  where A c C c I  and FeD).
Then D a D t for if  FeD then B = F  for C = I.  Also, if BeD x and B'eD t 

so that B = C n  F , B' = C ' fi F' for some C, F , C \  F' satisfying A aC czJ ,  
FeD, A a C ' a l ,  F 'eD, then B (]B ' = (C(] C ' ) n ( F 0  F') where A czC f\ C ' 
czl and Ff] F 'eD , so that B O B '  also belongs to D t . M oreover A e D i as 
we see by taking C —A , F = I  in the definition of Thus, D x is a proper 
extension of D which satisfies (ii) above. It then follows from the maximum 
property o f D tha t D i cannot satisfy (i). Accordingly QeDl9 and there 
exists a set F^eD such that A fi Fx = 0 . Similarly, defining D 2 by

d 2 = {b \b  = C o  F  where I —A c C c I  and FeD} and arguing as before,
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we find tha t there exists an F2eD  such that ( / — A ) n F 2 =Q. Now let 
F3 — Fl n F2, so that F3eD. Then

F3 = I f ) F 3 = (A U F3 = (A n F3) [ ] ( ( I - A ) r \ F 3)
= ( a  n (Fl n F2) ) \ j ( ( i - A ) r \ ( F 1 n F2) ) a ( A  n f , ) u  ( ( / - / i ) n  f 2) = 0 .

But this is impossible, by (i). This proves (iv).
Com paring the conditions (i) to (iv) in this section with conditions (i) 

to (iv) in section 2.3 above, we see that D is an ultrafilter on /. We are 
going to show that the u ltraproduct QD, Q = {MV} is a model of K for an 
appropriate interpretation CK of the individual constants and relation 
symbols of K. Recall that we have identified the relations in the different 
Mv which correspond to a given relation symbol R in K. Thus we consider 
tha t R denotes a relation R ' which occurs in all the Mv. By the definition 
of an ultraproduct R' then occurs also in QD and we define that it corre­
spond to R  under CK. As for the interpretation of the individual constants 
o f K  under CK, we proceed as follows. Let a be an individual constant 
which occurs in K, i.e., which occurs in at least one sentence of K. We 
have to determine an element of Q D which corresponds to K , i.e., we have 
to define an appropriate function /(v ) on /  such th a t/(v )eM v. Now if some 
sentence o f v contains a then Afv contains an individual a which corre­
sponds to a under Cv. We then put f ( v )  = a'. In the alternative case, if a 
does not occur in v, we choose / ( v )  as an arbitrary element of Mv.

Now let X  be any sentence of K. X  is in prenex norm al form, by as­
sumption. We shall suppose that it is exemplified by 2.5.2 above. We have 
to show that X  holds in QD or, equivalently, that the Skolem functions 
<p (x), \jj ( * ,z ) ,  x 0x\z), Q (x,z,w) can be defined in QD in such a way that 2.5.3 
holds in QD. For this purpose, we may suppose that we have already 
chosen appropriate Skolem functions </>, q in all the Mv for which 
Xev , and that these functions have been defined arbitrarily in the re­
maining Mv (subject only to the condition that the functional values are in 
the same structures M v as the arguments, respectively).

Let f i  g , and h be any elements of QD. Thus /= / ( v ) ,  g =  g ( v ), h — h( v )  

where v ranges ovei /. We then define k  = \j/( f ,g )  by

2.5.5 — for all ve l .

Then k eQ D as required. We define the functions 0, / ,  and q in QD in a 
similar way.
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We are now going to show that, with these definitions, the sentence

2.5.6 R  ( / ,  <f> ( / ) ,  g 9^ ( f 9 g)9 x ( / ,  g), K  Q (f,g,h))

(compare 2.5.4) holds in QD. R  does not contain any quantifiers. By 2.2. (i) 
and 2.2 (ii), the question whether or not 2.5.6 holds in QD is determined 
entirely by the truth values (‘holds in QD’ or ‘does not hold in QD’) o f the 
atomic formulae which occur in 2.5.6. Let these atomic formulae be 
/?,-(//,.. /*.), i=  l, . . , ,y  where/ /  stands for one of the individual constants 
which occur in X , or for one o f/,# ,//, or for one o f the functional values 
<A(/X (/,g ) ,e tc . By the definition of Q D, R i ( f l\ , - - - , f l )  holds in Q D if and
only if the set

2.5.7 A i = {v\Ri( f i ( v ) , f i2(v ) , . . . , f l l (v ) )holds in  M v}

belongs to D. Let Al = Af if A { belongs to D and A'i — J — Ai if A { does not 
belong to D and hence / — A-t belongs to D. Then A\ belongs to D for 
/=  1,..., / and so the set A — A\ n A'2 fl ... fi Aj  belongs to D and is not 
empty. Also, for every veA , an atomic formula /?,-(//, holds in QD
if and only if /? i(//(v ), (v)) holds in Mv.

On the other hand, let B be the subset o f /  which is defined by

B =  {v|R ( f  (v), 4>(f (v)),g (v ) , ip ( f  (v),g (v) ) ,% ( /  (v) ,g  (v)),

h(v) ,  e ( / ( v ) ,  ^ (v), h(v ) ) )  holds in M v}.

Let X = {X } ,  where we recall that X  is the sentence given by 2.5.2, and let 
fxedA, so that # is any finite subset of K  which contains X. Then X  holds 
in A /, and so

R ( /  (/'), 0 ( /  (/<))- 9 (r), <P ( /  (g)> 9 00)»•••.(?(/ 00,9 00, h (g))) 

holds in A /.
We conclude that # belongs to B and hence that dk is a subset of B. It 

then follows from the definition of D that B belongs to D and hence that 
A n B is not empty. If we now choose any element rj of A n B then, by the 
definition of A , /? ,( / / ,  holds in QD if and only if /? ,-(//(//),..., (//))
holds in Mv  i — 1 ,..., j  and, by the definition of /?,

R ( /  00, <P ( /  (7)), 9 (7), •Z' ( /  (7), 9 0?))>---,£? (fin), 9 (n), h (n)))

holds in M,r We conclude that /?(/,< /> (/), g, #(/,# ,//)) holds
in Qd, and hence, that X  holds in £>0, as required.
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Notice tha t the pi oof procedure applies equally if R(x,y,z,u,v,w,t)  
contains individual constants, or if X  begins with an existential quantifier. 
Thus, if a is an individual constant which occurs in X , and p(v)  is the 
element of QD which is denoted by a , then p(p)  is the element of M^ which 
is denoted by a for all pedx (see above). Accordingly, we are able to show 
that X  holds in QD under the specified correspondence in all cases. This 
completes the proof of Theorem 2.5.1.

2.6 Higher order structures and corresponding languages. The axiomatic 
systems for many algebraic concepts such as groups or fields are form u­
lated in a natural way within a first order language such as described in 
the preceding sections. However, interesting parts of the theory of such a 
concept may well extend beyond the resources of a first order language. 
Thus, in the theory of groups, statements regarding subgroups, or re­
garding the existence of subgroups of certain types will, in general, involve 
quantification with respect to sets o f individuals, and this cannot be ex­
pressed within a first order language. In other cases, e.g., in the theory of 
natural numbers or in the theory o f real numbers, some of the axioms 
themselves are outside the language o f the Lower Predicate Calculus. 
Thus, the axiom of induction involves ‘all properties’ or alternatively ‘all 
subsets’ o f the natural numbers. The straightforward form ulation of this 
phrase again requires quantification of sets. The same is true of D edekind’s 
axiom, which involves quantification with respect to Dedekind cuts, i.e., 
ordered pairs o f sets (of real numbers). The following framework for 
higher order structures and higher order languages copes with these and 
similar cases. It is rather straightforward and suitable for our purposes.

Let A be an abstract set o f specified cardinal. We consider, in addition 
to A, all sets and n-ary relations o f A (where we may regard sets as singu- 
lary relations), all sets of relations, relations between relations and 
between individuals and relations, etc. As in the Lower Predicate Calculus, 
we do not introduce symbols for functions since a functiony —f ( x l9. . . ,x n) 
can always be represented by a relation 7? ( ^ i , - •., v„,jp) such that 
/?(*!,...,*„,}>) holds if and only if y  is equal t o / ( x t ,. . . ,x„).

Notice tha t in the above enum eration of sets and relations we have ex­
cluded ‘abnorm al’ entities, such as the sets which contain both individuals 
and sets o f individuals. M ore specifically, we shall consider only sets or 
relations of definite type t. Types are entities which are built up in a finite
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num ber of steps, beginning with an arbitrarily chosen object 0 (which will 
be identified with the natural num ber 0), according to the following rules.

(i) 0 is a type.
(ii) If  n is a positive integer and r l 9. . . ,Tn are types then the sequence 

( t T „ )  is a type.
The set of all types will be denoted by T. Evidently, the num ber o f types 

is countable.
We now assign types to all individuals, sets, and relations, which will be 

included in our considerations (and at the same time exclude the ‘ab­
norm al’ entities m entioned above) by means of the following definitions.

The entities o f type 0 are the individuals o f A , and we set A 0 = A. We 
shall refer to the individuals also as relations o f type 0. An «-ary relation 
whose argum ents are o f type 0, is of type (0,...,0) -  where 0 appears 
n times - ,  n ^  1. For any fixed n, the set o f these relations will be denoted 
by v4(0,.. . ,0). Suppose tha t we have already defined the relations o f types 
t  j , ..., t„, (including the possibility Tf =  0) and let A Xi, i=  1 ,...,«  be the sets of 
these relations. We then assign the type t  =  ( t i , . . . , t„ )  to any n-ary relation 
whose /th  argum ent varies over relations o f type r f, /=  1 ,...,« . Thus, an 
w-ary relation o f type t  =  ( t i , . . . , t„ )  is a subset o f the cartesian product 
A Tl x A T2 x ... x A Tn. The set o f these relations will be denoted by A r, or 
alternatively, by (A Tl, . . . ,A Tn). Thus, the set A r itself is of type (t). We adopt 
the convention tha t for each t  +  0 there is a distinct empty relation of 
that type. The relations introduced above satisfy the restriction o f the 
simple theory of types.

Let S  be any set. Informally, we may regard a function c(v) from  an 
index set A ={v} into 5  as a subset o f  S  with repetitions if we count only 
the number o f  times tha t an element of S  appears as a functional value in 
cr(v). Or to pu t it more accurately, we consider functions cr(v) as above 
and we regard two such functions as equivalent, <7(v)~cr'(v'), veN , v 'eN '  
where N  and N '  are any two index sets if there is a one-to-one mapping 
from N  onto N ',  v' = <j>(v) such th a t o (v) =  o' (</> (v)) for all veN. Then a 
subse ts '  o f S  with repetitions, (write S '  < S)  is, by definition, an equivalence 
class with respect to the relation ~  just defined. If  aeS  appears as a 
functional value o f o(v)  in any one of the representation of S '  we shall 
permit ourselves to write aeS '  and say tha t a is contained in S ',  and if 
every element o f S  appears in S '  ju st once we shall write, somewhat 
loosely, S '  = S.
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By a higher order structure M  we mean any set {i?T} which is indexed 
in T  (in other words, a function which is defined on T) such that for some 
non-empty set o f individuals^, every Bx is a subset o f A x with repetitions, but 
B0 = A 0 = A. (Thus, every element of A 0 appears in a function <r(v) which 
represents B0 just once, as explained above). In addition, M  = {#T}is sup­
posed to satisfy the following condition. For any type t=j=0, z = ( z u ...9Tn)9 
if  ReBx and the «-tuple ( R l9.. .9Rn) satisfies R  then RieBXi. Thus, every 
R eB x, t  =  ( t l9...,xn) which from the set-theoretical point o f view is given 
by a subset o f the cartesian product A Xl x A X2 x ... x A Xn, coincides with its 
restriction to  BXl x BX1 x ... x  BXn. In particular, if x = (z l) s o  that the ele­
ments of Bx are singulary relations, i.e., sets, then our condition states 
tha t all the elements of these sets are contained in BXi.

If, for every type t ,  Bx contains all relations of A x then we shall say that 
M  is fu l l . I f  no Bx contains any relation repeatedly (so that the corre­
sponding a (v) takes each value at most once) then we say that the struc­
ture is normal. Putting it loosely, we may say that a structure is full and 
norm al if Bx — A x for all t.

In order to simplify our language we shall from now on regard in­
dividuals as relations of type 0.

There are various formalisms for the description o f higher order 
structures. In the classical language o f Principia M athem atica, or in the 
simpler version given by Hilbert-Ackerm ann, the notation is chosen so as 
to reflect the distinction between individuals and relations. Here we shall 
find it more convenient to adopt a language which, syntactically, belongs 
to the family of languages introduced in section 2.2 above. This language, 
to be denoted by A, contains a relation symbol d>T( ) for each type 
t=#0 and if t  = (zu ...,Tn) then <PX is supposed to be (« + l)-a ry . No other 
relation symbols are included in A. Because of their changed interpretation 
(see below) we shall refer to the individual object symbols or individual 
constants simply as object symbols or constants. In any given situation, we 
shall suppose tha t a sufficient supply of these is available in our language.

Among the well-formed form ula of A we distinguish a subclass, whose 
elements will be called stratified formulae. For any <PX0{x9y l9.. .9y n) 
To =  (Ti,...,Tn), we call t i the type of the ( /+  l)th  place of <PXQ, /= 0 ,1 ,
Then a wff X  will be said to be stratified, if any given constant or variable 
occurs in X  only a t places of the same type. Thus, the wff [#(o)C*>.v)] *s 
stratified, but (Vx)[~l[d>(0)(x,A-)]] is not stratified. The sentence
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[ ( 3 x ) [0 (O)(«,x)]] a  [(V x)0(O)(x,/>)]] is not stratified, according to our 
definition. O ur condition of stratification might be relaxed so as to adm it 
the last form ula but this will not be necessary for our purpose.

For a given higher order structure M  = {BT}, there is supposed to be 
specified a one-to-one mapping C from a set o f constants (object symbols) 
of A onto the totality of individuals and relations of M  (elements of the 
various Bx). We shall say, as before, that a constant o f A denotes (or, is the 
name o f )  the corresponding individual or relation of M  under C. Let X  be 
a stratified sentence which is a bracketed atomic formula, X=\_<Px 
(a, b !,...,&„)]. We say that X is  admissible in M  (under C) if aib1,...,bn are in 
the domain of C and denote relations (or individuals) R , R 1. . . ,R n in M  
such that ReBx, RieBx., /= l , . . . ,w . Under these conditions, we say that X  
is true in M  or holds in M  if ( R u . . . ,R n) satisfies the relation R  in M,  i.e., 
in the set theoretic approach if the sequence (/?l9..., Rn) belongs to R. If X  
is admissible but not true in M  then we say that X  is, false  in M.

More generally if X  is any stratified sentence then we say tha t X  is ad­
missible in M  (under C) if every constant a which occurs in X  is mapped 
under C on a relation R  such that the type of R is also the (joint) type of 
the places in which a occurs in X.

We now consider the set K 0 o f all stratified sentences o f A which are 
admissible in M  under a given correspondence C. We have already de­
fined under what conditions a bracketed atomic formula is said to hold in 
M. For a sentence X  which is obtained by the application of a connective, 
we define whether or not X  holds in M  as in 2.2(ii) above, where we ob­
serve that if X = [~ l  F ] and X  is admissible then Y  is admissible and if 
X — [ Fu Z ] , etc., and X  is admissible then Y  and Z  are admissible.

Suppose now that X  is a stratified sentence o f the form Z = [(3 y )Z ] , 
which is admissible in M  under C. If y  does not occur in Z  at all then Z  is 
a stratified sentence which is admissible in M  and we then say that X  is 
true or false in M  accordingly as Z  is true or false in M. I f  Z  contains y, 
Z  =  Z (y ), let r be the (joint) type of the places in which y  occurs within 
(the atomic formulae of) Z (y). We define tha t X  holds in M  if and only if 
there is a constant a in A which is mapped by C on a relation R of type r in 
M  such that Z(a)  holds in M. (Notice that at any rate Z(a)  is admissible 
in M  if the type of R is the type of the places o f y.) Similarly, if 
Z = [(V y )Z ] and y  does not occur in Z  then X  is said to hold in M, by 
definition if and only if Z  holds in M. And if y  occurs in Z, Z  =  Z (y ),
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then X  is said to hold in A/, by definition, if and only if Z{a)  holds in M  
for all constants a such that the type o f the corresponding relation R  in M  
is also the type o f the places o f y  in Z (y ) .

We see (as in section 2.2) that the decision whether or not a sentence X  
is admissible in M  and whether or not X  holds in M  depends only on the 
restriction of the mapping C to the constants of X. Or, putting it in a more 
accurate way, suppose we are given a one-to-one mapping Cx from the 
constants o f a stratified sentence X  onto a set of relations (including 
individuals) o f M  such that the type o f the place in which any constant 
appears in X  is also the type of the relation on which it is mapped. If then 
we extend Cx to a one-to-one correspondence C between constants and 
relations whose range consists o f all relations of M  then X  is admissible 
in M  under C and the question whether or not X  holds in M  depends only 
on Cx and not on the particular choice of the extension C.

Now let K  be a set of sentences in A  such that (i) the elements of K  are 
stratified and (ii) for any constant a which occurs in K , the type of the 
places in which a appears is the same throughout K  (and will be called 
the type o f  a in K). We shall then say that K  is stratified.

For a stratified K  as described, let CK be a one-to-one mapping from the 
set of constants which occur in K  onto a set of relations in M  such that 
the type of any constant which occurs in K  coincides with the type of the 
relation on which it is mapped. Supposing that A  contains enough 
constants (as is usually assumed implicitly) we may then extend CK to a 
mapping C from a set of constants in A  to all relations of M  (including 
individuals, as before) such that all sentences of K  are admissible in M  
under C. W hether any particular sentence of K  holds or does not hold in 
M  is then again dependent only on CK.

2.7 Type symbols. Given a language A as in the preceding section, we 
extend A to a language A' by adding a set of singularly (one-place) 
relation symbols O f  ) where r varies over all types. The Ox will be called 
type symbols.

We map the stratified wff of A on certain wff o f A' by means of a 
function X  = X (X )  which is defined inductively, following the construction 
of a wff in A, as follows.

(i) If  X  is a bracketed atomic form ula then X(X) — X.
(ii) If  X =  [ n V ’] ,A (* )  =  [ n x ( y ) ] ;  if X =  [ F v Z ] ,
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a (X) =  [ a ( Y) v A (Z )]; if X  = [Y  a Z ] 9X(X) = [a ( Y ) a X(Z)']9 and so on, 
for the remaining connectives.

(iii) If X = \_ (3 y )Z \  X (X) = \(3y)\_Ox(y) a  X(Z)J]  where t  is the jo in t 
type of the places at which y  occurs in Z. If y  does not occur in Z  at all then 
we put t  =  0.

If Z = [(V y )Z ], X (X) = \ ( i y ) [ O x( y ) ^ X ( Z ) ]  where, again, x is the jo in t 
type of the places at which y  occurs in Z, and x — 0 if y  does not occur in Z  
at all.

We might simplify the definition under (iii) by ruling out empty 
quantifications.

X x — X(X)  will be called the type transform of X.
Let M  be a higher order structure. A first order structure Mx will be 

associated with M  in the following way. The individuals of M x are the 
individuals and relations of M.  The relations of M x consist of a set of 
singulary relations S x(x) where t  ranges over the set o f types, T9 together 
with a set FT(x ,y l9.. .9y n) where x ranges over T — {0} and Fx has the same 
num ber of variables as <PX. If R is an individual of M x i.e., an individual or 
relation of M,  then we define that S X(R) holds in Mx if and only if t  is the 
type of R in M.  And if Fx is (« +  l)-ary and T =  (T1,...,Tn) and R 9R l9.. .9Rn 
are individuals o f Mx then we define that FX(R, R l9.. .9 Rn) holds in Mx if 
and only if x is the type of R  and x l9.. .9xn are the types of R i9.. .9Rn 
respectively, and (R l9.. .9R„) satisfies the relation R.

For a given one-to-one mapping C from a set of constants of A onto the 
individuals and relations of a higher order structure M 9 let C  be the 
following m apping from constants and relation symbols of A ’ onto the 
individuals and relations of the corresponding Mx. For the individuals 
of M x (which are the individuals and relations o f A/), C  coincides with C. 
And as for the relation symbols, <9t is mapped on S x for all x and <Z>T is 
mapped on Fx for all types t=#0.

In these circumstances we are going to prove the following theorem.

2.7.1 T h e o r e m . Let X  be a stratified sentence which is admissible in M  
under C. The X  holds in M  if and only if X x — X(X)  holds in Mx (under C').

The p roof is by induction following the construction of the sentence X. 
We assume throughout that X  is stratified and admissible in M.

Suppose first tha t X is a bracketed atomic formula, X = \_<PX(a,b l9...,/?„)]
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where t  =  ( t 1, . . . , t w) and where a,bu ...,bn denote R ,R l9.. .9Rn respectively 
under C. In this case, X  holds in M  if and only if the «-tuple (R l9. . . ,R n) 
satisfies the relation R in M .  But a,bl9...,bn denote R ,R u . . . ,R n also 
under C ', where these relations are now taken as individuals of M x. 
Then A" holds in Mx if and only if Fx(R, R l9.. .9R n) holds in M x, i.e., if and 
only if X = [ & x(a,bu .. .9bn)'] holds in M x. But, in the case under consider­
ation, X = X x, and so X  holds in M  if and only if X x holds in MA, as 
required.

Suppose next that X  has been obtained by the application of a connec­
tive. If X — [~ | Y~\ then Y  also is stratified and admissible in M. M oreover, 
X; =  [ n  Yx~] and so X  holds in M  if and only if Y  does not hold in M :  
X x holds in M x if and only if Yx does not hold in M x : and Y  holds in M  if 
and only if Yx holds in Mx by the assum ption o f induction. Combining 
these we conclude that X  holds in M  if and only if X x holds in M x.

If X = [ F v Z ]  then XA =  [ y ; v Z ;]. In this case, Y  and Z  both are 
stratified and admissible. Also, if X  holds in M , then at least one of the 
two sentences Y  or Z  holds in M  and we may suppose w ithout loss of 
generality that Y  holds in M. Then Yx holds in M x by the assum ption of 
induction, so X x holds in M x. Conversely, if X x holds in M x then we may 
suppose that Yx holds in Mx. Hence Y  holds in M  by the assum ption of 
induction and so X  holds in M, as required. Similar procedures apply to 
the remaining connectives.

Lastly, suppose that X  has been obtained by quantification. If 
X = [(3 y )Z ]  then we distinguish two cases, (i) y  does not occur in Z. 
In that case X  holds in M  if and only if Z  holds in M , and Z  holds in M  if 
and only if Z x holds in M x by the assum ption of induction. Also, since 
B0 = A 0 = A  is not empty, there exists a constant a such that 0 o {a) holds 
in M x and hence, such that 0 O (a) a  Z x holds in M x if and only if Z x holds 
in M x. Hence, if X  holds in M  then O0{ a ) / \Z X holds in M x and so 
X x = (3 y ) [ 0 o (y) a  Z A] holds in M x. If X x does not hold in MA, then Z x 
cannot hold in Mx and so X cannot hold in M. (ii) y  occurs in Z, Z  =  Z (y). 
In that case, X  holds in M  provided Z(a)  holds in M  for some constant a 
such that Z(a)  is stratified and admissible in M. Hence, by the assumption 
of induction X (Z (a )) holds in Mx. But X(Z(a))  can also be obtained by 
substituting a in X (Z (y ))  and since Z (a)  is stratified, 0 x(a) holds in M x 
for the type t  of the places at which a occurs in Z(a).  It follows that 
0 t (a) a  X(Z(a)), and hence X x = (3y)\_0x(y) a  X(Z)'] holds in M x. On the
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other hand, if X k holds in MA, then 0 x(a) a  X (Z(a))  holds in Mk for some a. 
Now the fact that 0 x{a) holds in Mk shows that Z(a)  is stratified and 
admissible in M. Accordingly, Z(a)  is either true or false in M. If Z{a) 
were false in M  then, by the assumption of induction, X(Z(a))  would be 
false in AfA, contrary to assumption. We conclude that Z(a)  holds in M  
and hence that X =  [(3y)Z(>>)] holds in M .

If X= [(\ /y )Z ']  and y  does not occur in Z  then X k = (V y )[0 o (y)=> Z k]. 
Suppose that X  holds in M , then Z holds in M  hence, by the assumption of 
induction, Z A holds in AfA, and so X k holds in Mk. Conversely, if X k holds 
in Mk then 0 O (a) 3  Z A holds in Mk for all a in the domain of C. Choosing 
an a which denotes an element of A 0 — A -  and there are such a -  we have 
that 0 o(a) holds in Mk and may then conclude that Z A holds in M k. 
Hence, by the assumption of induction, Z  holds in M  and, furthermore, 
X  holds in M .

If Z = [(V y )Z ]  and y  occurs in Z, Z  — Z ( y ), then X k = (Vy)\_0x(y)^> 
X(Z(y))~\. Suppose that X  holds in M  and let a be any constant in the 
dom ain of C' (or, which is the same, of C). If a denotes a relation of 
type t ' 4=t then Ox(a) does not hold in Mk and so <90 (a)=)X(Z(a))  holds 
in Mk. If a denotes a relation of type i  then Z(a)  is stratified and ad­
missible in M  since x is the type of the places in which a appears. Also, 
Z(a)  holds in M  since X  holds in M. Hence, by the assum ption of in­
duction, X(Z{a))  holds in Mk and so 0 x(a) =>/(Z(a))  holds in Mk. Wc 
conclude that X k holds in Mk.

Again, if Z = [(V y )Z ] and y  occurs in Z  and X k = (V>’) [ 0 T(y )= ^ /(Z (^ ))]  
holds in MA, let a be any constant which denotes a relation of type t  in M . 
Then 0 x(a) holds in M k and so X(Z(a))  holds in Mk. But, by the definition 
of type transform s, r is the type of the places of y  in Z ( y )  and so Z(a)  is 
stratified and admissible in M  under C. Hence, by the assumption of in­
duction, Z(a)  holds in M. Since a was arbitrary subject only to the con­
dition that the relation denoted by a has the type of the places of y  in Z (y ) ,  
i.e., subject to the condition that Z ( a ) be admissible in A/, we conclude 
that [(V y)Z] holds in M. This completes the proof of 2.7.1.

2.8 Finiteness principle for higher order theories. Let K  be a set of
sentences in a language A as defined in section 2.6. If there exists a higher 
order model M  such that for some mapping C as above all sentences of K  
are admissible and hold in M , then we say that K  is consistent in the sense
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of higher order theory. It will be our main purpose in this section to show 
that the finiteness principle, Theorem 2.5.1, is equally true for higher order 
theories. This is expressed by the following theorem in which consistency 
is to be interpreted in the sense of higher order theory.

2.8.1 T h e o r e m . Let K  be a set o f sentences in a language A  as in tro ­
duced in section 2.6 above. Suppose that every finite subset o f K  is con­
sistent. Then K  is consistent.

We prove this theorem by reducing it to 2.5.1. As a first step, we extend 
the language A to a language A' as in section 2.7. We then introduce the 
set K x which is obtained from K  by replacing the sentences o f K  by their 
type transform s. We claim that Kx is consistent in the sense of first order 
theory.

Indeed, let H '  be any finite subset of K k. Then there is a finite subset 
o f K, which will be called K \  such that H '  is obtained from  K '  by replacing 
the sentences o f K f by their type transform s. By 2.5.1 the consistency of K k 
will be established if we can show that / / '  is consistent.

Now, by assum ption, K '  is consistent in the sense of higher order 
theory and possesses a model M ’. Define a corresponding fiist order 
structure as in section 2.7, then the sentences of H '  hold in M k, by
2.7.1 and so H '  is consistent, as required, showing that Kk is consistent. 

Moreover, for every / / ' ,  K \  M \  and M'x as considered here, it is not
difficult to verify that Mk satisfies also the following sentences (2.8.2- 2 .8.6).

2.8.2 ( 3 x ) 0 o(x).

2.8.3 (Vx) [ 1 0 ,  (x) v  1 0„ (x)] , 

where i  and a range over all types such that t#=<7.

2.8.4 (Vx) (Vyx).. .(Vy„) [ 0 , (x, y , . . ,  y„)
=>[&,(*) A 0„ (yL) A ••• A 6>,mOO]] .

where t ranges over all types except Oi T = (r l ,...,Tn).

2.8.5 (Vx) (Vxt ) . . •(Vxi _ 1)(Vx,') (Vx") (Vx, + ,).. .(Vx„) [[© „ (x,') 
a 6>t .(x") a [(Vy,)...(V yt ) [<*>,.(x ,\y t , . . . , y k )

s  W . ......A )] ] ]  3   Xj. „  x,:,      x„)
=  0 r (x ,x 1, . . . ,x ,_ 1,x " ,x i+1,... ,x „ )]] ,
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where x ~  ( t l9...,r„), Ti = (Gl9...,(rk) for some /, 1 < i< n .  These sentences 
express conditions o f extensionality. They hold in Mx because of the 
condition tha t the elements of an «-tuple Rn) which is contained
in a relation o f M a re  all contained in M  (i.e., in the appropriate Bx).

Finally, if a is any constant which occurs in K '  and hence in H \  M x 
satisfies the sentence.

2.8.6 Z a = Gx(a)

where t  is the type of the places at which a occurs in K'.
Let H 0 be the set of all sentences enumerated under 2.8.2-2.8.5 and let 

Hc be the set o f sentences 2.8.6 as a ranges over all constants o f K. We 
claim that the set K x U H0 U Hc is consistent.

Indeed, let H  be any finite subset o f K x U H0 U Hc. Then H  may be 
written as H —H[[}HQ[}Hfc where / / / ,  Hq, /fc' are finite and H[c=:KX9 
Hq a H 0 and H^c= Hc. We choose a finite subset o f Kx, H2 such that the 
sentences o f H2 contain all the constants a which occur in Hci then the set 
H ' — H[ U H2 possesses a model M'x as above, and this structure satisfies 
the sentences o f H0 and, a fortiori, o f Hq and at the same time satisfies all 
sentences Z a for the constants a which occur in H ',  and in particular, the 
sentences of H'c. Thus, M x is a model of H , the set H  is consistent, and so 
the set K x U H0 U Hc is consistent, by 2.5.1. Let N  be a model of Kx U H0 
U Hc in the sense of first order theory. From  N, we define a higher order 
structure M  in the following way.

Let A  be the set of all individuals R of N  such that S 0 (R) holds in N. 
A is not empty, for the sentence which is given by 2.8.2 asserts precisely 
the existence of such an R , and that sentence holds in N. For every type r, 
define A x as the set of all relations of type t which can be obtained be­
ginning with A  as set o f individuals, as in section 2.6. Thus, A 0 = A, 
A (0) is the set of all subsets o f A, A (00) is the set of all binary relations o n ^ , 
etc. In order to define the higher order structure M  =  {Z?T}, we identify the 
relations of M, of type t , with the individuals of N  which satisfy S x in M. 
Thus, if R  is an individual o f N  then R  is an element of Bx if and only if 
S X{R) holds in N. This yields, in particular, B0 = A 0 — A. To complete our 
definition, we still have to identify the elements of Bx with specific elements 
of A x for t#=0, i.e., with specific set-theoretic relations of type i . We do 
this by induction on t , following the construction of r. Thus, let 
t  =  ( t a n d  suppose that we have already identified each of the
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elements o f BXi, . . . ,B Xn with a relation in A Xl, . . . ,A Xn respectively. Now let 
R be any element of Bx then we identify R  with the relation which is satisfied 
just by the ^-tuples R x, . . . ,R n such that and Fx( R ,R l ,...,R„) holds
in N. This determines the structure M. Observe that by 2.8.3 every R 
belongs to not more than one Bx. Also, by 2.8.4, an element of Bx is always 
identified with an element of A x, although there may well be individuals 
of N  which do not satisfy any S x and so do not belong to M. Finally, if 
R h R[ are elements o f BXi which have been identified with the same 
relation in A Xi, /=  \ then (R l9...9R n) and (R'l9. . .9R'„) satisfy the same 
relation R in Bx, r  =  (T1, . . . , r n), by 2.8.5.

By construction, A  is a model of K k U H0 U Hc under some one-to-one 
mapping C ' under which <9T corresponds to S x for all t ,  &x corresponds 
to Fx for t=#0, and a set of constants which includes the constants of K k 
corresponds to the individuals o f N. We propose to show that M  is a 
model of K in  the sense of higher order theory under the mapping C under 
which any relation R  of M  is the image of the same constant as it is 
under C' when regarded as an individual o f N. (Since we are now dealing 
with a higher order structure it is taken for granted that &x denotes Fx for 
all 1 4=0).

Let J  be the set o f stratified sentences which are admissible in M  under 
C. Then J  includes K. Indeed, since the sentences of every finite subset of 
K  are stratified, all sentences of K  must be stratified. Also, if a constant a 
occurs in a sentence X  o f K  a t places of type t, then Z a =  <9t {a) holds in N , 
since Z a belongs to Hc. It follows that the relation R  which is denoted 
by a belongs to B x and so X  is admissible in M . This proves the assertion 
that KczJ. D enoting by Jk the set o f type transform s of / ,  we conclude 
that K ka  Jk. In order to prove 2.8.1 it is now sufficient to show that, for 
any X e J , X  holds in M  if and only if X k holds in N. For, since K k holds 
in A, we may then conclude that K  holds in Af, K  is consistent.

The interdependence of the structures M  and N  is not quite the same as 
that o f the structures M  and M k in section 2.7 since N  may contain in­
dividuals that do not become individuals or relations of M  (i.e., those 
individuals o f N  that do not satisfy any S x). However, it is still true that an 
individual R  of N  is a relation of type t  in M  if and only if S X(R)  holds 
in N. And if R, R l9.. ., Rn are relations o f types in M  which are
denoted by constants a,bl i ...,bn, where T =  (T1,...,Tn), then &x(a,bl , . . . ,bn) 
holds in M  if and only if it holds in N. Using these facts we may prove,
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following the construction of the sentences XeJ  that X  holds in M  if and 
only if X k holds in N , almost exactly as we proved in 2.7 that a sentence X  
which is stratified and admissible in M, holds in M  if and only if X k holds 
in M k. This completes the proof of 2.8.1.

It is im portant to realize that we have been able to prove the finiteness 
principle for higher order structures only by means of a deviation from 
what might be called the standard explication of that notion. Thus, in the 
standard explication, one would expect all subsets o f the set of individuals 
to be present within the structure, and similarly, all relations, all relations 
between sets, etc. In other words, in a more intuitive interpretation of the 
notion of a higher order structure, we would expect the structure to be 
full. However, as we shall see in the sequel, other higher order structures 
also can be o f great interest.

A nother, less essential, point which should be kept in mind is that 
according to our definition a relation in A x may occur repeatedly in Bx. 
The same possibility exists for first order structures. If one holds that any 
given relation should occur in a structure only once since it is a purely set 
theoretical, extensional, entity, one may modify our notions accordingly. 
It then becomes natural to assume that the mapping C is many-one i.e., 
that an individual or relation in a given structure may have several names.

Finally, we observe that except for notational differences we may 
regard a first order structure as a higher order structure M  = {BX} in which 
the B x are empty unless t  =  0 (fo r  the individuals) or t — (0 ,0 ,...,0 ) where 
0 appears n times, n=  1 ,2,... (for the n-ary relations).

2.9 Enlargements. Let K  and I  be a set of sentences and a single 
sentence, respectively, in a first order language. Then we say that X  is 
defined in K  if every constant or relation symbol which occurs in X  occurs 
also in K  (i.e., in some sentence o f K). We say that K  is contradictory, or 
inconsistent, if K  is not consistent and we say that X  is deducible from K  
if K[j {~]X}  is contradictory, in symbols KYX.

Similarly, consider a stratified set of sentences K  and a stratified sentence 
X  in a higher order language. Then X  is defined in K  if all constants that 
occur in X  occur also in K , X  is admissible in K  if K  U {A'} is stratified; 
and X  is deducible from K  if K  U {~1A} is stratified and contradictory 
(i.e., not consistent, inconsistent), in symbols KY X.

Let K  be a stratified set of sentences and let r  be the set o f constants
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which occur in K. The type o f  b eT  is the type of the places at which b 
occurs within sentences o f K. Suppose that the type of b is t  =  ( t 1 , t 2)  s o  

that b denotes a binary relation (in any interpretation). Let Ab be the set of 
all elements g of r  such that

2.9.1 K \ - ( l y ) * A b , g , y ) .

(Thus, in any interpretation, the constants of Ab denote the elements of the 
dom ain of the first argum ent of the relation denoted by b.) b will be called 
concurrent if for every finite subset {gx,. .. ,gn} o f Ab,

2.9.2 K h(3j/) [ 0 X(b, g j , y) a  <Pt (b, g 2, y)  a  • • • a  <Z>t (b, g„, >>)].

Let r 0 be the set o f concurrent elements of r. For every ber0 we select a 
distinct c o n s ta n t^  which does not belong to jT and we assume as usual 
that there are enough constants available in the language for this purpose. 
Let r b be the set o f all these ab.

For every b e r 0, define Kb as the set o f sentences

2.9.3 X bg = 0 z(b,g,ab),

where g ranges over Ab. Let K0 be the union of the sets Kb as b ranges 
over r 0. The set H =  K U K0 will be called the enlargement of K. Evidently 
H  is unique except for ‘typographical’ variations (different choice of 
constants ab).

To continue, we require some auxiliary considerations.
Let J  be a set of sentences in a first order language and let G be the set of 

individual constants which occur in J. Let D be a mapping from G onto a 
set of individual constants Gu  and let be obtained by replacing the 
individual constants in the sentences of J  by their images under D. Under 
these conditions we may show that -

2.9.4 T h e o r e m . If J i is consistent then J  is consistent.
Indeed, since is consistent there exists a structure M v which is a 

model of J { under a mapping E x under which the set P l of individuals 
of Mj is the map o f a set of constants that include G {. We now define a 
structure M  in the following way. (i) If a is an individual o f P x which 
is not mapped on a constant of Gl under E ^ 1 then a belongs to the set 
of individuals of M,P.  (ii) If aePx is mapped on any element a e G x under 
£ 7  \  let {#'} be the set of constants which are mapped on a by D. For
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every a ' in tha t set we then introduce into P  a distinct individual av. P  shall 
be the totality of individuals defined in one o f these two ways. Thus, to 
every element b o f P  corresponds a unique element a of P i9 where b is iden­
tical with a for an individual a which is not mapped on G t , and a is mapped 
on the same a feG i by E ^ 1 as a'v is by D , where b = av, in the alternative 
case. Let this mapping be denoted by E0. In general, E0 is many-one.

The relations o f M  are the same as the relations o f M t (but not in the 
extensional, set-theoretic sense, see the beginning of section 2.3) and are 
defined thus. If  R  is an «-ary relation in M,  and b l9.. .9bn are elements o fP , 
let a l9...,an be the corresponding elements of Pn under the mapping E 0. 
We then define that (bl9.. .9b„) satisfies R  in M  if  and only if (al9. . .9an) 
satisfies R i n M l . This completes the definition o f M.  We claim that M  is a 
model o f J  under a mapping E  which is defined as follows. E  coincides 
with E 1 as far as relations are concerned as well as for individuals of M x 
which were introduced under (i). For individuals b = av which were in tro­
duced under (ii), these are to be the images by E  o f the corresponding a'v.

Let F  be a mapping from individual constants to individual constants 
which is defined on the dom ain of E  in the following way. If Z>' is mapped 
on b by E  and b is mapped on a by E0 and a' is mapped on a by E t then a! 
shall be the image of V  by F. In other words, P is  the composition of the 
mappings E l9E0 and E ^ 1, F = E i 1*E0*E. It will be seen that D is the 
restriction o f F  to G.

F  induces a m apping from the set of sentences which are defined in M  
under E  to the set of sentences which are defined in MA under E l9 and we 
write X l = F l (X )  where X i is obtained from X  by replacing the constants 
of X  by their images under F. Then is the image of J  under F \ . We claim 
that any sentence X  which is defined in M , holds in M  under E  if and only 
if Ft (X)  holds in under E x. For bracketed atomic sentences, 
X = [R (b 'l9...9b'ny]9 this follows immediately from our definition of M  
and E  and for all other sentences X  which are defined in M  under E  it can 
then be verified by induction following the construction of these sentences 
(compare section 2.2). Since is a model of J l9 by assumption, we con­
clude that M  is a model of J. This shows that J  is consistent, as asserted 
by 2.9.4.

A corresponding result holds in higher order theory. Thus, if J  is a set of 
sentences in higher order theory, and D is a many-one mapping from the 
set o f constants G which occur in / ,  onto a set of constants Gl9 and J t is
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defined from J  by means of D  as before, then if J x is stratified, so is / ,  and 
if J x is consistent, so is / .  Accordingly, we shall suppose from  now on that
2.8.4 represents the statem ent o f this fact for both first and higher order 
theories.

We return to the notion of an enlargement H  o f a set o f sentences K , 
H = K  U K0 where K0 is the set of sentences given by 2.9.3.

2.9.5 Theorem . Let A'be a stratified set of sentences. If K  is consistent 
then its enlargement, H, is consistent as well.

P r o o f . By 2.8.1, we only have to show that every finite subset of H  is 
consistent or, more strongly, that the union J  of A' and of any finite subset 
Kq of K0, J=K{J  Kq, is consistent. Let

Ko = { <t>u ( b 1, 9 n  ,abt), ■ ■ ■ ,@u (b x,g lk,,abl) ,
@ 12 {b2,g2Uab̂ )> • • ■ ’ @ 12 (bz’9 2 k2’ab2) ’

@in(bn’9nuabj  @in{bn’9nk„’abn)}’

where the constants bx,b2i--->bn are distinct. Let M  be a model of K. 
By 2.9.2 there exist constants a x, ” .,an (denoting certain individuals o f M )  
such that the set of sentences

K\ = {®xi(bu g l u a l) , . . . & Xi(bu g lkl9a l ) ,
(̂ T2(^2^2 lJa 2 )v j^ T 2(^2^2Jfe2’a 2) >

( b n > 9 n l ( P n > 9 r i k n'>Q'n)}

holds in M.  We put J x =  ATu K{ and apply 2.9.4, where G is the set of 
constants which occur in J , G X is the set G u a n d  is thus the set 
o f constants which occur J x and the m apping D maps the elements of G on 
themselves (reduces to the identity on G) and maps ab. on at, z =  l,.. . ,« . 
Since K  and K x hold in M  simultaneously, J x holds in M  and is therefore 
consistent. We conclude that /  is consistent, proving 2.9.5.

Let B  be a set o f concurrent elements of r ,  so that B  is a subset o f r Q. 
Then the union of the sets Kb (see 2.9.3) as b ranges over B  is a subset o f K0 
which will be denoted by KB. The set HB = K[j KB (uniquely determined 
by B  except for typographical variations) is called the ^-enlargem ent o f K. 
Evidently, HBcnH, so that H B is consistent if K is stratified and consistent. 
In particular H!q = H.
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A model M  of K  will be called a B-model of K  if for every element b of 
B, there exists a constant a such tha t the set of sentences

2.9.6 X bg = 0 T(b,g,a)

holds in M  as g ranges over Ab. Thus, a model of HB is a £-m odel of K. 
The converse is not true since it is compatible with the notion of a 
i?-model that the same (relation denoted by) a in 2.9.6 serves for different 
concurrent b.

2.10 Examples of enlargements. We consider the following examples 
o f ^-enlargem ents.

2.10.1 Let A be a countable set of individuals. Then there are among the 
relations on A ternary relations 5  and P , both of type (0,0,0) which, as the 
relations of addition and multiplication, together turn A into the system 
o f natural numbers. That is to say, both S  and P  determine functions, in 
the sense that for any given a and b in A there are unique individuals c 
and d  in A  such tha t the triples (a,b,c) and (a,b,d) satisfy S  and P re­
spectively; and if we write c = a + b9 d=ab,  then we obtain A as (a system 
isom orphic to) the system of real numbers. For simplicity, we shall take 
the relation of equality in the system to coincide with the relation of 
identity of type (0,0). It is evident that we can choose the pair of relations 
S  and P in many different ways. Supposing that we have made our choice, 
we denote S  and P  in the formal language by s and p  respectively,' and we 
denote the relation o f identity o f type (0,0) on A by e.

We define the structure M  = {BX} by B0 = A 0 — A, as usual, by Bx — A x 
for t  =  (0,0,...,0) -  where 0 appears n times, n =  1,2,3,... -  and by Bx = ty 
for all other t. Thus, S  and P are included in 2?(0>0>0). Although we have 
presented M  in the notation of higher order structures it contains only 
relations on individuals and with some slight conceptual modifications 
may therefore be regarded as a first order structure.

For a given one-to-one mapping from a set of constants of a language A 
onto the individuals and relations o f M  -  including the mapping of *5 on S , 
p  on P  and e on the identity relation of type (0,0) -  let K  be the set of 
stratified sentences of A which are admissible in M  and hold in M.  
Consider the binary relation on A  which in ordinary mathematical no ta­
tion is expressed by x < y ,  in words ‘y  is greater than x \  This relation
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belongs to M  since it is included in 5 (0>0). Let it be denoted by q (in the 
given mapping), so that d>(0>0) (q,x,y) means x < y .  Then the dom ain o f the 
first argum ent of q (compare 2.9.1) consists o f all elements o f A (i.e., o f all 
natural numbers). Suppose that g x,.. . ,gn denote elements o f A (in the 
given mapping) then the sentence

x = (3>>) O (0;0) (4,0 i >y) A • • • a  <£(0,0) (q,gn,y)]

is true in M  -  since it asserts merely that there is a natural num ber which is 
greater than the natural numbers (denoted by) g x,.. . ,gn -  and so belongs 
to K. But if so then X  is certainly deducible from K, i.e., 2.9.2 applies, the 
relation symbol g is concurrent for the specified K. Putting B = { q }, we 
shall call any 5-model of K  an elementary non-standard model of 
Arithmetic.

2.10.2 Let A be a set o f individuals of cardinal 2No, let S  and P be 
ternary relations of type (0,0,0) which as the relations of addition and 
multiplication turn A into the f ield o f  real numbers. Thus, given a and b 
in A there are unique elements c and d  of A such that (a,b,c) and (a,b,d) 
satisfy S  and P respectively and if we write c = a + b, d =a b  we now obtain 
A as the field o f real numbers. We again take the relation of equality in the 
field to coincide with the relation of identity on A , to be denoted by e and 
define the structure M  as in 2.10.1. Introducing K  as the set o f sentences 
which are admissible and hold in M, exactly as before and again taking 
B = {q} where q denotes the relation of order in A/, we call any 5-model of 
K  an elementary non-standard model of Analysis.

2.10.3 With A as in 2.10.1 and with the same interpretation for the 
relation symbols e , s, and /?, choose M  as a full structure, e.g., suppose 
that every relation of A x is represented just once in 5 T, briefly Bx = A xfor 
all t. (Recall that according to our definition of a higher order structure a 
relation of A x may  be represented repeatedly in 5 T, so that the assumption 
that any relation of A x is represented just once in Bx constitutes a restric­
tion to a special case. We express this assumption, somewhat loosely, by 
Bx~  A x). With 5 =  {q}, q as in 2.10.1, and with K  as the set o f all sentences 
which hold in M  and which are formulated in terms of constants for all 
relations of M  (individuals, first order and higher order relations) we shall 
call any 5-model of K  a higher order non-standard model of Arithmetic.



36 TOOLS FROM LOGIC [2.10

2.10.4 Similarly take A of cardinal 2*s° as in 2.10.2, and suppose that 
M = { B X} is a full structure, e.g., B x — A x for all t . Extending the set of 
constants used in K  (the vocabulary of K)  correspondingly while retaining 
the meaning o f e,s,p,q, and B = { q }, we call any 5-model of AT a higher 
order non-standard model of Analysis.

In all these cases (2.10.1-2.10.4) the existence of a 5-model is guaranteed 
by Theorem 2.9.5. It is evident, that if we ignore the higher order relations 
in a higher order non-standard model of Arithmetic (or, o f Analysis) we 
obtain an elementary non-standard model of Arithmetic (or, o f Analysis, 
respectively).

2.10.5 Finally, let A be a non-empty set of individuals of arbitrary 
cardinal, and let M =  {5t}, be a full structure with set of individuals 
A = A 0, e.g., BX = A X for all t .  For a given one-to-one mapping from a set 
of constants o f A onto the set o f relations of M , let /Cbe the set o f stratified 
sentences which are admissible and hold in M.  Also, let B = T 0 be the set 
of all concurrent constants (relation symbols) for the given K. Theorem
2.9.5 shows that there exist higher order structures which are 5-models 
o f K. They will be called enlargements o f M.

Let *Af be an enlargement of M  and let *A be its set o f individuals. We 
propose to show that, in a sense to be made precise, we may regard *A as 
an extension o f A  and * M  as an extension of M.

Let a be any element o f A , and suppose that a is denoted in K  by the 
constant a . Since *M  is a model of K , a' denotes an individual or relation 
in *M, *a say. However, our type restrictions ensure that is actually an 
individual, i.e., an element o f *A. For let b denote an arbitrary relation of 
type (0) in M.  Then &(0) (a,b) is stratified and admissible in M and either 
0 (O) (a,b) or ~| 0 (O) (a,b) holds in M  and hence, belongs to K. The fact that 
one of these sentences holds in then shows that a denotes an element 
of *A in *Af, as asserted. The m apping from  A into *A which is
obtained in this way m ust be one-to-one, since different elements of A are 
denoted by different constants o f A  which in turn denote different 
constants o f *A.

M ore generally, let M = { B t] and * M =  {*5t}. For any 5 e 5 r, let r be the 
constant of A  which denotes R  (in the given mapping) and let *5  be 
denoted by r in the given m apping from constants of A to relations of *M.  
The postulated type restrictions show again that *5  is o f the same type
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as R , so tha t *Re*Bt. The correspondence </>: R-+*R now yields a one-to- 
one mapping from Bx into *BX for all r (including t  =  0, the case consider­
ed separately above). Suppose now that ReBx, t  =  ( t 1, . . . , t w) and that 
RteBXi, /=  1 , Let  *£, * R l9. . . ,*Rn be the corresponding relations in *A/ 
under the m apping </> just defined, so that *Re*B,  and */?(e*£T., 
i =  1 ,...,/7. Then we claim that the «-tuple (*R l9.. .*R„)  satisfies *R in *Af 
if and only if (/?1?..., £„) satisfies R in M.  Indeed, suppose that /?, 
are denoted by in A , so that r , ru ...,rn denote in
the other mapping. Then X=<Pt (r9r l9.. .9rn) is a stratified sentence such 
A" of ~lX  belongs to K  according as ( £ 1?..., Rn) does or does not satisfy R . 
But *M is a model o f £  so (*R u . . . * R n) satisfies *R if X e K  and does not 
satisfy *R if i X e K .  This proves our assertion.

We may regard *M  as an extension of M  in the special sense that if we 
restrict the elements o f *BX for all t  to the images B'x o f Bx under </>, then 
there results a structure M '  = {B'X} which is isomorphic to M —{B ’X} and 
which can therefore be replaced by M.  However, it should be observed 
that, for t  +  O, the transition from *A /= {* ^T} to M '  = {B[} may actually 
change the extensional meaning of some *Re*Bx. Suppose for example, 
that *R is the one place relation of type (0) which is satisfied by the ele­
ments of *y4 =  *B0 in *M.  Then *R belongs to B[0) as well as to *B(0). 
Suppose, as may well be the case, that Bq is a proper subset of *£0. Then 
*R, regarded as an element of M '  is satisfied only by the elements of B q. 
Thus, in carrying out the restriction from *M  to M '  we have actually 
changed the extensional meaning of *R. Or, to put it more accurately, on 
restricting *M to M ' we pass from a relation *R in *M  to a corresponding, 
but different relation R'  in M '.

Still considering the enlargements described under 2.10.5, let E  be the 
identity relation of type (0,0) on A. According to our conventions, E  may 
occur repeatedly in B{0t0), but must occur in it at least once. Choosing one 
of these occurrences suppose that it is denoted by e in A and that e in turn 
denotes the relation * £  in *M.  Then *£  is a relation of equivalence on the 
domain of individuals o f * M * A , since the properties of an equivalence 
relation on the dom ain of individuals can be expressed as sentences of K. 
For example, the fact that £  satisfies the transitive law is expressed by the 
sentence

X  = (Vx) (Vy) (Vz) [ [ 0 (O,O) (e,x,y) a  0 (O>O) (e,y,z)] => <P(0,0) (e , x , z j \ .
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Thus, X  belongs to K  and, accordingly, holds in *M.  That is to say, *£  
is transitive.

More generally, for any type t  let Ex be the identity relation on A x, so 
that Ex is o f type ( t , t ) .  Suppose that a particular occurrence of Ex is de­
noted by e x in A while e x denotes *£T in *M.  Then *EX is an equivalence 
relation on the set of elements of type t  in *A/, *BC. This includes the 
previous example as a special case, for E = E 0, e  =  e 0, * E = * E 0.

The relations *EX satisfy also certain conditions of substitutivity, as 
follows. If t  =  ( t i ,..., t„), then since e x, e X x , . . . , e X n denote relations of iden­
tity on A x, A Xx, . . . ,A Xn, respectively, the sentence

2.10.6 (Vx) (Vx') (Vy,).. .(V>-„) (Vy',).. .(Vy'n) [ | > (t.t) (et,x,x')
A A ••• A 0 ^ Tn)(eu ,y„,y'n)
^  O r  (x.Jh - • • • ̂ „ ) =  (x' ,y .... ,y,'t)]]

holds in M  and accordingly, belongs to K. It follows that the sentence 
holds also in *A/. Thus, if the relations * £ r, *EXx, . . . * E Xn, hold between 
pairs ( R , R ,)9( R l ,R'l), . . .9(Rn, R ,n), then the / 7 - t u p l e Rn) satisfies R , 
if and only if (i? i,..., R'n) satisfies R'.

For t 4=0,  t  = the relations *EX also satisfy conditions of ex-
tensionality. Consider the sentence

2.10.7 (Vx) (Vx') [[(V y,).. .(Vy„) [<*>r ( x , yu ... ,y„)
=  <t>t O', V„,- • • JV)]] &(r.r) (eT,x,x')] .

This sentence holds in M  and, accordingly, holds also in *M.  Thus, the 
relations *EX possess the formal properties of identity relations.

For a given type t ,  suppose that e x and ex denote different occurrences 
of the identity relation on A in M. Let *EX and *E X be the relations de­
noted by ex and e'x respectively in *M.  Then we claim that *EX and * £ ' 
are co-extensive, i.e., that they are occurrences of the same relation. In­
deed, the following sentence holds in M  and *A/, as an immediate con­
sequence of 2.10.6.

2.10.8 (Vy) (Vy') [tf>(tit) (eT,y,y') => [<2>(t>t) (e'x,y,y) = <P(T,t) (<?;,y,y')]] .

At the same time, (yy)<PiXtX)(e'x,y,y)  holds in M  and *A/, which shows, 
together with 2.10.8, that

(Vy) (Vy') [ 0 (r,t) (et,y,y ') => <£>(t.t) (e't,y,y')’\
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holds in M  and *M.  Similarly,

(V>0 (V /)  [ 0 (r>l) {e[,y,y') => <P(r r) (et,y,y')]

holds in M  and *A/ and so, finally, does

2.10.9 (V v) (V /)  [ 0 (r.r) (er,y,y') = 0 (t,T) .

The interpretation of this sentence in *M is that *£  and *£*' are co­
extensive.

For i=h0, the fact a sentence 0 (T T)(cT, /',/*') holds in *M  implies that the 
elements of Bx denoted by r and r'  respectively, are co-extensive. Con­
versely, if r and r f denote co-extensive relations in *M  then 2.10.7 shows 
that @{x x)(ex,r,r')  holds in *A/, i.e., that the relation *EX is satisfied by 
the pair of relations denoted by r and /*'. Thus, *EX is the relation of 
identity on B in the usual sense, provided it is understood that elements 
of Z?r, t  =  ( T j , . . . , t „ )  are regarded as co-extensive, if they are satisfied by 
the same //-tuples such that R j occurs in Z?Ti, R2 occurs in
Bx ___ and Rn occurs in Bx .

For t  ~ 0, there is no condition of extensionality, and it is indeed 
possible that @{0 0)(e0,a,b) holds in *M for distinct constants a and b 
which denote distinct individuals in *A = *B0. This cannot happen if 
both a and h occur already in K ; for in that case “ I (P(0 ) (e0,a,b) holds in M  
and hence, belongs to K  and holds also in *M. Flowever, it may happen if 
only one of a and b or none of these constants occurs in K. Thus, the 
equivalence classes into which *A is divided by the equivalence relation 
*E0 may contain more than one element. If we wish to discard such cases, 
we may proceed as follows. We amend *A by deleting in each equivalence 
class with respect to *E0 all but one element. Moreover, if the class in 
question contains an individual a which is denoted by a constant in K -  
and as we have seen there can be no more than one such individual -  then 
we retain a. Let the set of surviving individuals be A'  so that A' is a subset 
of *A. The restriction from *A to A'  induces, in the first place, a mapping 
4> from the n-ary relations of type r =  (0,0V..,0), /?> 1 on M  to corre­
sponding relations on A \  where a relation R' on A'  is obtained as the 
image of a relation *R on *A simply by restricting the domains of varia­
tion of the arguments of *R to A'. For any t  =  (0,0,...,0) this yields a 
mapping from *BX onto a set (with repetitions) B'x. of relations o n A ' A l  
may well happen that different relations on *A are mapped into the same



40 TOOLS FROM LOGIC [2.10

relation on A \  but in that case, we shall count the images separately in Bx. 
Or, to put it in terms o f the definition o f *BX as an indexed set, if 
*B=  {*Z?V} where v varies over some index set N,  then B't =  {R'v} is indexed 
in the same set N  and R'v = <j>(*Rv) for all veN.

Similarly, we may map the higher order relations based on the set of 
individuals *A by corresponding restrictions on higher order relations 
based on A'.  This yields, for every type t  #=0, a mapping of *BT on a set Bx 
such that M '  = {B' j  is a higher order structure with set o f individuals 
A ' =  B q. Beginning with the sentences of K  which are bracketed atomic 
formulae, it is now not difficult to verify that M* is a model o f K.

Now let b be concurrent with respect to K , b e r 0, and suppose for the 
sake of simplicity tha t b denotes a relation of type (0,0). By the construc­
tion  of *M  there exists an individual in *A, denoted by ab, such that the 
sentences &(0t0)(b,g,ab) hold in *M for all geAb (see 2.9.3). By the con­
struction of M \  there exists an individual in A \  denoted by a ' say, such 
that 0 (o>o)(eo,ab,a') hold in *M.  Then the sentences &i0t0)(b,g,a') all 
hold in M '.  Similar arguments apply for b of other types. We may there­
fore conclude that M ’ also is an enlargement of M.

Previously, we called a structure M  = {BX} normal if there are no repe­
titions in any Bx. Still dealing with the case 2.10.5, suppose that M  is 
norm al, and consider an enlargement * M  of M.  The norm ality of M  
entails that the relations of identity Ex in M  are unique. Let *£T be the 
corresponding relations in *A/, then the *EZ are equivalence relations 
which satisfy conditions of substitutivity 2.10.6, and, except for t  =  0, the 
condition of extensionality 2.10.7. We divide the (indexed) relations of 
Bx into equivalence classes with respect to the corresponding *EX. Let 
R , R u . . . ,Rn be relations o f *M  which belong to the same equivalence 
classes as the relations R \ R \ . . . , R ' n, respectively. Then 2.10.6 shows that 
the «-tuple ( R l9. . . ,Rn) satisfies R  if and only if ( /? i,...,/? ')  satisfies R'. It 
follows that if we restrict every *i?Tto a set Bx by deleting in every equiva­
lence class all relations but one then we obtain a norm al structure 
M '  = {BX} which satisfies all sentences of K  that do not contain any con­
stants. In order to take care also o f sentences of K  that contain constants, 
let r and r'  be two distinct constants which occur in K  and denote rela­
tions R and R'  o f the same type t  in *M.  Then the sentence &{XtX)(et9r9r') 
cannot belong to K  since ex denotes the relation of identity, £ T, in M.  We 
conclude that R and R' belong to different equivalence classes with
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respect to *EX. Thus, on passing from M  to  M '  we may retain in every 
equivalence class just the relation which is denoted by a constant in K , if 
such a relation happens to be contained in the equivalence class in question. 
W ith this special provision, M f becomes a model o f K. Moreover, we only 
have to repeat a previous argum ent in order to see tha t M '  is an en­
largement of M.  The relations *EX are retained in M ’ since they are 
denoted by constants ex which occur in K, and are now genuine relations 
of identity like the Ex.

If  A  is countable then any enlargement *M  as defined in 2.10.5 may be 
regarded as a higher order non-standard model of Arithmetic, for an 
appropriate choice of the relations S  and P  (see 2.10.3). Thus, there exist 
higher order non-standard models of Arithmetic which are normal. 
Similarly, if we take A in 2.10.5 as a set of cardinal 2S° then our construc­
tion shows that there exist higher order non-standard models of Analysis 
(see 2.10.4) which are normal. If, in a higher order non-standard model of 
Arithmetic (Analysis) we replace all Bx for t  other than any (0,0,...,0) by 
the corresponding empty set then we obtain a first order non-standard 
model of Arithmetic (Analysis) as defined in 2.10.1 (2.10.2). Thus there 
exist first order models of Arithm etic (Analysis) which are normal. How­
ever, although it is now apparent that the notions introduced in 2.10.1 to
2.10.4 can be subsumed under 2.10.5 we have introduced them separately 
because parts of the subsequent theory can be developed on the basis of 
2.10.3, 2.10.4 or even on the basis of 2.10.1, 2.10.2, alone.

2.11 General properties of enlargements. Let M  be the full and norm al 
structure for a set of individuals A , and let *M be a norm al enlargement 
o f M.  Let *A be the set of individuals of *M.  In a sense explained previ­
ously, we may regard * M  as an extension of M  (and A as a subset of *A) 
by identifying the individuals and relations o f M  with the individuals and 
relations of *M  that are denoted by the same constants in K , respectively. 
This embedding procedure (injection) preserves extensionality since the 
constants ex denote identity in both M  and *4/.

The notion of concurrency was introduced originally for constants 
(i.e., elements of the form al language) with respect to a given set of sen­
tences K. In the present context, when K  is the set o f sentences satisfied 
by M,  we shall transfer the notion to the relations of M.  Thus, a binary 
relation R  in M , o f type t  =  ( t 1, t 2), will be called concurrent, if the con-
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stant b which denotes R is concurrent with respect to K. Or in more 
detail, R  is concurrent if the following condition is satisfied. Let R u . . . ,Rn 
be any set of relations, all of type r l9 such that for some set of relations 
R'u  R'n the pairs ( R l9 R [ ), (R n, R 'n) satisfy R.  Then there exists a
relation S  such that the pairs ( R l9S )9 (R2, S ) 9.. .9(Rn9S)  all satisfy R.

Let M = { B X], *A/={*Z?T}, B 0 = A, *B0 = *A, as before. We shall see 
presently tha t it is, in general, not true that *M  is a full structure based 
on *A. Thus, if *A0 = *A and, for t=#0, *AT is the set of relations of 
type t  based on *A, as explained in section 2.6, then *Br may well be a 
proper subset of *Ar. We shall say that the relations which belong to *BT 
are internal while the relations of *AX — *Br are external. This terminology is 
relevant only for t  +  0 since */f0 =  *Z?0, there are no external individuals. 
Any internal relation which belongs already to M  will be called a standard 
relation, (or standard individual, or standard number, standard point, as 
the case may be). Thus a standard relation is a relation which is denoted 
by a constant of K.

A function of n variables will be represented in our formal system by an 
(/z+ l)-ary relation in which the first n arguments determine the (n+  l)th  
argum ent uniquely. Thus, if the relation in question is of type

T =  ( T i , . . . , T „ + l )

and denoted by r then it represents a function if the sentence

(Vx!).. .(Vx„) (Vy t ) (Vy 2) [ O r  ( r , x  1,.... , x „ , y ,) a
0  r ( r,x1,... ,xn,y 2)] => (et„ +,, y  i ,y 2)]

holds in the structure in question, where t / =  ( tw + 1, t w + 1). Note that the 
relation in question determines the function together with a specific 
domain of definition, which accordingly has to be regarded as part of the 
notion. A function will be called a standard function, an internal function, 
or an external function, if the relation which determines it is standard, or 
internal, or external, respectively.

2.11.1 T h e o r e m . Let B  be a non-empty set of sets in M , of type 
t '  =  ((t)), where t  is arbitrary. Thus B  is contained in Bx>. Let b be the 
constant in K  which denotes B and let *B be the standard set which is 
denoted by b in *A/. Suppose that the intersection of every finite subset 
of B is non-empty. Then there exist an internal relation Z7, of type r in
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(i.e., in BT) such that every standard set *G which is contained in *B 
contains F.

P r o o f . Observe that any standard set *G, denoted by g in K , is con­
tained in *B if and only if the set G in M  which is denoted by the same g, 
is contained in B. For the sentence <PX, (b,g) does or does not belong to K  
according as G is or is not contained in B. In the former case, the inter­
pretation of the sentence in *A/ states that *G belongs to *B. In the latter 
case, ~i<Px,(b,g) belongs to K  and this means, for *M, that *G is not con­
tained in *B.

Now let R be the relation of M,  of type /i =  ( ( t) ,t) , and denoted by r, 
which is satisfied by a pair (G, S ) if and only if G is of type (t) and is con­
tained in B , and S  is of type t  and is contained in G. Then the assumptions 
o f 2.11.1 show that the relation R is concurrent. It follows that there is a 
relation F in  *M  such that ^ ( r , g , / )  holds in *M  for all g which denote 
standard set *G in *2?, and for the constant/ which denotes F. This shows 
tha t F is  contained in all standard sets *G which belong to *B.

Given any relation or function in M , of arbitrary type t#=0, e.g., F, we 
shall frequently indicate the corresponding relation in *M,  i.e., the relation 
which is denoted by the same constant in K , by affixing an asterisk as left 
superscript, so -  *R. However, in cases when there can be no m isunder­
standing we shall omit the asterisk, thus denoting the corresponding 
entities by the same symbol, as is in fact done in the formal language A.

Let R be a set (singulary relation) in M,  denoted by r in K, then for 
every element S  o f R  in A/, *S  is an element of *F in *M. For if s denotes S  
in K  then the fact that &x(r,s) holds in M , for the appropriate t, implies 
that it holds also in *M,  i.e., tha t *S  is an element of *R. Similarly, if S  is 
an individual or relation in M  which is not an element of R then *5 is not 
an element of *R.

We may ask under what conditions the set *F contains in addition to 
the standard relation *S  considered above also at least one internal 
relation which is not a standard relation (i.e., if *F is of type (0), at least 
one individual which is not contained in A). The answer to this question is 
given by

2.11.2 Theorem . The set *F contains an internal relation which is not 
a standard relation, if and only if R is infinite.
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Indeed, if R  is empty then it is easy to see tha t *R also is empty. If  R  
contains precisely n elements, n a positive integer, let these be S l9.. .9Sn9 
denoted by s l ,..., sn in K. Let the type o f S t ,..., Sn be a so tha t the type o f R  
is (a) and let z = (a9a). Then the sentence

2.11.3 (V x )[# (lT)(> ,x)r> [#t (<>,,,Sl,x )v  &t (ea,s2,x) v  v  <Pt(ea,s„,x)]]

(where ea denotes the identity relation on A a9 as usual) holds in M  and 
hence, belongs to K. It follows that 2.11.3 holds also in *M.  But ea denotes 
a relation of identity also in *Af, and so *R cannot possess any elements 
other than This shows that the condition o f the theorem
is necessary.

Suppose now that R  contains an infinite num ber of elements. Let Q be 
the binary relation in M  which is satisfied by a pair (5 ,S' )  if and only if S  
is an element o f R and S ' is an element o f R  which is different from S  (or, 
to put it in a different way (S ,S ')  satisfies Q if both S  and S ' satisfy R  and 
S ' is different from  S). Then it is not difficult to see that Q is concurrent. 
Accordingly, there is a relation F in  * M  such that (*S ,F ) satisfies *F for 
all standard relations *S in *R. Thus, F  is an internal relation which 
belongs to *R although it is different from all standard elements o f *R. This 
proves that the condition o f the theorem  is also sufficient.

Now let A'  be any non-empty subset o f the set o f individuals A  on which 
the complete structure M  is based and let a ' be the constant o f K  which 
denotes A'.  From  among the //-ary relations of M, o f types z =  (0,0,... ,0) — n 
zeros, n — 1 ,2 ,3 ,... — we select those which hold only for arguments in A \  
i.e., set-theoretically, whose /2-tuples consist o f elements of A'.  Call the 
resulting sets of relations A x. M ore generally, having determined the sets 
A Xi9.. .9A'Xm9 for types r l9.. .9zn9 we define the set A'x, z = ( z l9. . . , zn) as the set 
o f relations which are satisfied only by //-tuples ( R u  ..., R n) such tha t R { 
belongs to A ' i =  1 ,...,n. It is not difficult to see that M ' =  {£'}, B'X = A'X for 
all types t  is then a full extensional structure with set of individuals B'0 = A f0. 
M '  is taken to  be norm al, by definition.

Passing to the structure * M 9 which is an enlargement of M , let *A ' be 
the set of individuals o f *M  which is denoted by a' in K 9 in agreement with 
the notation introduced previously. From  among the //-ary relations of *M  
of types t  =  (0,0,... ,0), i.e., among the elements o f *Z?t we now select those 
whose //-tuples ( R l9.. .9Rn) consist o f elements of *A'9 and we denote the 
resulting subsets of the *BX by *BX. This notation would seem to indicate
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tha t *B' is an internal set which is denoted by the same constant in K  as 
B'x. Some reflection shows that this is indeed the case, for the defining 
property of every such B'x can be represented as a sentence o f K. In general, 
we find tha t the sets *BX, which are denoted by the same constants in K  as 
the sets Bx, respectively, are characterized by the property that if 
t  =  ( t i ,..., i n) then *BX consists o f all relations of *BX which are satisfied 
only by ^-tuples ( R u . . . ,Rn) such tha t R.e^B^,  z — 1 ,...,h . We put * M '  = 
{*BX} where * M '  shall be norm al by construction.

2.11.4 T h e o r e m . * M '  is a n  e n la r g e m e n t  o f  M '.

P r o o f . Let K'  be the set o f sentences o f A which are admissible and 
hold in M \  if  we use the specified m apping C between the constants K  
and the relations of M  and if we disregard the remaining relations of M  
and the constants denoting them. Let X  be any sentence of K then we 
have to show that X  holds in * M ’. Notice that, in general, X  will not hold 
in M.  For example, if af0 denotes A' = A'0 then (Vx)d>(0)(tfo,*) holds in M '  
but not in M.  Nevertheless we can determine a sentence YeK  which ex­
presses the fact that X  holds in M ' as a proposition about M.  The 
procedure by means o f which this can be achieved involves the formaliza­
tion of the phrase ‘which belongs to AT’ in the context of quantification. 
Thus, let ax be the constants that denote the sets A[ (regarded as elements 
of A m ) respectively. We then define a mapping fi from stratified well- 
form ed form ulae o f A into such form ulae by means o f the following 
stipulations.

(i) jx(X) = X  for (bracketed) atom ic form ulae;
(ii) n ( ~ \ X ) = ~ ] f i ( X ) ;  ji( X a  Y ) = ja(X) a  f x (Y) ;  etc., for the remaining 

connectives;
(iii) M((3)0 Z 0 0 )= (3 )0  [<P(t) (a’t,y) a  h (Z (y))]

H ((Vy) Z (y ))= (Vy) [<P(t) (a'T,y) =>n(Z (y))]
where t  is the type o f the places of y  if  y  occurs in Z  and t  =  0 otherwise.

Considering the set H  o f all sentences X  which are admissible in M '  
under the m apping defined above and proceeding by induction following 
the construction of a well formed formula, it is now not difficult to show 
that any X e H  holds in M '  if and only if j i (X)  holds in M.  Now if K'  is the 
set o f all X e H  which hold in M \  as introduced above, then holds in M  
where K^ is the image o f K f by the mapping ft. It follows that K'  holds also
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in *M.  A t this point, we show (similarly as before) that a sentence X e H  
holds in *M '  if and only if p ( X )  holds in *M.  From  this fact we may then 
conclude that K '  holds in *M'.

Now let b be a concurrent relation symbol with respect to K'.  Thus, b 
denotes a concurrent relation R in M ’. The same relation is concurrent 
also in M.  M oreover, R  is satisfied only by pairs ( R l9R2) sucht hat and 
R 2 belong to sets A Xl, A X2 for the appropriate types z l and t 2, and this fact 
can be expressed as a sentence X  of K. We conclude that there is in *M  a 
relation S  such that *R is satisfied by all pairs ( R l9S)  in which R { is in the 
domain of the first argum ent of R  (i.e., such that for some R2, ( R l , R 2) 
satisfies R). But X  belongs to K  and so is true in *M.  This shows that S  
belongs to the appropriate *BX, and so *R is concurrent in *A/'. We con­
clude that *M '  is an enlargement of M \  as asserted. The reader who is 
familiar with the method of relativization of quantifiers in the Lower 
Predicate Calculus will appreciate its connection with the above procedure. 
However, in the present case the situation is complicated by the fact that 
there is in M  no single set which consists o f the individuals and relations 
of M,  because of the restrictions of type theory.

Applications of 2.11.4 arise naturally, for example in the following 
connection. If M  represents the system of real numbers, including the 
higher order relations definable on it, then the system of rational numbers, 
M '  (including its higher order relations) may be regarded as a partial 
structure of M  as explained. 2.11.4 now tells us that as we pass to an en­
largement *M  of M, M '  is carried into an enlargement *M'  of M.

Two structures may be related to one another also in the following 
somewhat more general fashion. Let M  be a full structure, and let A'  be a 
set o f relations, o f specified ty p e r, aid denoted by a in A , A'c=Az. We 
regard A'  as the set of individuals of another full structure, and we 
obtain M '  similarly as before, by selecting certain subsets o f the various 
A a. Thus, as the n-ary relations of type (0,0,...,0) in M ' we select the n-ary 
relations of type ( r ,r , . . . , r )  in M  which are satisfied only by ^-tuples from 
A \  and we then proceed to select n-ary relations of higher types just as in 
the previous case. And if *A'  is the set o f relations of *M  which is denoted 
by the same constant as A',a' ,  then the same procedure, applied to the 
elements of *A'  as the individuals of a new structure, leads to a structure 
* M Theorem 2.11.4 still holds for this more general definition of M '  and 
*M' .  This can be shown by the method employed for the proof of the
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original theorem except that in passing from a sentence X  which refers to 
M '  or *A/' to the corresponding sentence Y which refers to M  or * M f we 
have to raise the types which appear as subscripts of the symbol 0 accord­
ing to the rule 0 -» t and if r t—»r-, /=  l,...,w , then (Tl ,...,Tn)-> (T i,...,i ') .

For example, M  may represent the real num ber system, including rela­
tions of higher order, so that real functions are represented in M  by 
relations of type (0,0). Then the set of relations which represent functions 
of class L2 on the interval ( — oo, oo), to be denoted by A \  may be used as 
the set of individuals in a separable Hilbert space M'.  Here again, it is 
im portant to know that as we pass to an enlargement of A/, M '  
is carried into an enlargement *M'  of M'.

This completes our exposition of the required logical setting. There is 
no single framework for first or higher order theories which is clearly 
superior to all others and one's preference may depend on the purpose 
that one has in mind or may be even only a m atter of taste. Among the 
possible minor variations to the framework adopted here, we have already 
mentioned the ruling out o f repetitions among the relations of a structure. 
In our terminology this am ounts to the exclusion of all but normal 
structures and in actual fact we may confine ourselves to such structures 
from now on. On the contrary, it is also possible to permit repetitions 
among the individuals, i.e., to represent the set of individuals of a structure 
by a function that varies over some index set. Differing from our approach 
more radically, one might use axiomatic set theory rather than type theory 
for the development of higher order N on-standard Analysis. However, it 
will become apparent in due course that our methods are not affected by 
such variations.

Recall tha t we proved the finiteness principle for the Lower Predicate 
Calculus (2.5.1) by means of a particular ultraproduct, and we then re­
duced the finiteness principle for higher order theories (2.8.1) to 2.5.1. It is 
possible to prove 2.8.1 somewhat more directly by the introduction of 
ultraproducts of higher order structures. The method of ultraproducts 
provides apparently concrete realizations of non-standard models of 
Arithmetic and Analysis, and of general enlargements, in conformity with 
the taste of most contem porary mathematicians. However, as far as the 
theory which will be developed in this book is concerned, the fact that, for 
any given structure, an enlargement may be assumed to exist  is all that will 
be required.
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Our p roof of the finiteness principle 2.5.1 involved the use of the axiom 
of choice including the use of Z orn’s lemma. There are other proofs of
2.5.1 which employ the maximal ideal theorem for Boolean algebras in­
stead. It follows that any mathem atical theorem that will be proved in this 
book subsequently, and which does not involve the axiom of choice in 
other ways can be proved by means of the maximal ideal theorem for 
Boolean algebras alone. This is relevant since it is known that, in the 
appropriate axiomatic setting, the maximal ideal theorem for Boolean 
algebras is strictly weaker than the axiom of choice ( h a l p e r n  [1964]).

2.12 Remarks and references. The finiteness principle of the Lower 
Predicate Calculus is due to A. I. Malcev ( m a l c e v  [1936]). It is closely 
related to the completeness theorem ( g o d e l  [1930]) and its generalizations 
(for details, see r o b i n s o n  [1963]). The name ‘compactness theorem ’ was 
suggested by A. Tarski ( t a r s k i  [1952]).

The notion of an ultrapower was introduced by J. Los ( l o s  [1955]). 
The theory of this and of related concepts has been developed further in 
several papers ( c h a n g  and m o r e l  [1958], k o c h e n  [1961], k e is l e r  [1962], 
f r a y n e  et al. [1962]). The ultrapower construction overlaps with E. He­
w itt’s construction of hyperreal fields ( h e w it t  [1948], compare g il m a n  

and je r is o n  [I960]).
The extension of completeness (or compactness) arguments to higher 

order languages is due to L. Henkin ( h e n k in  [1950]).



C H A P T E R  III

DIFFERENTIAL AND INTEGRAL  
CALCULUS

3.1 Non-standard Arithmetic. Let *N  be a higher order non-standard 
model o f Arithmetic. Thus, *N  is a mathematical structure which possesses 
the following properties:

(i) Every m athem atical notion which is meaningful for the system of 
N atural Num bers is meaningful also for * A. In particular, addition, m ulti­
plication, and order are defined for *A.

(ii) Every m athem atical statem ent which is meaningful and true for the 
system of N atural N um bers is meaningful and true also for *A : provided 
that we interpret any reference to entities o f any given type, e.g., sets, or 
relations, or functions, in *A not in terms of the totality of entities of that 
type, but in terms of a certain subset, called the set o f internal entities of 
that type. For example, if the statem ent contains a phrase ‘for all sets of 
num bers’, we interpret this as ‘for all internal sets of num bers’. Similarly 
the phrases ‘there exists a set o f num bers’, ‘there exists a function’, as 
‘there exists an internal set’, ‘there exists an internal function’. However, 
all individuals of *A are internal: the phrase ‘for all num bers’ is inter­
preted in *A as ‘for all individuals of * A \

(iii) The system of internal entities in *A has the following property. 
If S  is an internal set of relations, then all elements of S  are internal. M ore 
generally, if  S is an internal n-ary relation, n >  1, and the «-tuple ( S l9.. .9Sn) 
satisfies (belongs to) S  then S l9.. .9S n all are internal relations.

(iv) *A properly contains the system of natural numbers, A ; there is an 
individual in *A which, according to the relation o f order defined in A  
and *N,  is greater than all numbers of A.

See chapter n, in particular 2.10.3, for a more precise, formal, descrip­
tion of the properties of *A. We may, and shall, suppose tha t *A is 
norm al so tha t the constants ex9 which denote the relations of identity in A  
for the various types t, denote relations of identity also in *A.

Let K  be the set of all stratified sentences which are admissible and hold
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in N  as defined formally in chapter n and informally in (ii) above. In K , 
let e denote the relation of identity for individuals, so that e =  c0, while q 
denotes the relation of order and s and /; denote the relations of addition 
and multiplication, respectively. Thus, the sentences [<£(o,o)(e->aJ1T\, 
[* (0.0)(?A *)], [^ (o .o .o C ^ A c )]  and [ # (0>0>0)(p ,aA c)] have the conven- 
tional translations a — b, a < b , a + b = c, and ab = c, respectively.

From now on, we shall refer to all individuals of */V as natural numbers.
It is not difficult to see that the familiar laws of Arithmetic which are 

true for N  are true also for *N. For example, the commutative law of 
addition holds in N  and this can be form ulated as a sentence of K , so

3.1.1 (V.v) (V v) (Vz) [ 0 (0,0,0) (SvK.l'.z)3  A o ,0.0) (s,y .*,z)] .

Since any sentence of K holds also in it follows that *A7 satisfies the 
commutative law of addition.

There are many other elementary assertions which can be transferred in 
this way from N  to *N. For example, an argument which is quite similar 
to that just given shows that every num ber of is the sum of the squares 
of four numbers of *N (since this is known to be true for /V).

At this point one might be tempted to conclude that all that can be said 
about is deducible in this fashion, rather trivially, from facts about N. 
However, this impression would be mistaken.

q denotes the relation of order in N. Thus, q denotes a relation in N 
which is irreflexive, transitive, and satisfies the law of trichotom y (i.e., for 
any two distinct numbers a and b in N  the relation denoted by q holds 
either between a and b or between b and a). This can be expressed by a 
sentence of K  and accordingly, is true also in *N. Thus, q denotes a rela­
tion of order also in *N. We write a c b ,  as usual, if q holds between 
numbers a and b in *N. The relation of order < in *N is compatible with 
the ordinary relation of order in N  since, for any numbers a and b in /V, 
[ * ( o . o ) h o l d s  in */V if and only if it holds in N. Thus, the 
numbers of W constitute an ordered subset of the ordered set of numbers 
of *N.

Moreover, the following statements also are true for N are expressible 
as sentences of K.

‘0 is smaller then all other num bers’.
‘1 is smaller than all other numbers except O’.
‘2 is smaller than all other numbers except 0 and 1’, and so on.
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Indeed, sentences as required are provided by

3.1.2 (Vx) [ 0 (O,o, (e,0,x) v  0 (O,O) («,0,x)]

3.1.3  (Vx) [0(0 ,0 ,(e,0,x) v 0 (O,o,(e,l,x) v 0 (O,o ,(« 4 ^ ) ]

3.1.4 (Vx) [0,0.0, (efi,x)  v 0,o.o, (e,1,x) v  0 (O,o) (e,2,x) v  0 (O,o, (<Z,2,x)].

and so on, respectively, where 0, 1, 2 have the obvious denotation. This 
shows that the ordinary natural numbers (numbers of N)  constitute an 
initial segment o f *N.  T hat is to say, any ordinary natural number 
(num ber of N )  is smaller than every natural num ber (individual of *7V) 
tha t is not contained in N. From  now on, we shall call all natural numbers 
that belong to N  fini te , while all other natural numbers will be called 
infinite. Thus any finite natural num ber is smaller than any infinite 
natural number. The finite natural numbers are the standard natural 
numbers according to a general classification introduced previously.

There is no smallest infinite number. F o r if a is infinite then 4=0, hence 
a = b+  1 (the corresponding fact being true in N).  But b cannot be finite, 
for then a would be finite. Hence, there exists an infinite numbers which is 
smaller than a.

The function z = \ x —y\ -  ‘z is the absolute value of x —y* -  is defined in 
*N  as a function of two variables which is denoted in *N  by the same 
ternary relation as the function z = \ x —y\ in N. It follows that \ x —y\ has 
the same basic properties in *N  as in N.  Thus, for any a and b in *N, 
\a — b\ is equal to a — b if b is smaller than or equal to a and \a — b\ is equal 
to b — a if a is smaller than b.

We define a binary relation ~  for the numbers of *N, by the condition 
that a ~ b  if and only if \a — b\ is finite. Observe that, by the m anner of its 
definition, the relation ~  is not necessarily internal, in fact, we shall show 
presently tha t it is external.

It is not difficult to see tha t ~  is an equivalence relation, i.e., that it is 
reflexive, symmetrical and transitive. Moreover, the equivalence classes 
determined by this relation are intervals of the ordered set of numbers 
o f *N. That is to say, if a ~  b and a c c c b  then a ~  c (and hence, c ~  b). It 
is not difficult to see that all finite numbers of *N  (i.e., all numbers of N)  
constitute an equivalence class with respect to the relation Now let a 
be an infinite natu ial num ber, and let Da be the equivalence class of a with 
respect to Then the num bers# — 1,# — 2,..., a — n, . . . ,n  a num ber in N, all



52 DIFFERENTIAL AND INTEGRAL CALCULUS [3.1

exist since a is infinite and the num bers a , a ±  \ , a ± 2 , . . . , a ± n ,  n a num ber 
in N,  all belong to Da since | (a ±  n) — a\ =  n is finite. M oreover, the numbers 
just m entioned constitute the entire class Da. Thus, Da possesses the order 
type of the integers, which may be written as co* +  co (co* the inverse order 
type to co). Since the order type of the finite natural numbers is co we then 
obtain for the order type o f the numbers of *N,

3 . 1 . 5  ol = co + (co* + co)9 .

In this formula, 9 is the order type of the set o f equivalence classes {Da}, 
a infinite, which are ordered according to the rule tha t Da < Db if a < b. It is 
not difficult to  see that this definition is independent of our particular 
choice o f a and b. Thus, suppose tha t Da = Da>, and Db = Db, where 
a ! ~ a  and b' ~ b  while \a — b\ is infinite. We wish to show th a t if a < b  then 
a! <b  and vice versa. Suppose on the contrary tha t a < b  bu t b<a ! . (If 
a < b then a' = b is excluded by the fact that this would imply a' ~  b. A t the 
same time, a ~ a \  and so we should draw the conclusion tha t a ~ b ,  con­
trary  to assum ption). Then a < b < a '  and so b belongs to the interval 
between a and a'. But we have already accepted the fact tha t the equiva­
lence classes constitute intervals. Hence, a < b < a !  together with a ~ a ' 
implies a ~ b ,  contrary to the assum ption tha t \a — b\ is infinite. We con­
clude that a' <b.  Similarly, if a < b  then bf < a would imply tha t a belongs 
to  the interval from  b' to b, which is again impossible. This proves that the 
definition of the ordering in is legitimate. Let its order type be 9. The 
definition of the product o f two order types now leads directly to 3.1.5.

O f any two successive num bers in *N, a and a +  1, one at least (and at 
most) is divisible by 2 (i.e., even). For this statem ent holds it we write N  
for *7V and can be form ulated as a sentence of K. We conclude tha t it 
holds also in *N.  Thus, either a =  2a' for some num ber a' or else a +  1 =  2a'. 
Accordingly, every equivalence class Da contains (many) numbers tha t are 
divisible by 2. We shall make use of this fact in order to  show that 9 is 
dense w ithout first or last elements. Indeed, let Da be one of our equiva­
lence classes, for infinite a. We are going to show that there exists an 
infinite num ber b such tha t D b< D a. As we have just seen, Da contains 
even numbers, so we may assume that a is itself even, a = 2b. b is infinite 
for if  b were finite a would be finite. Also, b < a, for b > 2b only for b =  0 in 
N  and this is a fact which can be denoted by a sentence of K  and hence, is 
true also in *N.  Thus, either Db — Da or Db< D a. But Db = Da is possible
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only if  \a — b\ =  b is finite, which is no t the case. Hence, Db < Da, This shows 
tha t 6 does no t contain a first element. A similar argum ent shows tha t 0 
does no t contain a last element. N ow  let Da< D b where both  a and b are 
infinite. As we have seen, we may suppose tha t both  a and b are even with­
out changing the equivalence classes under consideration. Thus, a — 2a\  
b = 2b'. Let c = a' + b \  then we claim that Da< D c< D h. Indeed, 
2c — 2a = a + b — 2a = b — a exists and is infinite by assum ption, so 
c — a = b' — a! exists and is infinite. This proves Da< D c. Similarly, 
2b — 2c = 2b — (c + b) = b — a9 so b — c = b' — a' exists and is infinite. This 
shows tha t D c< D b. I t follows tha t between any two elements o f the 
ordered set {Dfl}, a infinite, there is another element o f the set. Hence, 6 is 
dense. Summing up we have

3.1.6 T h e o r e m . T h e  ord er  ty p e  o f  * A  is  o f  th e  fo r m

oc= cd + ((jo* + co)6,

where 6 is a dense order type w ithout first or last element.
Observe tha t any prime num ber in N  remains a prime num ber in *A 

according to the definition tha t a num ber a >  1 is prime if its only divisors 
are 1 and a. I t  follows tha t the num ber o f primes in * N  is infinite. M ore 
strongly, it is true tha t f o r  every number ae*N there exists a prime number p  
which is greater than a. For the statem ent just written in it is true in N  and 
can be expressed as a sentence of K. Accordingly, it holds in *N.

It is natural to ask whether every natural num ber (in *N)  can be ex­
pressed as the product o f a finite num ber of powers o f primes. If we 
understand the word finite  here in the absolute sense then this signifies 
tha t the primes tha t occur in the product are in one-to-one correspondence 
with the set o f natural num bers which are smaller than a num ber neN.  
W ith this interpretation of the word finite the answer to our question is 
negative. For let {pn} be the sequence o f primes in A in  ascending order of 
magnitude, p 0 =  2 ,p 1= 3 , and so on. For every natural num ber n define

n

<ln= n  Pn
k = 0

so tha t #0 =  2,#! = 2 -3  =  6,<72 =  2 -3 -5 =  30, and so on. Then {q„} may be 
regarded as a function which maps the finite natural numbers into the 
finite natural num bers and which, accordingly is given by a relation Q o f
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type (0,0) in N.  The corresponding relation *Q in *N, i.e., the relation o f 
*N  which is denoted by the same constant o f K  as Q , defines a function 
{rn} from the numbers of *A in to  the numbers of *N, such tha t rn =  qn for 
all finite n. In N, qn is divisible by the first power of all primes up to p n, by 
no higher power of these primes, and by no other prime. The same can 
therefore be said of rn within *N. Thus, for infinite n , the num ber o f prime 
divisors of rn is infinite.

On the other hand, as can be seen by form alization within K , it is still 
true that for every natural num ber a in *N  other than 0 there exists a 
natural num ber m  and a sequence of natural numbers j n, « =  0 ,1 ,...,m , 
such that a is divisible by p Jnn, « =  0 ,l,. . . ,w , and not by any higher power 
of these primes, and not by any other prime.

The following results show that there exists external sets of natural 
numbers in *N.

3.1.7 T h e o r e m . The set o f  infinite natural numbers is an external set 
in *N.

P r o o f . Let N t be the set o f infinite natural numbers. As we have seen, 
N t does not possess a smallest element. On the other hand it is true in N  
that every non-empty set o f natural numbers possesses a smallest element. 
This can be expressed as a sentence of K , so

3.1.8 (Vx) [[(3.y) 0 (O) (x,y)] 3  [(3y) [<Z>(0) (x,y)  a  [(V z)

[#«» (*>z) => [#(0,0) (e,y,z) v <P(o,o) (4>J,z)] • • •].

where we recall that ^ (o,o)(^T»z) stands for y < z .  Since 3.1.8 holds also in 
*7V, it follows that every non-empty internal set o f natural numbers 
possesses a smallest element. This shows that N t cannot be an internal set, 
proving the theorem.

3.1.9 T h e o r e m . The set of finite natural numbers is an external set 
in *N.

P r o o f , the following sentence holds in N  and belongs to K.

3.1.10 (Vx) (3;;) (Vz) [ [  “ 10 (O) (x,z)] =  0 (O) (y ,z ) ] .

This sentence states that for every set o f type (0) there exists a set which is
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its complement, i.e., which consists of all individuals that are not con­
tained in the form er set. Since the sentence belongs to K  it must be true 
also in *N  where we may recall that the interpretation of ‘set’ in *N  is 
‘internal set’. It follows that if the set of finite natural numbers were an 
internal set in *N  then the set o f infinite natural numbers would be an 
internal set in *7V. But we have seen already that the set of infinite natural 
num bers is not an internal set in *N. This proves 3.1.9.

Similarly, we may prove tha t the relation which was defined earlier 
in this section by the condition that a ~ b  if \a — b\ is finite, is an external 
relation in *N.  For the sentence

(Vx) (3.y) (Vz) [<Z>(0,o) (*,0,z) =  <£(o) (y,z)]

holds in N  and * A. This shows that if the relation ~  were internal, then 
the set o f natural numbers z such that 0 ~ z , i.e., the set o f finite natural 
numbers would be internal, contrary to 3.1.9.

3.2 Non-standard Analysis. Let *R be a higher order non-standard 
model o f Analysis as explained in 2.10.4. Thus, *7? satisfies conditions (i) -
(iv) specified at the beginning of section 3.1, where we have to replace 
‘N atural N um bers’ everywhere by ‘Real N um bers’. At the same time, we 
have to substitute R  and *R for N  and *N, where R is the system (higher 
order structure) of real numbers, in the ordinary sense. Let K  be the set of 
stratified sentences which are admissible and hold in R.

*R constitutes an ordered field, for the fact that R  constitutes an ordered 
field can be expressed by means of sentences of K. From  now on, we shall 
refer to  all individuals of as real numbers, reserving the name of 
standard real num bers to the individuals of R. In order to simplify our 
notation we shall write aeR  (or ae*R) in order to indicate that a is a real 
num ber (a standard real number) although strictly speaking R  and are 
not sets of individuals.

*R is non-archim edean since it contains numbers which are greater then 
all numbers of R , which constitutes a subfield of *R. Thus, for some 
num ber a in *R,

l < a , l - h l < a , . . . , l - h l H  h i < « ,. . . ,  and so on

where we add 1 any (finite) num ber of times to itself. It is now easy to 
appreciate the following facts and definitions about *R.
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If  we define the absolute value \a\ of a num ber ae*R  by \a\=a  if 
tf> 0  and by \a\ = — a if  a < 0 then \x\ may be regarded as a standard 
function in *R  which is an extension o f the corresponding standard 
function in R.  A  real num ber ae*R  will be called finite if  there exists a 
standard num ber meR  such tha t \a\<m,  while any other num ber of *R 
will be called infinite. The finite num bers constitute a ring in R,  which will 
be denoted by M0.

A num ber ae*R  will be called infinitesimal or infinitely small  if  \a \<m  
for all positive num bers m in R.  By this definition, 0 is infinitesimal. The 
set of infinitesimal num bers constitutes a ring M x in *R. M x is a subring 
o f M0. M ore particularly, M x is an ideal in M0. A num ber re*R , r=#0, is 
infinitesimal if  and only if r ~ l is infinite. I f  a — b is infinitesimal, then we 
say that b is infinitely close to  a , and we write a ^ b .

Consider the quotient ring M 0/ M x. We claim that it is isom orphic to the 
field of standard real numbers.

Let A  be any equivalence class in M0 m odulo M x. Then A  cannot con­
tain two distinct standard real num bers r1 and r2. For in tha t case, 
\r1—r2\ would not be infinitesimal (not being smaller than the standard 
positive real num ber m = \ r1 — r21), which contradicts the assum ption that 
f  i — r2 belongs to  M x.

On the other hand, A  m ust contain at least one standard real number. 
For let a be an arbitrary  element of A.  If  a is a standard real num ber then 
we have finished. If  a is not a standard then we divide the standard real 
numbers into sets D x and D 2 where D x contains all standard real num bers 
tha t are smaller than  a and D 2 contains all standard real num bers which 
are greater than  a. Then D 2 is not empty since a < \ a \ < m  for some 
standard m  and D t is not empty since \a \<m  implies a > — \a\ >  — m,  for the 
same standard m.  However, if  dxe D x and d2e D 2, then d x < d 2 since dx <a  
and a < d 2. Thus, the pair (D UD 2) constitutes a Dedekind cut. The set 
determines a standard real num ber r which is either the greatest element 
of D x or the smallest o f D 2. We claim tha t in either case r belongs to A , 
since a — r is infinitesimal.

Suppose first tha t r is the greatest element of D x, so tha t a — r < 0 .  \ f a  — r 
is no t infinitesimal then there exists a positive standard real num ber S such 
th a t a — r>5.  Hence a > r  + ̂ d,  which shows tha t the standard real 
num ber r + \ 5  belongs to D x. But this contradicts the assum ption that r is 
the greatest element o f D x and proves tha t a — r is infinitesimal in this case.
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Suppose next tha t r is the smallest element of D 2. Then r — a < 0 and, if 
a — r is not infinitesimal, r — a > S  for some standard positive real num ber S. 
Hence r — \ b > a 9 so tha t r — \ 5  belongs to D 2. This contradicts the as­
sum ption th a t r is the smallest element o f D 2 and completes the proof that 
a — r is infinitesimal in all cases. It follows tha t the correspondence 
A->r, under which every equivalence class in M 0 m odulo M 1 is mapped 
on the standard real num ber contained in it, provides the required 
isom orphism  between M 0/ M 1 and the field of standard  real num ­
bers R.

For any finite real num ber a in *R we call the uniquely determined 
standard real num ber which is infinitely close to a (r  in the above proof) 
the standard part  o f a9 in symbols r =  st(a) or, more briefly, r — °a. M ore­
over, given any real num ber in *R we call the set o f real numbers which are 
infinitely close to a , the monad o f a , to be denoted by p (a)- Thus p (a) is the 
equivalence class of a in *R m odulo M l9 where both *R and M x are 
regarded as additive groups. The elements of M 0/ M l9 are the monads 
which belong to M0.

Let TV be the higher order structure of the natural numbers, regarded as 
a partial structure of R  in the m anner explained in section 2.11, and let *TV 
be the corresponding structure within *R. If *R is an enlargement of R 
then theorem  2.11.3 shows that *TV is an enlargement o f TV. If  *R is only 
known to be a higher order non-standard m odel o f Analysis then we can still 
show that all sentences of A  that hold in TV hold also in *TV. M oreover, we 
claim that under the relation of order in *R which is also the relation of 
order in *TV, there exist individuals in *TV which are greater than all in­
dividuals o f TV. Indeed, let q be the constant of K  which denotes the order 
relation, as before, and let v denote the sets o f individuals in TV and *TV. 
Then the sentence,

3.2.1 (Vx) (3)0 [> (0,0) (q,x,y)  A tf>(0) (V,y)]

holds in R  since it states that for every real num ber x there exists a natural 
num ber y  which is greater than x. Accordingly, 3.2.1 holds also in *R. 
Now let a be a num ber of *R which is greater than all num bers of R.  Such 
an a exists since *R is a non-standard model o f Analysis. By 3.2.1, as 
interpreted in *R, there exists a num ber b which is an individual o f *TV and 
which is greater than a and hence, is greater then all numbers of R  and in 
particular, is greater than all individuals o f TV (which constitute a subset of
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the numbers of R). This shows that *A is a non-standard higher- order 
model of Arithmetic, so that the results of 3.1 are applicable.

We shall use the symbols A  and * A, w ithout danger of confusion, also in 
order to denote the sets of individuals o f the respective structures. In this 
sense A  is the set of ordinary, or standard natural numbers while *A is the 
set of natural numbers in *R. The numbers of A  are the finite natural 
numbers, both in the sense of section 3.1 and in the sense introduced 
above for the real numbers, while the numbers of *A — A  are the infinite 
natural numbers in both senses.

3.2.2 T h e o r e m . The set R  is an external set in *R.
For if R were internal in *R, then the intersection of R  and of *A, which 

is A, would be an internal set in *R and hence in * A. This contradicts 3.1.9. 
We show by the same method -

3.2.3 T h e o r e m . The set of finite real numbers, MQ, is an external set 
in *R. So is the set o f infinite real numbers.

Next we prove -

3.2.4 T h e o r e m . Let a be any num ber in *R. Then n(a) (the set o f 
numbers which are infinitely close to a) is an external set in *R.

P r o o f . Suppose that is an internal set for some a . Then the set 
H0 = {b\b = c — a,cen(a)} also is internal in *R. ji0 consists o f all numbers 
which are infinitely close to 0, i.e., it is the m onad of 0. But if /r0 were 
internal, then the set o f reciprocals o f elements o f n0 other than 0 also 
would be internal. But this is precisely the set o f infinite real numbers. This 
proves the theorem.

3.3 Convergence. Let {.?„}, n =  0,1,2,..., be an infinite sequence of real 
numbers in the ordinary sense. {$,,} is represented in R  by some binary 
relation F, which in turn is denoted by a constant /  within the formal 
language A.  Since A defines a function from the natural numbers into the 
real numbers, the following sentences hold in R.

3.3.1 (Vx) [<P(0) (v,x) =  [(3y) <*>(0,0)( / ,* ,y ) ] ]

3.3.2 (Vx)(Vy)(Vz)[ [ < * > « > , <Z>(0,o)(f,x,z)]=> 4>(0y0)(e,y,z)],
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where v denotes the set o f natural numbers and e denotes the relation of 
identity for individuals, as before. The two sentences together state that F  
defines a real-valued function whose domain is the set o f natural numbers. 
Reinterpreted in *R, the same sentences state that the relation *F (which is 
denoted b y / in  A)  defines a real-valued function in the sense of *R whose 
dom ain is the set of natural numbers *N. We may regard this function also 
as a sequence, {s'}, where n varies over all natural numbers in *jV. Now 
any finite natural num ber n determines the corresponding s = sn uniquely 
so that 0 (O>O)(/,tf,s) in both R and  *R. It follows tha t s„ = s'„ for all finite n. 
Thus, it cannot give rise to any m isunderstanding if we denote the sequence 
determined b y / in  *R by {^n} rather than by {s'}. The sequence {s„} in R 
then is the restriction of the sequence {s„} in *R to the finite natural 
numbers n. We observe that this ambiguity in the case of the symbol {sn} 
conforms to common usage in the theory of functions where, for example, 
sin x may first be defined for real arguments * only, but the same symbol is 
retained after the definition is extended to complex values of the argument. 
If  necessary, we shall use the phrases ‘in R’ or ‘in *R* in order to indicate 
whether the original sequence {sn} is intended, or its extension to *R.

3 .3 .3  T h e o r e m . In order that a sequence in R be bounded in R, 
it is necessary and sufficient that the elements of in *R are all finite.

P r o o f . Suppose that {̂ „} is bounded in R. Thus, there exists a standard 
real num ber m such that \sn\ < m  for all neN.  It follows that if {sn} is re­
presented in R by a binary relation F, which in turn is denoted by a 
constant / i n  A,  as above, then the sentence

3.3 .4 (V x )(V y )(V z ) [[<£(o,o)( / ,x ,> ’)  a  <Z>(0>0) (a ,y , z ) ]  => <2>(0, o> 0l ,z , rn)]

holds in R, where $ (0,o)(a>y>z) stands for ‘z is the absolute value of /  
and q an d / have their previous meanings. But 3.3.4 belongs to K  and so, 
holds also in *R. Hence \sn\ < m  for all natural num bers n , finite or infinite. 
This proves that the condition of the theorem  is necessary.

The condition o f the theorem is also sufficient. For suppose that it is 
satisfied. Then the following sentence holds in *R, for any positive infinite 
real num ber r.

3.3.5 (Vx)(Vy)(Vz) [[<P(0,0) ( . /> jO  A <P(0,o)(a,y,zj]  =>&(0J3)(q,z,r)] .



60 DIFFERENTIAL AND INTEGRAL CALCULUS [3.3

We conclude by existential quantification that the sentence

3.3.6 X  =  (3 w) (Vx) (Vy) (Vz)
[ [ * ( 0,0) ( f , x > y )  A # ( 0,0) (a , y , z ) ]  => # (0,0) (q , z , w ) ]

also holds in *R.  While 3.3.5 is no t admissible in R  since the constant r 
does no t have any interpretation in R , the sentence X , which is given by
3.3.6 is admissible in R.  Hence, if  X  did no t hold in R,  then ~]X would 
hold in R , and would belong to K  and thus, would hold also in *R. This 
contradicts the conclusion just reached tha t X  holds in *R and shows that 
X  holds also in R.  Accordingly, there exists a num ber m in R  such that 
|jn| < m  for all natural num bers in N.  This completes the p roo f o f 3.3.3.

In  the p ro o f we have made use o f the general principle tha t if X  is ad­
missible in R  and holds in *R then X  holds also in R. For if not, then “1X  
is admissible and holds in R  and hence, holds also in *R , contrary to 
assum ption. The same argum ent will be applied repeatedly in the sequel.

The realization tha t certain statements can be form ulated within the 
language A  and in terms o f the vocabulary o f K  constitutes an im portant 
element in our p roo f procedure. However, it would be quite impracticable 
actually to  write down the formalized sentences in each case. Generally 
speaking the possibility o f such a form ulation is o f param ount im portance 
while the details are likely to be irrelevant. Accordingly, it will usually be 
sufficient to state that the form alization in question is possible, without 
carrying it out in practice. On occasion, a semi-formal notation may be 
helpful. For example, in place o f X  in 3.3.6 we may write

(3w) (Vx) (Vy) (Vz) [[y  =  sx a  z =  |y |]  z <  w]

or even more briefly,
(3 w )(V x )[ |s ,|< w ].

3.3.7 T h e o r e m . Let {sn} be a standard infinite sequence and let s be a 
standard  real num ber. Then s is the limit of {sn} within R , lim„_+s5,n=5' in 
the classical sense if  and only if  sn^ s  (i.e., sn is infinitely close to  s) for all 
infinite subscripts n .

P r o o f .  Suppose lim„ ^ = s in the classical sense. Then we have to show 
tha t sn — s is infinitesimal for all infinite n. That is to say, for any standard 
£ > 0  and for any infinite natural num ber n we have to prove \sn — s |< e .
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Now we know that for any given s > 0 in R there exists a natural num ber v 
in N  such that

\sn — s| <£ for n > v , n e N .

Thus, it is true in R that

3.3.8 (Vx) [[xeiV a x > v ] : d | s x — s | < e .

But 3.3.8 can be expressed as a sentence of K and hence, is true also in *R. 
Since any infinite natural num ber is greater than v we deduce that
|$n — < e for all infinite n. This shows that the condition of the theorem
is necessary.

To see tha t the condition is also sufficient suppose that it is satisfied and 
let s be any standard positive real number. Then for any infinite natural v, 
\sn — s\ < e  for n > v  since \sn — s\ is then even infinitesimal. It follows that
3.3.8 holds in *R. As it stands, 3.3.8 cannot now be form ulated within the 
vocabulary of K  since v is not in R. However,

3.3.9 (3w)(Vx) [[xeiV a  x >  w] id Is* — s|  <e]

no longer contains v, and holds in *R. A corresponding formal sentence 
can be expressed in the vocabulary of K. Accordingly, 3.3.9 holds also in 
R , for some natural num ber v in R , \sn — 5| < e  for n >  v. This completes the 
proof of 3.3.7.

From  3.3.7 it is easy to deduce some standard theorems on limits in R . 
For example, if lim/J_ 005,n =  ly, \imn^ aotn = t, then sn~ s ,  tn~ t  for all infinite 
n , by 3.3.7. Hence, sn + tn£as + t, \imn_+OD(sn + tn) = s + t-

Let {j,,} be a standard infinite sequence. A standard real num ber 5 is by 
definition a limit point of in R if for every standard e >  0 and for every 
finite natural num ber v there exists a finite natural num ber n > v such that 
|sn—s\ <s. Thus, if s is a limit point of {sn} in R then the following semi­
formalized statem ent is true in R,

3.3.10 (Vx)(Vy) [ [ x > 0  a  yeN ] => [(3z) [zeiV a  z >  y a  | sz — s|  < x ]]]  .

But 3.3.10 can be expressed in the vocabulary of K and, accordingly, holds 
also in *R. Hence, if we take x =  e, where £ is positive and infinitesimal,
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and y  = v, where v is an infinite natural number, then

3.3.11 (3  z )[zeA  A Z> V A \sz — s\ < e ]

holds in *R. This shows that |s„ — si <e  holds in */? for some infinite n , 
and proves one half o f the following theorem.

3.3.12 T h e o r e m . Let be a standard infinite sequence. Then the set 
of limit points of {s„} in R is given by S '  = {°sn} where n varies over the 
infinite natural numbers for which sn is finite (and hence, possesses a 
standard part, °s„).

P r o o f . We have just shown that if s is a limit point of {sn} then sn~ s  for 
some infinite n and so ^  seS' .  Conversely, if 5=  °sn, where n is infinite, 
then \sn — s\ is infinitesimal. Let e> 0 , s standard and let veA. Then there 
exists a natural num ber z (i.e., the num ber z = n) which is greater than v 
and such that \sz — .s| <s.  Thus, 3.3.11 is true in *R and hence, belongs to K  
and is true also in R . This shows that s is a limit point o f {sn} in R and 
completes the p roof of 3.3.12.

In particular, if the standard sequence {sn} is bounded in R , then all sn 
are finite in *R,  by 3.3.3. It follows that the standard parts °sn exist for all 
infinite n and hence, that the set S '  is not empty. This proves

3.3.13 T h e o r e m  (Bolzano-W eierstrass). A bounded infinite sequence 
possesses at least one limit point.

Let {5nm}, n =  0 , 1,2,..., m =  0 ,1,2,..., be a double sequence in R. {s„m} 
may be regarded as a function defined on A x  A and taking values in R. 
It is given by a three place relation, F, such that {n,m,s) satisfies F  if and 
only if s = snm. The corresponding relation *F in *R defines a function 
from *A x *A into */?, which coincides with on A x A. Accordingly, 
we denote it also by

By definition, a standard num ber 5 is the (double) limit of {^nm} in R , 
in symbols

lim sBm =  s
n~* oo 
m-> oo

if for any standard e > 0  there exists a finite natural num ber v such that 
|jnm — < 6 for all finite natural n and m greater than v.
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The m ethod used in the proof of 3.3.7 leads to

3 .3 .1 4  T h e o r e m . Let {snni} be a standard double sequence and let s be 
a standard real num ber. Then

l i m  s„m =  s
n-> oo 
m-+ oo

in R  if  and only if snm~ s  for all infinite n and m.
In particular, we note

3.3.15 C o r o l l a r y . Let be standard. Then

l i m  s„m =  0
n~* oo
m-* oo

in R  if and only if snm is infinitesimal for all infinite n and m.
Cauchy’s necessary and sufficient condition for convergence in the 

classical case (i.e., in R)  states

3 .3 .1 6  T h e o r e m . A sequence converges if and only if

lim (sn- s m) = 0 .
n-+ oo 
m~* oo

By 3.3.15, this is equivalent to

3 .3 .1 7  T h e o r e m . A s ta n d a r d  s e q u e n c e  {s„} c o n v e r g e s  ( p o s s e s s e s  a  

l im it )  in  R  i f  a n d  o n ly  i f  s„~sm fo r  a ll  in f in it e  n a n d  m.

P r o o f , of 3.3.17. Suppose that the standard sequence {>?„} converges to 
the standard real num ber s in R.  Then, for any infinite n and m 9 we have, 
by 3.3.7, sn~ s  and sm~s .  This shows that sn~ s m, as asserted, and proves 
that the condition of the theorem is necessary.

Suppose now that snczsm for all infinite n and m, and let co be any infinite 
natural num ber. We claim that is finite.

Suppose on the contrary tha t is infinite. Define a set o f natural
numbers A  by

A = { n \ | s<u- s „ | < l } .
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A is an internal set. For it is true in R  tha t ‘for every natural num ber x 
there exists a set o f natural num bers y  such tha t a natural num ber z is 
contained in y  if and only if \sx — ̂ J c L .  The statem ent just given in 
quotation  m arks can be form ulated as a sentence of K  and, accordingly, is 
true also in *R. Specializing the statem ent by taking a> for x, we obtain A  
for y.

A  contains all infinite natural num bers for if n is infinite, 1^ — sn\ is even 
infinitesimal. On the other hand, = \(s(0 — sn) + s„\ <  1^ — +  \sn\ so that,
for s„eA , |.s j <  1 +  \sn\. But sn is standard and hence finite for finite n while 
^  is infinite. This shows tha t A  does not contain any finite N, A  coincides 
with the set o f infinite natural num bers. But this set is an external set (see 
3.1.7) a contradiction which shows tha t is finite. This being the case,
sa possesses a finite part s = °s(0. Then and more generally s ~ s n for
any infinite n since This shows tha t s is the limit of {$„}, by 3.3.7
and completes the p roof of 3.3.17.

Observe th a t the proof of the last theorem  is independent of the accepted 
(‘standard’) definition o f the limit o f a sequence. We may if we wish define 
\ imn^ o0sn = s by the condition tha t sn^ s  for all infinite n and we may then 
proceed directly to the development o f the theory o f convergence of 
infinite sequences.

Arguments similar to some of those used in the proof o f 3.3.17 lead to 
the following results which apply to internal (and not only to standard) 
infinite sequences.

3.3.18 T h e o r e m . Let be an internal sequence o f real numbers such 
tha t \sn\< m for all finite n , where m is some fixed num ber in *R. Then there 
exists an infinite natural num ber v such tha t \sn\ < m  for all n < v .

P r o o f .  If  \sn\ < m  for all n , finite or infinite, then we may take for v any 
infinite natural num ber. I f  there is an n such that \s„\ > m,  define a set of 
natural numbers A  by

A = {n | |s„ |> w } .

Then A  is a non-em pty internal set o f natural numbers. It therefore pos­
sesses a first element, which may serve as the v of the theorem.

3.3.19 T h e o r e m . Let {sn} be an internal sequence o f real numbers such
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th a t \sn\ < m  for all infinite n . Then there exists a finite natural num ber v 
such th a t \sn\ < m  for all n >  v.

P ro o f om itted.

3.3.20 T h e o r e m . Let be an internal sequence such tha t sn is in­
finitesimal for all finite n. Then there exists an infinite natural num ber v 
such th a t sn is infinitesimal for all n <  v.

P r o o f .  Consider the internal sequence {/„} where tn =  nsn. For all finite n , 
Un\ ==wk«l is infinitesimal and so \tn\ <  1. Hence, by 3.3.18, there exists an 
infinite v such that \tn\ < l  for all infinite n< v.  For such n, \sn\ < l / n 9 so 
tha t sn is infinitesimal also for all infinite n<v.  This proves the theorem.

3.3.21 T h e o r e m . Let {sn} be an internal infinite sequence which is 
finite for all infinite n. Then there exists a finite natural num ber v such that 
sn is finite for all n > v.

P r o o f .  It follows from  the assum ption of the theorem  that the sequence 
{tn} which is given by tn = ( \ /n)sn, n>  1, satisfies | / J <  1 for all infinite n. It 
follows tha t |fB| < l  also for all finite n > v  where v is a natural num ber, 
which exists by 3.3.19. For such n, |.sj < n 9 sn is finite.

3.4 Continuity and differentiation. L et/ ( * )  be a real-valued function of 
a real variable x  in R  which is defined in an open interval (a,b), a and b 
standard, a < b . On passing to  is extended to a function which is
defined for all num bers x  in *7? such tha t a < x < b .  By agreement we 
denote this function again by / (x ) .  (This is in fact the function which is 
given by a binary relation in *R that is denoted by the same constant in K  
as the binary relation in R  tha t defined the original / (x ) .)

3.4.1 T h e o r e m . In  order tha t the standard real num ber c be the limit 
o f /(x )  in R  as x approaches b (from below), lim * -* /(x ) =  c, it is necessary 
and sufficient t h a t / ( x ) ^ c f o r  all x ~ b ,  a < x < b .

P r o o f .  Suppose that lim X̂ bf ( x )  = c in the ordinary sense. Let e be any 
standard positive number. Then there exists a standard positive h such 
tha t | / ( x )  — c \<s  for \ x - b \ c h ,  a < x < b .  Now, if x ~ b  then |x — b\ is
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actually infinitesimal, and so \x — b \<h  and |/ ( x )  — c\<s.  Since s is 
arbitrary positive in R  this shows tha t / ( x ) ~ c ,  the condition of the 
theorem  is necessary.

The condition is also sufficient. For suppose tha t it is satisfied and 
choose any positive infinitesimal h. Then the following semi-formalized 
statem ent is true in *R, for arbitrary standard positive s.

3.4.2 (Vx) [[ |x  — b\ < h  a  a < x < b ^ \ f  (x) — c\ < e ]  .

Thus, in */?, it is true that

3.4.3 (3y) \ y  > 0  a  [(Vx) [ [ | x  — b \ < y  a  a < x < f r ] = >  \ f  (x) — c\ < e ] ] ]  .

But 3.4.3 is admissible in R  and, accordingly, must belong to K  and must 
hold also in R.  Since s was standard positive but otherwise arbitrary we 
conclude directly from the interpretation o f 3.4.3 in R tha t lim„_+&/( x )  =  c. 
This completes the proof of 3.4.1.

Corresponding results hold for the limit o f / ( x )  as x tends to a (from 
above) and for the limit offipc) as x tends to an interior point o f the inter­
val (a,b). We state our conclusion for the latter case as a theorem.

3.4.4 T h e o r e m . In order that the standard real num ber c be the limit 
o ff ( x )  in R  as x approaches x 0, x 0 a standard point (number), a < x 0 < b , 
it is necessary and sufficient th a t /(x )  ~ f  (x0) for all x  4= x 0 such that x ~  x 0.

The theorem  still holds if / ( x )  is defined in the interval {a,b) except for
X — Xq.

With f i x )  as before, the classical definition of continuity at a point taken 
in conjunction with 3.4.4 leads immediately to

3.4.5 T h e o r e m . The fu n c tio n /(x )  is continuous at a standard point 
x 0, a < x 0 < b , if and only i f / ( * ) ^ / ( x 0) for all x ~ x 0.

This is equivalent to saying that / ( x )  maps the m onad o f x 0 into the 
m onad o f / ( x 0).

Suppose now th a t/(x )  is defined also at b. Then 3.4.1 shows th a t/(x )  is 
continuous at b if and only if /( x )~ /(& )  for all x ~ x 0, x < b ,  and a 
corresponding statem ent holds for a. Thus, in these cases also, the part of 
the m onad of x 0 = b (or x 0 =  a) th a t belongs to the interval of definition of 
f { x )  is mapped into the m onad o f f i b )  (or off{a)).
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We are now in a position to prove the interm ediate value theorem  for 
continuous functions (Bolzano-W eierstrass).

3 .4 .6  T heorem  (Standard). Let / ( x )  be a function which is defined 
and continuous in the closed interval a < x < b , and such that f ( a ) < 0, 
/ ( h ) > 0 . Then there exists a point c, a < c < b  such th a t / ( c )  =  0.

The word ‘standard’ is added above in order to indicate tha t we are 
dealing with the standard situation, i.e., with the ordinary real numbers. 
We shall make the same insertion also on other occasions when the 
circumstances are not specified elsewhere in the text.

P r o o f  of 3.4.6 Let co be an infinite natural number. Then the sequence 
{x0 = a,x1,x2,-",x(O = b} which is defined by Xj = a + (j/co) (b — a) is an 
internal sequence in *R. Indeed, since it is true in R that for every natural 
number n, there exists the sequence of numbers {x7-}, j  = 0,...,n, 
Xj = a + ( j/co) (b — a), the same must be true in *R. We note that {x0,..., x^} 
is a finite sequence in the sense of *R although it contains an infinite 
number of elements in the absolute sense. Now f ( x 0)< 0 and f ( x w)> 0. It 
follows that the set A of natural numbers /  for which/(x7) > 0 is not empty 
but excludes / = 0. A is an internal set which possesses a first element j=n.  
The difference xM — xfl^ 1 = (\/co)(b — a) is infinitesimal and so °x^ = °xfM_l. 
We write °xfl = °xfl _ t = c. If a < c < b then / ( % )  ̂ f ( c )  and/ ( %  _ t) ^ /(c ) 
by 3.4.5. If c = a or c = b then these relations still hold by the remarks 
following 3.4.5. B u t / ( ° ^ - 1) < 0; since/(c) is infinitely close to /(°v /i_x) 
this implies that/(c) <0. Similarly,/(°xM)>0 implies that/(c) > 0. Hence, 
/(c) = 0. This shows that c4=a, c=#6, c is the required argument value for 
which/(c) = 0. This completes the proof of 3.5.6.

Let the standard function f ( x )  be defined in the open interval (a,b)9 
a and b standard, a < b , and let x 0 be a standard point in the interior of 
(ia,b). We say th a t/ (x) is bounded at x 0 in R  if for some standard h > 0 and 
m > 0, | / ( jc)| < m  for all x such that |x — x 0| <h.

3 .4 .7  T h e o r e m . / (x) is bounded at x 0 if and only if/ (x) is finite in the 
m onad of x  in *R.

P r o o f . If / ( x )  is bounded at x 0 then ‘| / ( x ) | < m  for all x  such that 
|x —x 0| < K  is true in R , for some standard /z>0, m > 0 .  The statement in



quotation m arks can be form ulated within K  and hence, holds also in *R . 
Now, in *i?, |x — x 0\< h  for all x in the m onad o f x 0 since, for such x, 
jx — x 0| is actually infinitesimal. Hence |/ ( x ) |  < m  for all x in the m onad 
of x 0, the condition of the theorem  is necessary.

Again, if the condition is satisfied, choose h infinitesimal and m positive 
infinite. Then it is true in */?, tha t | / ( x ) |  < m  for all x for which |x —x 0| <h  
since all such x are in the m onad o f x 0. Thus the statem ent ‘there exist 
>’ > 0  and z > 0  such tha t | / ( x ) | < z  for all x  such tha t |x — x 0| <y'  holds 
in *R. But this sentence can be form ulated within A,  in the vocabulary 
of K  and, accordingly, belongs to K  and holds also in R.  This shows that 
the condition o f the theorem  is also sufficient and completes its proof.

3.4.8 T h e o r e m . W ith /  (x) and x 0 as before, if / (x) is continuous a t x 0 
then it is bounded at x 0 (in R).

P r o o f . By 3.4.5,/ ( x ) ~  / ( x 0) for all x  in the m onad o f x 0 . H ence / ( x )  

is finite in the m onad of x 0, / ( x )  is bounded at x 0, by 3.4.7.
W ith / ( x )  defined as before and a < x 0 < b , where x 0 is standard, con­

sider the function
/ ( * ) - / Oo)fc (x )= ------------------ ,

x —x 0

k (x )  is defined for all values of x in (a,b), both in R  and in *R,  except for 
x  =  x 0. The derivative o f / ( x )  at x 0, / ' ( x 0) is given, classically, by 
limJC_+JC0/:(x) whenever tha t lim it exists. Hence, by 3.4.4,

3.4.9 T h e o r e m . In order that the standard num ber c be the derivative 
o f / ( x )  a t x 0 it is necessary and sufficient that

/ ( * ) - / ( *  o) ------
x —x 0

fo r  a ll X t̂ x 0 in  th e  m o n a d  o f  x 0 .

3.4.10 T h e o r e m . If  /  (x) is differentiable (possesses a derivative) o f x 0 
in R  then / ( x )  is continuous at x 0 in R.

P r o o f . I f /(x )  is differentiable at x 0 then for all x #  x 0 in the m onad of x 0,
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f ( x ) —f ( x o) — c (x ~~x o) where c is the derivative o f / (x )  at x 0. This shows 
tha t for such x, f { x )  — / ( x 0) is infinitesimal, / ( x )  is continuous at x 0, 
by 3.4.4.

The derivation of the addition rule for differentiation from  3.4.9 is 
trivial. Let us consider the product rule.

Let the standard function g(x) ,  like f ( x ), be defined in the interval 
(a,b) and let f ( x )  and g ( x ) be differentiable at the standard point x 0, 
a < x 0< b , with derivatives / ' ( x 0) and g '( x 0), respectively. Putting 
h ( x ) = f ( x ) g ( x ) ,  we then have

h ( x ) - h  (x0) = / (x )g (x) - f  (x0)g  (x0)
=  ( /  0 )  ~  /  (*o)) 9 W  +  /  Oo) (9 (*) ~  9 (x0)) •

Dividing by x  — x 0, we obtain

h ( x ) - h ( x 0) f  (x) f  (x0) . g ( x ) - g ( x 0 )
-----------------= ----------------- g ( x ) + f ( x 0) -------------------.

X — X 0 X — X 0 X — X 0

Now take x^=x0 in the m onad of x 0. Then g(x )  belongs to M0 (the ring 
of finite num bers in *iQ, by 3.4.7, 3.4.8, 3.4.10, and so does / ( x 0). Also,

f ( x ) - f ( x 0) g ( x ) - g ( x 0)
------------------ ~ / ' ( x 0), -----------------^ 9  ( x0), by 3.4.9.

x  — x 0 x  — x 0
Hence,

f ( x ) - f ( x 0) . . . .  . g ( x ) - g ( x 0) W X l <v  ̂ ^
------------------0 ( x ) + / ( x o)  /  (x0) g ( x ) + f ( x 0)g  (x 0)

x — x 0 x  — x 0
and

h(x) h (x0) ^  j g ( x ) + f ( x 0) g ' ( x 0) ^ f ( x 0) g ( x 0) + f  (x 0) g ' (x0) ,
X — X q

since g ( x ) ^ g  (x0), by 3.4.5 and 3.4.10. Referring to 3.4.9, we now see 
tha t the derivative of h (x) at x 0 exists and is equal to

h'  (x 0) = f ( x 0) g ( x 0) + f  (x 0) g ' (x0) .

W ith /(x )  defined in an interval (a,b), and a < x 0 < b , f ( x ), a,b9 and x 0 
standard as before, we say that / ( x )  has a maximum at x 0 (in R 9 
and hence in *JR) if  there exists a standard positive num ber h such 
th a t / ( x ) <  / ( x 0) for all x for which |x — x 0| <h.  One proves by methods 
used repeatedly already,
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3 .4 .1 1  T h e o r e m . The function f ( x )  possesses a maximum at x 0 if and 
only if f (x)< f ( x 0) for all x ^ x 0.

There is a corresponding result for minima.

3 .4 .1 2  T h e o r e m . Suppose f (x)  has a maximum at the standard 
point x 0, a<x0<b, and is differentiable at that point. T h e n / '( x o) - 0 .

P r o o f . Choose x* and x 2 in the m onad of x0 such that x l <x0<x2. 
Then f ( x 1)—f ( x 0)<0 and f ( x 2) — / ( x 0) < 0 , by assum ption and so

f { x 2) - f ( x  o)
----------------------< 0  a n d ------------------------> 0 .

x l - x 0 x 2- x 0
But

f t f  , f  ( x o )  / ( - v 2) - / ( * o )/  (Xq) —----------------- ---------------------

and the only standard num ber which has in its m onad both non-positive 
(< 0 )  and non-negative (> 0 )  numbers is 0. Hence / ' ( x 0) =  0 as asserted. 

The same conclusion applies iff (x)  has a minimum at x = x0.

3.4.13 T h e o r e m . Let the standard fu n c tio n /(x )  be defined and con­
tinuous in the closed interval a<x<b.  Then / ( x )  attains its absolute 
maximum at some standard point c, i.e., / ( c )  >  f (x)  for all x in the closed 
interval (in R and hence, in *R).

P ro o f. Define the sequence {x0 =  <ar,x1,x 2, . . . ,x o) =  6} by aj — a + (j/oj) 
(.b — a) as in the p roof of 3.4.6. Consider the sequence of real numbers of 
*R, { f ( x o ) = f ( a ) , f ( x i) , f ( x 2) , . . . , f ( x J = f ( b ) } .  It is not difficult to see 
that this is an internal sequence. Now it is a true statem ent about R  that 
for every natural num ber n and for every sequence of real numbers 
{r0, r l9. . . ,rn} there is a natural num ber j  such that r j > r i9 / =  0 , 1 , T h i s  
is a statem ent which can be form ulated within K  and, accordingly, holds 
also in *R. It follows that for some natural num ber j  in *R9f ( x j ) >  f(x^)9 
i =  0,1,..., co. Put c =  °xj9 then we claim th a t/(c )  >  / (x) for all standard x 
in the closed interval a < x < b .

Indeed, the length of the sub-interval defined by the sequence 
{ j0, x 1v ..,jcw} is infinitesimal since it is equal to (b — a)/co. It follows
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immediately that every standard num ber in the closed interval from  a to b 
contains in its m onad at least one (in fact, infinitely many) x t. Now suppose 
that / ( c )  <  / ( x )  for some standard x in the interval. Choose an x { such 
that x =  °x i. T h en /(c ) ~  f ( x f  and / ( x )  ~  / ( x f). B u t/(c )a n d /(x )  are stan­
dard num bers and so it will be seen tha t / ( c )  <  f ( x )  implies / ( c )  +  ?/1<  
f ( x )  — rj2 for arbitrary infinitesimal rjx and r\2- Hence, f ( x j ) <  / ( x f). This 
contradicts the definition of Xj and proves the theorem.

Since the fact th a t /(c )  >  / ( x )  for all x in the interval can be stated as a 
sentence of K  it is true also in *R. Similarly, there is a standard num ber at 
which / ( x )  attains its minimum in the interval.

3 .4 .1 4  T heorem  (Standard, Rolle). Let the function / ( x )  be defined 
and continuous in the closed interval a < x < b  and differentiable in the 
open interval a < x < b , a < b  and such that f ( a )  = f ( b )  — 0. T h e n / '( c )  =  0 
for some c in the interior o f the interval.

The proof is standard. If / ( x )  =  0 throughout the interval then / ' ( c )  =  0 
throughout the interval, so the conclusion is true, trivially. If  f ( x ) >  0 
somewhere in the interval then / ( x )  has a positive absolute maximum in 
the interval, a t a point c, say, and s in c e /(c ) > 0  it follows tha t a < c < b .  
T h e n /(x )  has a maximum at c in the sense of 3.4.12, and s o / '( c )  =  0. If 
/ ( x ) < 0  somewhere in the interval we obtain the same conclusion by 
considering the absolute minimum. This proves Rolle’s theorem.

We may now prove the mean value theorem  by the usual linear trans­
form ation.

3.5 Integration. In this section, we shall consider the Cauchy integral. 
Let / ( x )  be a standard function which is continuous in the interval 
a < x < b , where a and b are standard and a<b.  By a f ine partition of the 
interval (a,b) we mean a sequence {x0,x 1, . . . ,x c)}, where co is a natural 
num ber in *N , such that x 0 =  f l< x 1 < x 2 <  ... < x a) = b and x j — x j _ l is 
infinitesimal for /=  1,2,. ..,co. There are fine partitions which are internal, 
e.g., the sequence used in the p roo f of 3.4.6, which was defined by 
Xj = a +  ( j/co) (b — a) where co is an infinite natural number.

Let 7r =  {x0,x 1, . . . ,x 0)} be an internal fine partition and let ^ =  {^ l5 
£2>---j£w} be an internal sequence such that X j < € j + l < x J + li j =  0, 1,..., 
co — 1. There are such internal sequences, for example the sequence which



is given by ^  _ j, y=l,2,...,co and also the sequence given by
ij  — Xji j— 1,2,...,a;. We define

3.5.1 S ( n , 0 =  £  f i t j K x j - X j . J .
7 = 1

S(7i,£) has a meaning in the sense that it is given by a functional which is 
the extension in *R of the sum 2̂ ”= i /(£/)(•*/ — */_ i) for sequences 
{x0,x ! , . . . , and {{j,£2,.. .,sa tis fy in g  the appropriate conditions, i.e., 
x0< xx< . . .<xn and Xj<xj + U f = 0 , 1 1  in R.

3.5.2 T h eo r em . For any interned fine partition, and for any £ satisfying 
the appropriate conditions as detailed,

b

J / ( x ) d x  =  °S(7t,0.
a

P r o o f . We have to show that \baf{x) dx^S(n,£)9 i.e., that for any 
standard £>0 b

|J /(x )d jc -S (jt ,0  <  e.
a

But the following statement is known to be true in R.
‘For every e>0 there exists a 3>0 such that

b

\ f ( x ) d x -  £ / ( £ ,■ ) ( * , - x , - i )  <£ fo ra n y  {.v0,x „

. . , x ,} ,

J j =  i
a

{^i»^2. such that x0=a<x1<...<x„ = b, X j < Z J + 1 < x J + 1 , 

j  = 0,1,...,« — 1, .swc/z that | Xj — Xj-^Kd for j — 1,2
Now this statement can be formulated in the vocabulary of K  and 

accordingly, belongs to K  and holds also in *R. But the condition 
\Xj — Xj-x\ <(5, i= 1,2,...,co is certainly satisfied by any fine partition since 
in this case the differences xJ — xj ^ l are actually infinitesimal. Hence

b
I f  w

/ (x )d x — £  f  ( Z j ) ( X j - X j - 1) < e .
|J 2=1

a
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This proves the theorem.
The above argum ent relies on the standard theory o f Cauchy integra­

tion. This is necessary if we wish to identify ° S ( n 9^) with the familiar 
integral. Alternatively, we may define the integral in question as the stan­
dard part o f 3.5.1. In order to justify this definition, we have to show first 
that the standard part in question exists, i.e., that S (n , <*) is finite and then, 
that all the in question are infinitely close to one another.

In order carry out the first step, we observe that / ( x )  is finite throughout 
the interval a < x < b  in */?, by 3.4.7. (The proof of 3.4.7 is form ulated for 
points x 0 such tha t a < x 0 < b but can be adapted to x 0 = a, x 0 = b by trivial 
changes.) Thus, for every infinite positive real num ber r, | / ( x ) |  <r  for all x 
in the interval. Hence

CD CO

|S ( J t ,« |=  z  f i t j X x j - X j - i ) *  I  If i Z M x j - X j - i )
7=1 7=1

CD

<  Z  r ( X j - X j - i )  = r ( b - a ) .  
j= i

Now let oo be any infinite positive number. Then r = a>/(b — a) is positive 
infinite and so \S(n,^)  \ <co(b — a) ~1 (b — a) = oj. Let A be the set of 
positive num bers p  such that \S (n ,^ ) \<p.  As we have just shown, this set 
includes all infinite positive numbers. Accordingly, we conclude that 
|5(7c,^)| is finite and possesses a standard part. The second step in the 
argum ent depends on the fact that a refinement o f a given fine partition, 
i.e., the inclusion of additional Xj , does not change the standard part of 
S ( n 9£). We om it the details.

With / ( x )  as before, define F(x)  = \ xaf ( x )  d x , a < x < b .  F(x)  is, in the first 
instance, defined for x  in R  but, as usual, this definition is extended on 
passing to *R. Now for any standard x 0, a < x 0 < b 9 and for any positive 
standard h such that the num ber x 0 +  /z still belongs to the closed interval 
a < x < b , we have

xo +  h

F ( x 0 + h ) - F ( x 0)=  J  f ( x ) d x .

*0

We define a fine partition of the interval x 0 <  x <  x 0 4- h by Xj =  x 0 +  ( j/co)h, 
y =  0 ,l,...,co  where co is some infinite natural num ber, and we define a
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corresponding sequence ^ = by £j = X j _ l9 j — l,...,co. Then,
by 3.5.1 and 3.5.2,

CO

3.5.3 F ( x 0 + h) — F ( x 0) = /  (x,-_ , ) (X j - x ,_  S )

j =  1
CO CO

7=1 7=1

Now since f ( x )  is continuous in the closed interval x 0 < x < x 0 + h it 
attains its maximum and minimum for that interval at certain points 
£". Then

/  ( X j ) < f  (C ) , j = i , - - - , c o , and so
CO

f  ( D ,  and hence

7=1
CO

/ ( c ' ) ^ ° ^ ^ / ( X j - i ) ^ < / ( D ,  and hence, by 3.5.3 

j = i

F ( x 0 + h) — F ( x 0)
3.5.4 /  ({') <  -L ® -----_! U "

h
and

F (x 0 +  h) — T (x 0)
3.5.5 —— -----  —  <  /  ( O .

h

Now 3.5.4 and 3.5.5 can be form ulated within K  and, accordingly, hold 
also for infinitesimal 0. In this case, both and are infinitely close 
to x 0 and so, by the continuity o f f ( x ) ,

/ ( £ W « r w ( * 0).

Hence from  3.5.4 and 3.5.5,

F ( x 0 + h) — F ( x 0)
3.5.6 ------------------------~  /  (x0)

h
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for all positive infinitesimal h. A  similar argum ent shows that 3.5.6 is true 
also for negative infinitesimal h. Hence, by 3.4.9,

3.5.7 T h e o r e m  (Standard). L e t / ( x )  be continuous for a < x < b .  Then 
F(x) — \ * f ( x ) d x  exists and F' ( x ) = f ( x )  for all a < x < b .

This is the fundam ental theorem of the Integral Calculus for continuous 
functions. For right and left derivatives respectively, the argum ent can be 
adapted so as to include x  — a and x  = h in the result.

Next, let us consider an example of an im proper integral. Let the 
standard function f ( x )  be defined and continuous for all x > a , a  standard. 
Then the im proper integral J® f ( x ) d x  is defined classically as l im * ,^  
\ baf ( x ) d x , whenever tha t limit exists. A dapting the non-standard version 
of Cauchy’s condition (Theorem 3.3.17) we prove w ithout difficulty,

3.5.8 T h e o r e m . In order that the im proper integral J® / ( x )  dx  exist it 
is necessary and sufficient that f  (x) d x ~ 0  for all positive infinite rj and £.

Observe that f nf ( x )  dx  exists, in *R, for all infinite y\ and ( since 
\ dcf { x ) d x  exists in R for all c > a , d>a .  The integral possesses even for 
non-standard r\ and ( the usual properties of an integral to the extent to 
which they can be form ulated within our language. For instance,

n C C A 

X j  f  dx = 

— j  f  dx  and j  f  dx +  j  f  dx  

= j  f  d x .

C i  n C n

It is natural to ask whether the integral \ \ f ( x )  dx  can be approxim ated 
by a sum such as 3.5.1, even for infinite y\ and (. To answer this question, 
we shall suppose r\ < (  and we shall confine ourselves to partitions 
n = {x 0 = ri,xl9.. . ,xa = 0  which are given by x j = rj + ( j / a ) ) ( C - t i \
/ =  0,1,...,co, co an infinite integer, while Cj = X j - l9 j — l,...,cu. Then the
right hand side of 3.5.1 becomes

C0 CD-I

7 = 1  7 = 0

Notice tha t since C — rj may now be infinite, (£ — rj)/co may be finite even
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for infinite co. We shall include this possibility in our considerations to 
begin with.

3.5.9 T h e o r e m . W ith / (x) defined as above, let co be an  arbitrary but 
fixed infinite natural num ber. Then there exists an infinite positive real 
num ber b such tha t for all r\9 ( which satisfy a < r j < C < b ,

£ (o-l

3.5.10 J /(x)dx* / (xj)

rj 7 = 0

where the Xj are defined as above.

P r o o f . Let n be any finite natural number. Then, for the given infinite co 
and for any c and d  such tha t a < c < d < n 9 the difference

d co-1

f ( x j >
c 7 = 0

is infinitesimal and so by 3.5.2, it is true in *R that

d <0-1

3.5.11 n f / ( x ) d x  ) f  (x •) < 1 , x . =  c +  - ( d  — c) .
|J 00 L i  J o

c  7 = 0

If  in 3.5.11, we replace co by a finite natural num ber m then we obtain an 
inequality which may or may no t be true for a particular n. However, if we 
express this inequality by a sentence X ( n 9m) within our formal language 
then it is true in R  th a t ‘for every natural num ber m , if  there exists any 
natural num ber y  such that 1  X ( y 9m) holds then there exists a smallest y  
o f this k ind ’.

The usual argum ent now shows that the statem ent just given in quo ta­
tion m arks holds also in *R. Accordingly, there m ust be a smallest num ber 
y  = n0 in *N  which satisfies "1X(y ,co) if any y  satisfies ~lX(y,co)  at all. If 
such an n 0 exists then it m ust be infinite since X ( n 9co) is true for all 
finite n. In tha t case, we put b = n0 — 1. If ~]X(y,co) is not true for any y,
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i.e., if X(y,co)  holds for all natural numbers y  then we set b equal to an 
arbitrary positive infinite real number. In either case,

d co — 1

r d —c S f  1
j  f ( x ) d x — —  ) f ( x j )  < -

c  7  = 0

for all a < c < d < n < b ,  which shows, for n — b , that

d co-1

j f ( x )  d x J - f  I  f  (.Xj) for a < c < d < b  .

c 7  = 0

This proves the theorem. If  we want to make sure tha t the sum on the 
right hand side involves a f ine  partition, we only have to take b infinite but 
smaller than min (n0— 1,^/co) if n0 as above exists and as -Joo otherwise. 
For, with this choice,

C - Q C i  +  to L  2
CD CO ~~ yj 00 ’

so that the length of the intervals (xj9x j+l ) is infinitesimal.

3.5.12 T h e o r e m . W ith  /  (x) d efin ed  as a b o v e , th e  in teg ra l /  (x) d x  

e x is ts  i f  a n d  o n ly  i f  fo r  so m e  in fin ite  n a tu ra l n u m b er  co a n d  fo r  so m e  

in fin ite  p o s it iv e  rea l n u m b er  b

7 =  0

for all infinite rj, ( such that rj<C<b.

P r o o f . Suppose the integral exists. Then J - ;/(x )d x ~ 0  for all positive
infinite rj and £, by 3.5.8. At the same time, for arbitrary infinite natural co
and for a num ber b which satisfies the conclusions o f 3.5.11,

o - l  c

^  J / ( x ) d x  for a< r j < C < b .

7  = 0 rj
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Hence, for infinite rj and £ which satisfy r j<£<b,

(O- 1 

7 = 0

This shows tha t the condition of the theorem  is necessary.
Now suppose that the condition o f the theorem  is satisfied. Thus, for 

some infinite natural co and positive infinite b9

C D - I

7 = o

is infinitesimal for all positive infinite rj and £ such that rj<C<b.  Now we 
know that, for the given co and for sufficiently small positive infinite b'

C D - I  £

^  f ( x j ) - J / 0 ) d x  for a < r j< C < b ' .

7 = o n

Hence, for positive infinite rj and £ such that r\ <  £ <  min (b9 b')9 
J* /(■*) d x ~ 0 . Now let e be any standard positive number, then 
|J J /(x )d x | <  £ for Yf <  £ < m in  (b,b'). Let A  be the set o f natural numbers n9 
such tha t |J J /(x )d x | <£ for all £ and rj such that n<rj<  £ <  min (b9 b'). As 
we have just seen, A  includes all infinite natural numbers smaller than 
min (b,b '). (A includes all infinite natural numbers > m in  (b9b'), trivially.) 
Also, A  is an internal set, so it possesses a smallest element, which must 
therefore be finite. Accordingly, there exists a standard natural num ber n 
such that for all rj and £ for which n < r j < C < m m ( b 9b')9 |J^ /(x )d x |< £ . 
Hence, for any standard r\ and £ such tha t n < r j < £ 9 we have | J^ /(x ) dx| <  £, 
in *R and hence also in R.  But this shows that Ĵ ° / ( x ) d x  satisfies the 
necessary and sufficient condition for the convergence of an im proper 
integral in the classical sense and completes the p roof of 3.5.12.

The last part of the p roof makes use of an interesting phenom enon 
which appears in various forms. Thus, let {.s',,} be any standard infinite 
sequence. We know that a necessary and sufficient condition for {.?„} to
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converge to 0 is tha t for all infinite n. However, an apparently 
weaker condition is already sufficient for convergence.

3.5.13 T h e o r e m . Let {s,,} be a standard infinite sequence. Suppose that 
there exists an infinite natural num ber v such that is infinitesimal for all 
infinite n<v .  Then lim „^ooly„ =  0 in R.

P r o o f .  Let e be a standard positive number. Then \sn\ <  s for all infinite n 
such tha t n <  v since sn is actually infinitesimal for such n. Thus, the set A 
which consists o f all natural numbers jx such tha t |.sj < e  for all n which 
satisfy f x < n< v  is no t empty, and includes all infinite natural /i. Accord­
ingly, the first \i which satisfies this condition is finite, ix=jx0, say. Then 
\sn\ <  e for all finite n such tha t n > n0, both in *R and in R.  This shows that 
lim „_oo5/l =  0 and proves 3.5.13.

3.6 Differentials. Let {au ... ,«„} be a set of real numbers in *R , where n 
is a finite positive natural number. The set o f all linear combinations
r1a 1 H------1- rnan where r l9.. .9rn are finite (i.e., belong to M0) will be denoted
by 0 ( a l9.. . ,an). Similarly, the set o f all r1a 1 H \-rnan such tha t r j , . . . ,rn
are infinitesimal (belong to M x) will be denoted by o( a l9. . . ,an). In 
particular, M 0 = O(  1) and M t = o (  1).

For any given a l9.. .9an9 put a =  m ax ( |a1|,. . . , |a n|). Then it is easy to see 
tha t 0 ( a 1,... ,an) = 0 ( a ), o(a l9...9an) = o(a).  Both 0 ( a )  and o(a) are ad­
ditive groups which adm it M0 as dom ain o f (multiplicative) operators. 
M q is isom orphic to O (a) as an additive group under the isomorphism 
under which m eM 0 is m apped on maeO(a).  U nder this isomorphism, Mj 
is m apped on o(a). I t follows tha t the difference group 0( a) /o(a ) is iso­
m orphic to the additive group o f R.

Let y = f ( x )  be an internal function which is defined in an open interval 
(a,b),a<b, a and b standard. We choose an infinitesimal positive real 
number, calling it dx.  For x  in (a,b), we then put d.y =  d f = f ( x  +  dx) —f( x ) .  
Thus, d may be regarded as an operator which maps any function in *R 
on another function which is defined in a slightly smaller interval (i.e., 
(a,b — dx)).  Applying d to d y 9 we obtain

d 2y  =  d (dy) = /  (x +  2dx) -  2 /  (x +  d x ) + f  (x) , 

which is defined for a < x < b  — 2dx.  M ore generally, putting d ° y —y,



d”y =  d (d ”_1j ’)5 n — 1,2,..., we obtain functions which are defined for 
a < x < x  — ndx, respectively.

For standard / ( x )  and standard x, a < x < b ,  it follows immediately 
from 3.4.9 that if the function / ( x )  is differentiable at x then

d y 
f W ' w -dx

M ore generally, we propose to show that, under certain conditions which 
will be discussed presently,

d”y
3.6 .1  - ^ - / ^ ( x ) ,  « =  1 ,2 , . . . ,  

dx”

where dx” stands for (dx)". Since 3.6.1 indicates equivalence modulo 
M t = o (  1), 3.6.1 implies that (d"y/dx”) ~ / (")(x)eu(l). Hence,

3 .6 .2  d”y -  f (n) (x) dx”eo (dx”) .

We shall write a ~ /?  mod o ( a l9...9an) or mod 0 ( a l9.. .9an) in order to 
indicate equivalence modulo o ( a l9...9an) or 0 ( a l9.. .9an) respectively. W ith 
this notation, 3.6.2 becomes

3 .6 .3  d”y ~ / (n) (x) dx” mod o (dx”) .

3 .6 .4  T h eo r em . Let/ (x) be a standard function which is defined in the
open interval a < x < b  and possesses continuous derivatives up to the nth 
order in that interval, for standard a9 b9 and n, then 3.6.1 and 3.6.3 hold 
for any finite real x such that a < ° x < b .

P r o o f . If  a < x  < x  +  nh < b in R  then, by a classical generalization of the 
mean value theorem, there exists a (standard) num ber 0 , 0 <  0 < 1 such that

3 .6 .5  A = f (n\ x  + n6h),
h

where Anf { x )  is the nth formal difference for the interval length h. Thus 
A f ( x ) = f { x  + h ) - f { x ) ,  A 2f ( x )  = f ( x  + 2 h ) - 2 f ( x  + h) + f ( x ) ,  etc. Since
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this result is true in R  it must be true also in *7?. But, for h = dx, Anf ( x )  
becomes dny, and so

3.6.6 ^ ' = / (,,,(x +  n6>dx), O < 0 < 1 .

By assum ption, a < ° x < b  and / (n)(x) is continuous at °x. Hence, 
/ (B) (■°x) ^  f (n) (x) *  f (n) (x +  n6 dx) and so

This proves 3.6.4.

3.7 Total differentials. Letf ( x l9...9x„) be a function of n variables in R 
and let be a point within the dom ain of definition of f ( x l9...9xn)
such that the function exists in the interior of a sphere S  which is given by 
C * i~ £ i)2 +  (^ 2 “ ^2)2 +  --- +  (-xn_ 0 2 =  '‘2» r > 0- The function extends to 
*R in the usual way. Various results established previously on continuity 
and differentiation of functions apply also to functions of several variables. 
Continuity will be considered more systematically in the next chapter, 
within the general framework of topological and metric spaces. For the 
present we shall require only the following result.

3.7.1 T h e o r e m . Suppose /  ( x l9.. .9x n) as introduced above is continuous 
at the point Then f {x \ , . . . , x 'n) ^  for all {x\, , . . ,x'n)
such that the d istance^/{ (x i — £ i )2H----- 1-(*« —£*)2} is infinitesimal.

P r o o f .  For every standard positive e there exists a standard positive S 
such tha t \ f ( x 1, . . . , xn) - f ( Z u ... ,£n) \<e  provided * / { ( x 1- £ l)2 + — +
(xn — £„)2}< d.  B u tx/{(x '1 — £ i)2H------!-(*. — £«)2} >s smaller than  S since it
is even infinitesimal. Hence, \ f ( x [ 9.. .9x'n) — / ( £ i , . < e - Since this is 
true for arbitrary standard positive s9 \ f (x ' l9...9x'n) —f ( £ l9...9t;n)\ is in­
finitesimal. This proves the theorem.

Now suppose that the standard function f ( x l9. . . ,xn) exists and possesses 
continuous first derivatives within a sphere S  as above. Taking (x'l9...9x'n) 
and (hl i . . . ,hn) as two ^-tuples o f standard real numbers such that 
( x i , .. . ,* ')  and (xi + /zl5.. . ,x ' + h n) belong to the interior o f S 9 we put 
9 (0  = / ( * !  + h l t,...,x'n + h„t).



By a classical result (which can be established also by means of N on­
standard Analysis),

, , rt d f  dx ,  d x n d f  d f
9 (0  —7— ------("7— T 7 = T “ 1-1 n’dx^ dt  dxn d t dxj

where the partial derivatives are taken for the appropriate x i = x'i + hit. 
Hence, by the mean value theorem

3.7.2 g (1) -  g ( 0 ) = /  (* ; +  h t ,... , x ’„ + hn) -  f  ( x \ ,... , x ’„)

where the partial derivatives are taken at some point (x[ + 6h1,...,x'n + Qhny  
0 < 6 < \ .

Passing to we choose {x'u  ...,x'„) such that 0x'i = £i, i=  1 ,...,«  and we 
make the ht = d x t infinitesimal but no t all equal to  zero. We define the 
total differential d /b y

d f  = / ( x '1+ d x 1,...,x ; +  dxn) - / ( x ,1,...,x ;) .

Then, from  3.7.2,

3.7.3 d /  =  dx1 +  - - + ( ^ )  dx„ +  dxt H----I- r„dx„,
\ 8 x J  o \ d x j  o

where the subscript 0 indicates tha t the partial derivatives are taken at 
(x i , . . . ,x ')  and where

' ■ - ( I H C l '  ' ■ i  ” ■

We claim that the rt are infinitesimal. Indeed, denoting by (d f j d x f)$ the 
partial derivatives o f / at ( ^ , . . . , 0  and applying 3.7.1 twice (with the 
partial derivatives o f / in  place o f / i n  the form ulation of that theorem) we 
find that

© - © ■  ( a - © ,
and so
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the r,- are infinitesimal, as asserted. It follows that r 1d x 1H hrnd x n
e o ( d x l9. . . ,dxn). Referring to 3.7.3 we see that we have proved the fol­
lowing theorem.

3.7.4 T h e o r e m . L e t / ^ , . . . , * , , )  be a standard function which is defined 
and possesses continuous first derivatives in the interior o f a sphere with 
center and radius r > 0  where £ l5...,£ n, and r are standard. If
°x'1 =  £ j,.. . ,  °x'„ =  £„ and d x ! ,... ,d x n are infinitesimal, then

3.7.5 d \ dXl + . . . + f ! f i j dx„ mod o ( d x d x „ ) ,
\ d x j  o \ d x j  o

where d f =  f ( x ' 1+ d x l9.. .9x ,n + dxn) —f ( x ' l9.. .9x'n) and where the subscripts 
0 indicate that the partial derivatives are taken at (x i ,.. . ,x ') .

3.8 Elementary Differential Geometry. Quite early in the history of the 
Differential Calculus, infinitesimals were employed in the development of 
the theory of curves, and long after the classical e, ^-method had dis­
placed the naive use of infinitesimals in Analysis they survived in Differ­
ential Geometry and in several branches of Theoretical Physics. Even now 
there are many classical results in Differential Geometry which have never 
been established in any other way, the assum ption being that somehow 
the rigorous but less intuitive, e, ^-method would lead to the same result. 
So far as one can see without a complete check this assum ption is usually 
correct. However, although no striking results will be obtained in this 
dom ain, it seems appropriate to investigate some simple examples from 
elementary Differential Geometry by means of the infinitesimals of N on­
standard Analysis.

Let the curve C in three-dimensional (x,y,z)-space over the real 
num ber R  be given by

3.8.1 x  = x ( t ) 9 y  = y ( t ) 9 z  = z ( t ) 9 0 < t < \ 9

where x{ t )9 y ( t ) 9 z( t)  have continuous derivatives in their interval of 
definition.

Passing to  *R9 we choose a positive infinitesimal dt  and we put, 
correspondingly,
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dx  = x ( t  + dt) — x ( t ) , 

dy  = y ( t  + d t ) - y ( t ) ,  

dz = z(t-\-dt) — z ( t ) .

Evidently, dx, dy, dz may depend on t as well as on dt. Putting 
P = (x (t)9y  (t)9 z (t)) and P'  — (x( t  + d t ) ,y ( t+  d t ) , z ( t+ dt)) we see that the 
length of the chord PP'  is given by

3 .8 .2  ds = J { d x 2 + d y 2 + d z 2},

where it is understood that the positive value of the square root is taken 
on the right hand side. A point P = (x ,y ,z )  will be called standard if its 
coordinates, x,y, and z are standard real numbers. Let A and B  be two 
standard points on the curve C, corresponding to t = a and t = b, a and b 
standard, 0 < a < b < \ , respectively. Consider the polygonal line 
P 0P t ...P w, P0 = A, P^ — B, which is given by

3 .8 .3  Pj = (x ( t j ) y y(t j) ,  z(tj)),  tj = a + j d t ,  dt = ^— ^ ,  j  = 0 ,1 ,...,co,
0)

where co is an arbitrary but fixed infinite natural number. Putting

d x j  = x ( t j+1) - x  (/,), d y j = y ( t j  + 1 ) - y ( t j ) ,  dz,. =  z (tJ+,) -  z (?,),
7 =  0 , . . . , co— 1,

we obtain for the length of the chord PjPj+u

dsj {dx)  +  d y )  + d z ) }.

Then the total length of the polygonal line is

3 .8 .4  / =  £  dSj= X  \ /{ d *) + d y )  +  d z2}.
7 = 0  7 = 0

The length of the arc of the curve C from A to B  is now given by °l 
and this may be regarded either as a definition or as an assertion, pre­
suming the classical definition. In the former case we have to show that 
the definition is legitimate, more particularly tha t °l exists and that it is 
independent o f the particular choice of co. In any case

dsj = J { d x )  + dy)  + dz)} = J { ( * f i j  + ( ^ ) } d f -
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We wish to show that dxj /d t , dyj/dt,  dzj /dt  are, up to infinitesimals, equal 
to x'  ( / ) ,  y'(t j ) ,  z ' ( t j), respectively. For standard / ,  this is confirmed by
3.6.4, for 77 =  1. M ore generally, by the mean value theorem,

dXj = x ( t j+l ) — x( t j)  = x'  (tj + Q d t ) d t , O < 0 < 1  .

But x '( t )  is continuous, by assum ption, and so x ' ( t j  + 0 d t ) ~ x '  ( / ) .  
Hence dxj /dt  ~ x '  (/•), and similarly d y j / d t ^  y'  (tj), d z j / d t ~ z '  (ty) for 
j  — 0 ,1 ,.. . ,co— 1, and so

3.8.5 dsj = y /  { (* '(t j) +  £j)2 +  ( / (t j) -j- q j)2 + (z'  (t j) + Cj)2}d t

= J {(*' (0))2 + ( /  (0))2 + (z' (0))2 + df

where *\p £/>£/> are infinitesimal. Now it is easy to verify that if a and /? 
are two non-negative real numbers and a~/? then, taking positive square 
roots, Hence, for a  =  ( x ' ( t j j ) 2 +  ( y ' ( l j ) ) 2 +  ( t j ) ) 2 , f i  =  a  +  g j t

3.8.5 yields

d 52= (y { ( x ' ( 0 ) 2+ (> ’ ' ( 0 ) 2+ (z ' ( 0 ) 2}+c r j )d^  j = o , i , . . . , a ) - i .

Let a =  m ax0<J <w_1 \<jj\. a exists, by transfer from R to *R , since every 
sequence of n numbers in R  possesses a maximum. Moreover, a is in­
finitesimal since it coincides with one of the | o f f  Let

W ( 0 = (Xf (0 )2+ ( /  (0 )2 + (Zf (0 )2 , o <  t <  l ,

then w(7) is continuous. Furtherm ore, y jw( t )  is continuous, for since 
for t standard, 0 < / <  1, and V  = /, it follows that y / w { t ) ~  

Now,
C D — 1  C O — 1 C D - I

/  =  £  d s j  — £  N/ w ( t j ) d t +  £  a j d t
j = 0 j = 0 j=0

and
C D - I  CD -  1

Y  o’ydt <  Y  W\dt  = a(b  — a) = x
j =o j = 0

where r is infinitesimal. Hence
C D - I

z= Z  x /w ('.,•)d * +  A, A ^O .
2 =  0
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But y / vv(r) is continuous in the closed interval a < t < b , so, by 3.5.2,

b
o /co — i \  r

\A v O j)d f j =  j > /w (0 d t

a
and hence

b

3.8.6 °/ =  J  y { ( .x '(0 )2 +  ( / ( 0 ) 2+ (z ' ( 0 )2}d/ .
a

3.8.6 shows that °l exists and is independent of the particular choice 
of co. It shows, moreover, that our definition of the length of an arc 
coincides with the classical definition.

Next, we consider the determ ination o f the tangent. We assume that, 
for all t in the interval of definition,

3.8.7 w(/) =  (.v'(t))2 +  { } ' it))2 +  {z (0 )2* 0 .

Let P = (x0, y Q, z 0) where x 0 = x ( t 0), y 0 = y ( t 0), r 0 =  r ( / 0), 0 < ? 0 < 1 , r0 
standard. Let dr be a positive infinitesimal number and put x { = x ( t 0 + dt), 
y i = y ( t o +  d/), r , = z ( / 0 + dO, d.v =  x 1- x 0, d y  = y t - y 0, d r =  r , - - 0, 
Q =  (x j, y t , z t ) so that Q also is on the curve. Then the distance between P  
and Q is given by

3 . 8 . 8  PQ = A = (d.v2 +  dy 2 +  dz2)* =  [(* ' (r0 +  df))2 +

(y' Cod-02 d t))2 +  (r* (t0 +  03 dr))2] '  d r , 0 < (? ,< l  ,

O < 0 2< 1 ,  0 < 0 3 < 1 ,

where we have used the mean value theorem, A/dt  is infinitely close to 
y /w( tQ), since x '( r ) ,y '( r ) ,z '( r )  are supposed continuous. It follows that 
A/dt  is not infinitesimal.

The equation of the straight line through P and Q is, with t as parameter,

dx  dy  dz
3 . 8 . 9  x  =  x0+ — t ,  y =  y 0 +  —  r ,  z = z o +  - T r *A A A

Since Aldt  is not infinitesimal, we find without difficulty that

d x ^  x '( r0) y ' ( t 0) dz ^  z ' (t0)

A ~y/w(t0) '  A y j w ( t 0) '  A V w('o)
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It follows that for any standard value of t , the point given by 3.8.9 is 
infinitely close to

x , Z O o )  , z ' O o )3.8.10 x = Xq -t —— t  , y = y  0 +  ■. r ,  z =  z0 +  -7— — t .
V w ^ o )  V w O o )  V w ( f o )

More generally, for any finite t  the point given by 3.8.9 is infinitely close 
to the point obtained from 3.8.9 if we replace t  by 0 r.

On the other hand, let

3.8.11 x =  £ +  a r ',  z =  C +  y r ' ,

where £,r/, (, a, /?, y are standard, a, /?, y are direction cosines and t '  is a para­
meter such that for any finite value of t  in 3.8.9, the corresponding point is 
infinitely close to some standard point of 3.8.11. I f r  =  0 in 3.8.9 corre­
sponds to t '  — T q then

x 0 =  £  +  cc t'0 , y 0 =  r l  +  P ' t  o> ^ o  =  C +  f T o

and so 3.8.11 may also be written as

3.8.12 x =  x0 +  a (V -T o ) , y  =  y 0 + P ( '* ' - * f0),  z =  z0 +  y ( t '-T q )  .

Next, suppose that 3.8.9, for t  = 1 is infinitely close to 3.8.11 for t '  =  x\ . 
This yields

Squaring and adding, we obtain ( r i — T q)2 =  1 and so

^ ° ( 7 >
The sign is the same in all three of these formulae and can be adjusted to + 
by adjusting the sign of the param eter. Then °(dx/zl) =  x , (r0)/x/w (/0), etc., 
which shows that 3.8.11 coincides with 3.8.10.

The points of 3.8.9 which correspond to finite values of t  are precisely 
thefinite  points of that straight line, i.e., the points all of whose coordinates 
are finite. Thus, the tangent to C of P may be obtained (or defined) as the 
unique straight line I 'm R such that for every finite point p  on the straight 
line through P  and Q, Q a point on C which is infinitely close to P, there is 
a point on / which is infinitely close to p.
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Instead o f taking the straight line through the standard point P  and a 
point Q which is infinitely close to P  on C, we might equally well have 
taken the straight line through two distinct points P x and P 2 on C both of 
which are infinitely close to C.

Suppose now that the functions x ( t ), y(t) ,  z(t)  have continuous second 
derivatives. In order to obtain the osculating plane at P, we may then 
consider the plane P Q x Q2 through points (x0,y 0,z0), Q x = ( x 1,y 1,z 1), 
Qi = (x2, y 2, z ^ ,  where

x 0 = x ( t 0) ,  y0=y(to), z0 =  z (r0) ,
x i = * O o - d f ) ,  y i = y ( t 0 - d t ) ,  z l = z ( t 0 - d t ) ,
x 2 = x ( t 0 + dt),  y 2= y ( t 0 + dt ),  z 2 =  z ( t 0 + dt) ,

where d t is a positive infinitesimal number. The osculating plane to the 
curve at P  is then obtained as the unique plane p  in R  such that for every 
finite point Q on P Q t Q2 there is a standard point on p  which is infinitely 
close to Q.

The three (or more) dimensional space over *R provides an example of 
a non-archim edean geometry which might be investigated for its own sake 
but this line will not be pursued here.

3.9 Remarks and references. The existence of non-standard models of 
Arithmetic was discovered by T. Skolem (skolem  [1934]). Skolem’s 
m ethod foreshadows the ultrapow er construction and is o f interest also in 
its own right. Am ong subsequent papers which are concerned wholly or 
in part with N on-standard Arithmetic we mention h e n k in  [1949] (where 
the order type o f non-standard models of Arithmetic is given), r o bin so n  
[1952, 1961], g ilm o r e  and r o b in so n  [1955], kem eny  [1958], m a c d o w e ll  
and spe c k e r  [1961], sc o tt  [1961], r a b in  [1961], m en d elso n  [1961], 
MULLER [1961].

The first paper on N on-standard Analysis is r o bin so n  [1961a] which 
uses the language of the Lower Predicate Calculus. The elements of the 
Differential and Integral Calculus are expounded in r o bin so n  [1963] in 
this framework. L u x em b u r g  [1962] develops the theory with special 
emphasis on the ultrapower construction. The use of higher order 
languages in N on-standard Analysis was initiated in ro bin so n  [1962].



C H A P T E R  IV

GENERAL TO PO LO GY

4.1 Topological spaces. A topological space consists of a non-empty 
set A  o f individuals, called points, and a set Q  o f subsets o f A , said to be 
the open sets o f the space such tha t (i) the empty set (of individuals) and 
the entire set o f points A  are included in Q , (ii) the intersection o f any two 
elements of Q  is in Q  and (iii) the union o f any (finite or infinite) num ber 
of elements o f Q  is in Q.  The reader is expected to be familiar with the 
elements o f the theory o f topological spaces.

We shall identify a given topological space with the full structure T  
which is based on the set o f points o f the space, A,  and in which the set 
o f open sets, Q , is a specified entity o f type ((0)) which satisfies conditions 
(i), (ii), and (iii) above.

Now let *Tbe an arbitrary bu t fixed enlargement o f T (see 2.10.5 above), 
and let *A be the set o f individuals o f *T  also to be called points, where 
A a *  A.  In  agreement with our general convention the points of A  will be 
called standard points. The set o f  open sets in *T, is a standard set. It 
is the set which has the same nam e as Q  in the vocabulary o f K. The 
elements o f *Q are internal sets in *T. M oreover, some o f them  are 
standard sets, having names in K  which are the names o f corresponding 
sets in T. Thus, if U is an open set in T, and *U  is the corresponding set 
in *T  then *1/ is by definition a standard set. M oreover, Ucz*U;  for if 
pelJ  then this can be stated by a sentence o f K  and the interpretation of 
tha t sentence in *T  is th a t pe*U.

To the extent to which they can be form ulated within K, the properties 
o f Q  are (where necessary, with the appropriate reinterpretation) possessed 
also by *Q. Thus, the empty set and *A are contained in *Q and the 
intersection o f any two elements of *Q is in *Q. The union of a subset & 
o f *Q also is in *£2, provided $  is an internal set , for the reinterpretation 
o f (iii) above in applies only to this case.

Let p  be any standard point, and let Qp be the set o f all open sets which
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contain p (open neighborhoods o fp). Then we define the monad o f p, p(p)  
by

4.1.1 n{p)= n
Uve Q p

Thus, f.i(p) is the intersection of all standard sets in *T which are open 
neighborhoods o f p. Evidently, pe p(p) ,  p (p ) may well be an external set. 
We shall see in due course tha t the present definition o f a m onad is 
compatible with tha t given in Chapter in.

Let B =  {2?v} be a base for the topology o f T. Then it is easy to see that 
p( p) is also the intersection of all *BV which contain p.

4.1.2 T h e o re m . Let p be any standard point. There exists an open 
set V in * T (i.e., V is internal and an element of *Q) such tha t V contains 
p  and is contained in p (p ).

P r o o f .  For a given standard point p, the following is a concurrent re­
lation o f type ((0),(0)) in T.

‘x is an open neighborhood of p (an open set which includes p) and y  
is an open neighborhood o f p which is included in x \

The x-dom ain o f this relation coincides with the set o f open neighbor­
hoods o f p. The relation is concurrent for if Un are open neighbor­
hoods o f p then V — f| ... 0 U„ is an open neighborhood o f p which is 
included in U l9...9 Un. Thus, there exists in * T an open set V, Ve *Q 9 such 
tha t p e V  and Vcz*Uv for all standard open sets *UV. But if so then 
Vcz n *UV9 i.e., Vczp(p) . This proves the theorem.

4.1.3 T h e o re m . Let p and q be two standard points such that qep(p) .  
Then p(q)czp(p ) .

This is obvious.
Let S be any set o f points in T. Any point p in T belongs to S if and 

only if it belongs to  *S.

4.1.4 T h e o re m . A set of points 5  in T  is open if and only if for every 
point p in S 9 p ( p ) belongs to *S.



4.1] TOPOLOGICAL SPACES 91

P r o o f . The condition is necessary. For since p(p)  is the intersection of 
all standard open sets tha t include p it m ust be a subset o f *S.

The condition is also sufficient. For let peS.  Then p(p)<=*S by as­
sumption. Hence, by 4.1.2, it is true in *T  that ‘there exists an open 
neighborhood V of p , such tha t V cz* S9. Reinterpreting the sentence in 
quotation marks in T, we find tha t there exists an open neighborhood Vp 
o f p  which is included in S. Hence

s = U ^
p e s

which shows tha t S  is open.
Using the fact tha t a closed set is, by definition, the complement of an 

open set, we obtain.

4.1.5 T h e o r e m . A set of points 5  in T  is closed if and only if for any 
standard point p  which does not belong to S , the m onad p(p)  has no 
point in com m on with *S.

F or any S  in T, the closure operation S-+5,  where S  is the intersection of 
all closed sets tha t contain S , defines a mapping from the set o f subsets 
o f A into the set o f closed subsets o f A. On passing from T  to *T, we find 
that the corresponding operation -  still to be indicated by a bar -  maps 
the set o f internal subsets o f *A into the set of closed internal subsets of 
*A. M oreover, for any subset S  o f A , *S =*( S) .  For if s denotes the set 
S  in K , and s denotes the closure o f 5, and c denotes the binary relation 
which holds between a set and its closure, then d>((0)>(0 belongs to 
K . Interpreting this sentence in *T, where s denotes *5 and s denotes *(S), 
we obtain precisely *S= *(S) .

4.1.6 T h eo rem . A point/? in T  belongs to the closure S  of a set S in  T  if 
and only if p(p)  has a point in com m on with *5.

P r o o f . I f  p(p)  has a point in com m on with *S  then it has a point in 
common with every set that includes *5, in particular with *S=*(S) .  
Hence, by 4.1.5, p e S , the condition is sufficient.

The condition is also necessary. For suppose tha t p(p)  and *S  are dis­
jo in t. By 4.1.2, there exists a set Ve*Q,  /?eFsuch that Vczp(p)  and hence, 
such that V and *S  are disjoint. Let W =  *A -  V, then W  is an internal set
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in * 7 such th a t W is closed, a n d p$W.  Furtherm ore, *Scz W since *Scz W  
and so p  does not belong to *S= *(S). The corresponding fact in T  is th a t 
p  does not belong to  S.  This proves the theorem.

The boundary o f a set o f points S  in T  is, by definition, the intersection o f 
S  and A  — S. The following theorem  is an immediate consequence of 4.1.6.

4.1.7 T h e o r e m . A p o in tp  belongs to  the boundary of a set S  in T if  and 
only if p(p)  has points in com m on both with *S  and with *(A — S)  = 
*A — *S.

Next we consider separation properties.

4.1.8 T h e o r e m . T  is a H ausdorff (or T2 —) space if and only if for any 
two distinct points p  and q in T , the m onads p(p)  and p(q)  are disjoint.

The condition is necessary. For if T  is a T2 — space then the given p  and 
q have disjoint open neighborhoods U and V. Then Ur I F = 0  and so 
* U f ] * V —0 and p(p)cz*U,  p(q)cz*V,  and hence p{p)  fi p(q) = Q. This 
shows tha t the condition is necessary. Conversely, if p(p)  n p>(q) = Q then, 
‘there exist internal open sets U and V  (in *T)  such tha t peU, qeV,  
U fi F = 0 ’ as we see by choosing Uczp(p), V a p ( q ) 9peU, qeV.  Such sets 
exist, by 4.1.2. Since the sentence in quotation  m arks holds also in *T  
with the appropriate verbal alterations, the theorem  follows.

4.1.8 shows tha t for a H ausdorff space a point p  in *T  is in the m onad 
of not more than one standard point q. We write q = °p and we call q the 
standard p a rt o f p.

We prove by the same method.

4.1.9. T  is a T0 — space if and only if for any two points p  and q in T  
either p$p(q)  or q & i p ) .

Let S  be any set in T, and let {Uv} be the set o f open sets in T  which 
contain S. We then define the set p (S )  as the intersection f ) v*Uv. Evi­
dently, this generalizes the notion o f a m onad introduced previously. The 
m ethod used in the proof of 4.1.2 leads to

4.1.10 T h e o r e m . Let S  be any set in T. Then there exists an internal 
open set V  in such that *Scz Vczp(S).
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The p roo f of the following theorem  relies on 4.1.2 and 4.1.10, just as 
the p roo f o f 4.1.8 relies on 4.1.2.

4.1.11 T h eo rem . In order that the topological space T  be regular it is 
necessary and sufficient tha t for every set o f points S  in T  and foi every 
point p  in T - S , p(S) f \  /*(/?) =  0. Similarly,

4.1.12 T h e o r e m . In order that the topological space T  be normal it is 
necessary and sufficient that for any two disjoint open sets in T , S l and 
S 2, the intersection p ( S x) n p ( S 2) is empty.

The following characterization o f compactness has im portant appli­
cations apart from its own intrinsic interest. A point p  in *T  will be called 
near-standard if there exists a standard point q such tha t pep(q).

4.1.13 T h e o r e m . A topological space T  is com pact if and only if all 
points o f *T  are near-standard.

P r o o f . Suppose tha t there exists a point p  in *T  which is not near­
standard. Then p  is not contained in the m onad of any (standard) point 
in T. Thus, every point q i n T  possesses open neighborhoods U such that 
p$*U.  Let {L/v} be the set o f all open sets in T  such tha t p$Uv. As we have 
just seen, U v{^v} =  ̂  so tha t {Uv} constitutes an open covering of T. If 
T is com pact then this covering contains a finite subcovering Uk},
say, k >  1, such tha t

4.1.14 C/i U l/2 U ••• U Uk = A .

Now this equation can be form ulated as a sentence of K  which, in­
terpreted in *7*, yields,

*Ui U*U2 [ ) - [ ) * U k = *A .

But this equation entails tha t pe*Uj  for some j, 1 < j < k ,  a contradiction 
which shows tha t the condition of the theorem  is necessary.

The condition is also sufficient. Suppose tha t T  is not compact. Then 
there exists a set of open sets in T, to be called W, such tha t the union 
( J  W is equal to A,  but such that no finite subset o f W is a covering of T. 
Consider the relation R(x ,y )  in T  which holds between x and y  if * is an 
element o f ¥  and y  is a point in T  which does not belong to x, briefly
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x e W a  ~lyex.  Then R  is concurrent. It follows tha t there exists a point p  
in *T  such tha t p f * U  for all UeW.  Now let q be any point in T. Then 
qeV  for some V e Y ,  but p$V.  It follows th a tp$p{q).  This completes the 
proof of 4.1.13.

By relativizing 4.1.13 to a set o f points in T  we obtain

4.1.15 C o r o l l a r y . A set of points B  in a topological space T  is 
com pact if and only if for every point qe*B there exists a standard point 
peB  such th a t qep(p).

If  we wish to consider several topological spaces simultaneously, we may 
think of their respective sets o f points Aj  as subsets o f a single set o f indi­
viduals A.  Then the full structure M  with set o f individuals A  contains 
full structures 7} which are based on the respective Aj.  Correspondingly, 
if is an enlargement o f T  then it contains enlargements *Tj o f the 
respective 7} (see above). We identify the topological spaces in question 
with the respective 7}. Going further, if we are given a set o f topological 
spaces {Tv} which are indexed in an index set / =  {v}, we may assume that 
both the sets o f points A v and the index set 7 are contained in a full 
structure M,  and we may proceed from there to an enlargement * M  o f 
M  which contains enlargements *TV, *7 o f the spaces Tv and o f  the index 
set 7. It is irrelevant whether the several spaces and the index set overlap 
in M  or are disjoint.

W ithin this setting, let {Tv} be a set o f topological spaces indexed in a  
set /= {v}. The Cartesian product 77= x V{TV} is the set o f all functions 
/ ( * )  on I  such th a t / ( v)eAv for all vel, where A  is the set o f points in Tv. 
Thus, 77 is an entity within the structure M  introduced above. We endow 
77 with the usual product topology and we shall from  now on use the 
symbol 77 in order to indicate the space with its topology. We recall tha t 
a base of the product topology is given by the sets

4.1.16 / = .1...... fe

where is any finite sequence of elements o f 7, and (7,- is an open
set in TVj, i — 1,

4.1.17 T h e o r e m . Let p = f  (a) and q —g (a) be two points in *77such that 
p  is standard. Then qep(p)  if and only if g ( v ) e p ( f  (v)) for all standard v.
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P r o o f . If for some v0, g(v0) 4 g ( f  (v0)), then there exists a standard open 
neighborhood o f / ( v 0),*£/, such th a t g(v0)$*U. But then g{x)  does no t 
belong to the standard open set * K in  *77 which corresponds to

V = {h(x) \h(v0)eU}

although V contains / (v). We conclude tha t the condition is necessary.
The condition is also sufficient. For if U is an element o f the base 

of 77 as given by 4.1.15, then ^(v/) e / i ( / ( v i)), and so ^ (v /le* ^ .
Hence, g(x)e*(J , is required. This completes the p roo f o f 4.1.17.

Observe tha t the condition of 4.1.17 makes no mention of the non­
standard elements of *7.

4.1.18 T heorem  (Standard). Suppose that the space Tv are H ausdorff 
spaces. Then 77 is a H ausdorff space.

P r o o f . Let p = f ( x )  and q = g(x)  be two distinct points in 77. Then 
/ ( vo ) * 0 ( vo) for some v0e /  and n ( f ( v o))C\n(g(vo)) = 0. But then the 
m onads p{p)  and p{q) in *77cannot have any point in common, by 4.1.17.

4.1.19 T heorem  (Standard. Tychonoff). Suppose that the spaces Tv 
are compact. Then 77 is compact.

P r o o f . By 4.1.13 we only have to show that every point p = f { x )  in *77 
is near-standard. N o w /(v )  is near-standard for all ve/, by assumption. 
Hence, using the axiom of choice, we may determine a point in 77, q = g ( x ) 
such that f  (v)ep(g(v))  for all vel. But then pep(q),  by 4.1.17. This com ­
pletes the p ro o f o f 4.1.19.

We had to  make use of the axiom o f choice in order to determine g(x).  
However, if the Tv are H ausdorff spaces e v e ry /(v )  determines uniquely 
the standard point to whose m onad it belongs so that, in this case, g (v) as a 
function is determined uniquely, and the axiom of choice is not employed.

4.2 Sequences, nets, mappings. The discussion o f infinite sequences of 
points in a topological space T  involves both T  and the natural numbers, 
N.  Similarly as in 4.1, we shall suppose tha t both T  and N  are embedded 
in a full structure M.  On passing to an enlargement *A7 of M  we then 
obtain within *M  enlargements * 7  and *N  o f T  and N  respectively, as
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explained. To an infinite sequence {/?„} in M, where n ranges over N  and 
the p n are points in T  there corresponds in *M  an infinite sequence, still 
to be denoted by {/?„}, which is defined for all n in *N, while the/?„now 
belong to *T. In accordance with our general terminology this {pn} is to 
be regarded as a standard sequence in *M.

Let T  be a H ausdorff space. The point p  is the limit o f the sequence 
{pn} in T  if for any given open neighborhood U of p  there exists a natural 
num ber v such tha t p neU  for n >  v. In tha t case p„e* U is certainly true for 
all infinite n (since for such «, n>v).  This (compare the p roo f of 3.3.7) 
establishes the necessity of the condition in

4.2.1 T h e o r e m . Let {pn} be an infinite sequence in the Hausdorff 
space T. In order that p  be the limit of {pn} in T  it is necessary and 
sufficient that, in *T9 pnep(p)  for all infinite n.

To prove sufficiency, let U be an open neighborhood of p  in T. Then it is 
true, in *T, th a t ‘there exists a natural num ber v (i.e., any infinite natural 
number) such that pne*U  for all n>  v (since in tha t case p ne p ( p ) a * U ,  by 
assum ption)’. Excepting the words in parentheses, we may express the 
statem ent in quotation  marks within K  and reinterpret in M.  This com ­
pletes the p roo f of 4.2.1.

Since m onads of distinct standard points in a H ausdorff space are dis­
jo in t there cannot be more than one limit to a given sequence.

For arbitrary T, p  is a limit point  of {/?„} if for every open neighborhood 
U o f p  and every natural num ber v , p ne U  for some n>v.

4.2.2 T h e o r e m . Let {/?„} and p  be standard. Then p  is a limit point of 
{pn} if and only if p nep(p)  for some infinite natural num ber n.

Let U be an open neighborhood of p  in *T  such tha t Uczp(p).  Such a 
U exists by 4.1.2. Let v be any infinite natural num ber. If  p is a limit point 
of {pn} then by the definition o f a limit point which applies both in M  
and in *M, pneU  for some n>v.  But then p nep(p),  proving necessity. We 
om it the proof o f sufficiency.

4.2.3 T heorem  (Standard). In a compact space T, every sequence 
{/;„} possesses a limit point p.
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P r o o f . Choose an arbitrary infinite n. Then p n is near-standard, by
4.1.13, p nep(p)  for some standard  point p. p  is a lim it point o f {/?„} by 
4.2.2.

According to the classical definition a directed set is a non-em pty set J  
in which a transitive and reflexive relation ■< is defined such th a t any two 
elements o f J  have a jo in t upper bound, i.e., such tha t for any a and b in 
J  there exists a c in /  for which a < c , b < c .  This condition shows tha t the 
relation x-<y  is concurrent. I t follows tha t if *J is an enlargement o f J  
then there exist elements be*J  such th a t a ^ b  in *J for all a in J. Such 
elements o f * J  will be called infinite.

A net f  (x) is a m apping from  a directed set J  into a topological space 
T . f  (x) is said to  converge to a point p  in 7" if for every open neighborhood 
U o f p  there exists an oceJ such th a t f { b ) e U  for all b for which a <b.  
(Moore-Smith convergence).

Similarly as before, we shall suppose tha t the given topological space 
and the directed set or sets under consideration are embedded in a single 
full structure Af, so tha t we may deal with their enlargements within *M.  
In future corresponding provisions will be taken for granted w ithout 
mention.

4.2.4 T h e o r e m . A net / ( x )  converges to a point p  in T  if and only if 
f ( b ) e p ( p )  for all infinite b in J.

The proof is parallel to tha t o f Theorems 3.3.7 and 4.2.1 and will be 
omitted.

A point p  is a cluster point (limit point)  o f a net / (x) if  and only if for 
any open neighborhood U o f p  and for any veJ, where J  is the directed 
set which is the dom ain o f / (x), there exists an neJ,  such tha t v-<« and 
f ( n ) e U .

4.2.5 T h e o r e m . In order tha t the point p be a cluster point of the 
n e t/ (x) in T  it is necessary and sufficient th a t/ (ri)ep(p) for some infinite 
neJ.

Proof omitted.

4.2.6 T h eorem  (Standard). In order that a point p belong to the
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closure of a set S  in a topological space T  it is necessary and sufficient 
that there exist a net / ( x )  whose values are in S  and whose limit is p.

P r o o f . Suppose p is the limit o f a net / (x )  on the directed set J  whose 
values are in S. We have to show that p(p)  has a point in common with 

(see 4.1.6). Now f { n ) e A  for all neJ  and so f ( n ) e * S  for ne*J, and in 
particular for all infinite a? in *J. But, for such n , f ( n ) e p ( p )  by 4.2.4, and so 
*Sn //(/;) 4=0, which shows that the condition o f the theorem is sufficient.

The condition is also necessary. Supposing p e S , we define the directed 
set J  as the set o f all open neighborhoods o f /?, with the relation of in­
clusion =3 for -<. Let UeJ , then we choose for f ( U )  any element of 
U0 S  (which is a non-empty set). T h en f (x) converges to p. For if U is 
any infinite element of *J then U since U is a subset o f all standard 
open neighborhoods of p  in *T. Hence f ( U ) c z p ( p ) ,  showing that p  is the 
limit o f f ( x ) .

Next we consider mappings from a topological space T  into a topo ­
logical space S. As before, we suppose that T  and S  are embedded in 
some full structure M  and we consider their enlargements *T  and *S 
within an enlargement *M o f M.

Let / (x) be a mapping from (all of) T  into S. By definition, or as an 
immediate consequence o f the defin ition ,/‘(x) is classically continuous at 
a point p  in T  if for each open neighborhood U o f / ( p) there is an open 
neighborhood V o f p  such that the image of V under f , f ( V )  is contained 
in U9f ( V ) a  U.

4 .2 .7  T h e o r e m . In order tha t the standard mapping / ( x )  be con­
tinuous, at the standard point p  it is necessary and sufficient that

P r o o f . The condition is necessary. For suppose/ (x) is continuous at p. 
Let U be any standard neighborhood o f/ (p). Then we have to show that 

/ (p(p) )ciU.  Now, since / ( x )  is continuous at p , f ( V ) c z U  for some 
standard open neighborhood V o f  p. But then / (p(p) )cz f  ( V ) a  U.

The condition is also sufficient. Suppose it is satisfied and let U be a 
standard open neighborhood o f/ (p). Let V be an open neighborhood of 
p  in * rs u c h  tha t Vc-p(p) .  Such a set exists by 4.1.2. T hen f  ( V ) ^ f ( p ( p ) )  
a  U. Hence, it is true in *M  that ‘there exists an open neigh­
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borhood Y  o f p  such tha t f ( Y ) c  U \  The statem ent in quotation marks 
m ust be true also in M.  This proves the theorem.

4.2.8 T h e o r e m . Let f ( x )  be a hom eomorphism from T  onto S. Then, 
for every po in t/) in T , /( /((/))) =  / i ( f (p ) ) -

This theorem is an immediate consequence of 4.2.7. It shows that the 
notion of a m onad is invariant under standard topological transform ations.

Let *7" be an enlargement of the topological space T. The internal open 
sets of *T do not, in general, constitute a topology of *T, for it may be 
that the union of a set o f internal open sets is not an internal set at all. 
However, it is true that *T  as well as the empty set o f points are internal 
open sets. M oreover, since the intersection o f any two open sets in T  is an 
open set in T  we find, on passing to *T, tha t the intersection of any two 
internal open sets is an internal open set. It follows tha t the internal open 
sets in *T  constitute a base for a topology in *T. We shall call it the 
Q-topology. The corresponding topological notions will be indicated by 
prefixing the letter g ,  e.g., g-open  set, g-interior, g-boundary.

Observe that, in addition to the g-notions, we also have the notions 
which are induced in *T  by the notions of T. For example, in T  there 
exists the relation R(x,y)  o f type ((0),(0)) which assigns to every set of 
points x its boundary, y.  The extension of this relation to assigns to 
every internal set in *T  another internal set, its boundary (without quali­
fication). Thus, we obtain, at first sight, two kinds of boundaries. How­
ever, the following considerations show that the situation is less compli­
cated then m ight be expected.

4.2.9 T h e o r e m . Let B  be an internal set of points in *T.  Then B  is 
g-open if and only if it is open.

P r o o f . If B  is an internal open set then it belongs to the specified base 
of the g-topology. Hence, B  is g-open. If  B  is internal and g-open, con­
sider the set r  o f all internal open sets which are included in B. Then r  
is an internal set. Moreover, the union of an internal set o f internal open 
sets is open, for this assertion is obtained by the reinterpretation in *T  of 
a formal sentence o f K  which states, for T, that the union of a set o f open 
sets is open. But the union o f T is  precisely B. This proves 4.2.9.
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Given an internal set B , we may characterize the 2-closure of B , D say, 
as the complement of the union of all internal open sets which are disjoint 
with B. But this characteristic shows that D  is also the closure o f B, D = B. 
Hence

4.2.10 T h e o r e m . The closure and the 2-closure o f  an internal set 
coincide. The interior and the boundary of an internal set coincide with 
its 2 - interior and 2 “boundary, respectively.

4.3 Metric spaces. Let T  be a metric space with distance function 
g ( x 9y). The definition and discussion of T  involve T  and the real numbers, 
R , so we assume as usual tha t T  and R  are embedded, simultaneously, in 
a full structure M.  On passing to  an enlargement *M  of M  we can develop 
the non-standard theory of the given metric space.

The topology of T  is defined, as usual, by specifying as base the set of 
all open balls B 9 where B =  {q\g(j>, q )< r}  for a p o in tp  ' m T and a positive 
real r.

For any point p  in *T  we define the m onad of p , p(p)  as the set of all 
points q such th a t g(p,q) is infinitesimal. D istinct m onads are disjoint. 
For a topological space, the notion o f a m onad p{p)  was defined only for 
standard p.  F o r this case, the notion o f a m onad defined previously 
coincides with tha t given just now. Thus, the results given previously for 
topological spaces and involving m onads o f standard points apply also 
here. We write pczq  if g(p ,q ) ~ 0 i.e., if\qep(p) .

A point p  in *T  will be called finite  if  there exists a standard point q 
such tha t g(p>q) is fini te . Com pare this with the definition o f a near­
standard point, p  is near-standard if p  is in the m onad o f a standard point 
q9 i.e., in metric term inology if g(p,q)  is infinitesimal. Thus, a near-stan­
dard  point p  is finite. It possesses a unique standard  part, °p.

A metric space is bounded if  there exists a real num ber m such th a t 
g{p ,q)<m  for all p o in tsp  and q in the space.

4.3.1 T h e o r e m . A m etric  sp ace  T  is b o u n d e d  if  an d  o n ly  if  all p o in ts  
of *T  a re  fin ite .

P r o o f . The condition is necessary. For if p  is an arbitrary point in * F  
and q is any standard point then g(p ,q)< m  for some finite m  (as in T).



4.3] METRIC SPACES 101

Hence g(p,q)  is finite. Conversely, if  T  is no t bounded, let q be a fixed 
point o f T. Then it is true in T  th a t ‘for every real num ber in m  there 
exists a po in t p  such tha t q  {p,q) > m \  (For if no t then T  would be bounded, 
with bound 2m). The statem ent in quotation  m arks can be form ulated in 
K  and hence, holds also in *M. Choosing m  positive infinite in *R,  we 
find tha t g(p,q)  is infinite. But if  so then g(p,q')  cannot be finite for any 
standard point q' for Q(q',q) is standard, hence finite, and Q(p,q)<Q(p,q')  
+ Q(q',q). This completes the p ro o f o f 4.3.1.

4.3.2 T h e o r e m . (Standard). A com pact metric space is bounded.

P r o o f . F or any p in *T, g(p,q) is infinitesimal for some standard q, by
4.1.13. Hence, p  is finite. This proves the theorem.

The condition tha t g{p,q) be finite, defines an equivalence relation 
in *T. Indeed, g(p,p)  is finite, g(p,q)  is finite if g(q,p) is finite and if 
e(p,q)  and g(q,r)  are finite then g(p,r)  is finite. This equivalence re­
lation divides * T  into a num ber o f disjoint subsets which will be called 
the galaxies o f *T. The finite points of *T  constitute its principal galaxy .

Let {pn} be a standard infinite sequence, and let p  be a standard point. 
Then it is an immediate consequence o f the corresponding theorems for 
topological spaces (4.2.1 and 4.2.2) or, alternatively, of the corresponding 
results for real num bers (3.3.7 and 3.3.12) tha t p  is the lim it o f {/?„} if 
p n^ p  for all infinite n and th a tp  is a lim it point of {/?„} i f  p n^ p  for some 
infinite n.

Let B  be any (internal or external) set of points in *T. Then the set of 
points °B in T  is defined by

°B = {p\(3q) [qeB a q (p,q) =s: 0]} 

or, which is the same, by
° B = { p \ B n  /i(p)=t=0}.

4.3.3 T h e o r e m . If B  is an internal set of * T  then °B  is closed.

P r o o f . Let p  be a point in T  which belongs to the closure o f °B. Then 
the open ball o f radius ~n about p, n a finite positive integer, contains a 
point p'e°B.  The open ball of radius ~  about p'  in tu rn  contains a point



qeB.  Then g(p ,q )<\ /n .  Now let D  be the set o f natural num bers such 
th a t the intersection of B  and of the open ball o f radius 1 /n about p  is not 
empty. We have just seen tha t D includes all finite positive integers. The 
usual argum ent shows tha t D contains also an infinite positive integer. 
Thus, for some infinite n , there exists a point q0eB  such tha t g(p>q0) <  1 In. 
But then q0ep (p )9 pe°B.  This proves the theorem.

4.3.4 T h eo r em . If B  is a standard set then °(*B) = B  where B  is the 
closure o f B  in T.

P r o o f . I f  B is a standard set then B a * B  and so Bcz°(*B).  M oreover, 
°(*B) is closed, by 4.3.3, so B a°(* B ). On the other hand if p£B then 
p (p ) fl *B =  0, so pg°(*B). This proves B =  °(*B).

4.3.5 T h e o r e m . If p(p)  is an internal set then p  is isolated.

P r o o f . Suppose p(p)  is an internal set. Then the set o f natural num bers 
D which is defined by

is internal. If  p  is not isolated, then D  cannot contain any finite natural 
number. For in tha t case, if n is a finite natural num ber, there exists a 
standard point q=^p such that g(p ,q)<\ /n .  But then g(p,q) is a standard 
positive num ber and so q$p(p).  This shows tha t n does not satisfy the 
defining condition for D and hence, does not belong to D. On the other 
hand, it is evident tha t D  includes all infinite natural numbers. But the 
set o f infinite natural num bers is external (see 3.1.7). This contradiction 
proves the theorem. Observe tha t if p  is isolated then p(p)  = {p}- 

A Cauchy sequence in T  is a sequence of points {/?„} in T  such tha t

lim g (pn,pm) =  0 .
n-* oo 
m-> oo

As an immediate consequence o f 3.3.15, we obtain

4.3.6 T h e o r e m . {pn} is a Cauchy sequence if and only if all p n belong 
to the same m onad for infinite n.
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T  is complete if every Cauchy sequence in T  has a limit.

4.3.7 T h e o r e m . Suppose T is complete and let/? be a point of * T  which 
is no t near-standard. Then there exists a standard positive s such that 
g(p ,q)>e  for all standard points q.

P r o o f . Given T  and p  which satisfy the assum ptions o f the theorem  
suppose tha t no e as asserted exists. For every finite positive integer n, 
we may then determine a standard point qn such that g(p,qn)< \/n.  Then 
{qn} is a Cauchy sequence, since

1 1
q (?»»«») ̂  q (q«,p)+ e (p,qm) n m

But Tis  complete so there exists a standard point q such tha t lim„_+O0 qn =  q, 
i.e., such tha t qnep(q)  for all infinite n. On the other hand, since g(p,qn) 
< \ / n  for all finite n, the usual argum ent shows that this inequality is true 
also for sufficiently small infinite n. For such n , g(p,qn) is infinitesimal 
and, at the same time g(qn,q) is infinitesimal as q is the standard point 
which is the limit of {qn}. But q(p ,q)<g(p ,qn) +g(q n,q) so that g(p,q)  is 
infinitesimal. Thus, pep(q ) ,p  is near-standard, a contradiction which 
proves the theorem.

4.3.8 T h e o r e m . Let {pn} be an internal sequence, and let s be a standard 
positive num ber such that q(Pj,Pk)>£ for all finite j  and k. Then there 
exists a natural num ber n for which p n is not near-standard.

P r o o f . Suppose on the contrary that p n is near-standard for all natural 
numbers n. Define a standard sequence {#„} by qn = °pn for all finite n. 
qn is then defined autom atically also for infinite n.

g(pn,qn) is infinitesimal for all finite n. Refering to 3.3.20, we conclude 
tha t there exists an infinite natural num ber v such tha t g(pn,qn) is infinite­
simal for all n<v.  Choosing m infinite and smaller than v, and putting 
q = °Pm> we then have qmep(q),  so that q is a limit point of {qn}, by 4.2.2. 
This implies tha t there exists an increasing sequence o f standard natural 
num bers n1 < n 2< n 3< ..., such th a t g(q,qnj)< i£ -  Hence, for j^r-k, r i j ^ n k 
and

Q (< ln s ,<Lnk)  iS Q ( W n j )  +  Q («,9»k) <  i £ ■
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But
Q ( V n p Q n j )  , Q ( p n k A n k)  —  Q  

and, using the triangle inequality,

IQ (P nj ,P nk) “ Q ( Q n j ^ nk)I ̂  Q (P n pQ n j)  +  Q (Pn

kA n k) •

Hence,

Q (Pitj^Ptth) ~  Q (.yinji

Qnk) 5

and thus,

Q(pnj>Pnk) < i e -

This contradicts our assum ption on {pn} and proves 4.3.8.

4.3.9 T h e o r e m . The space Tis complete if and only if for every standard 
Cauchy sequence {/?„}, there exists at least one infinite natural num ber v 
such th a t p v is near standard.

The p ro o f is straightforw ard and will be omitted.

4.3.10 T h e o r e m . Let {pn} be an internal sequence such that the points 
p n belong to the same m onad p 0 for all finite n. Then there exists an 
infinite natural num ber v such tha t p nep0 for all n < v.

For the proof, choose p 0ep,0 and apply 3.3.10 for sn = Q(p0,pn).

4.3.11 T h e o r e m  (Standard). Suppose every infinite sequence in a 
metric space T  has a limit point. Then T  is compact.

This is the converse o f 4.2.3, for metric spaces. To prove it, we shall make 
use of the axiom of choice. Suppose tha t T  is no t compact. I t  then follows 
from th a t there exists a point p  in *F  which is no t near-standard. We 
distinguish two possibilities.

(i) There exists a standard e > 0  such tha t Q(p,q)>s  for all q in T. In 
tha t case, we define an infinite sequence {q„} of points in T  as follows. 
We choose an arbitrary point o f T  as q0. Next we choose a point qx in T  
such th a t Q(q0,qi)>£-  Such a point qx exists. For the statem ent ‘there 
exists a point x such th a t Q iq o .x ) ^ ^  is true in * M  (where we may choose 
x = p )  and hence, in M.  Next we choose a point q2 in T  such that
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Q(<lo><h)>£ and @(tfi>tf2) ^ e- Such a point q2 exists. For the statem ent 
‘there exists a point x  such tha t Q(q0,x)>e  and £ (# i,x )> £ ’ is true in * M  
(where we may choose x = p ) and hence, in M.  Having chosen q0,---,qni 
n > 2, we next choose qn+1 in T such tha t Q(q09qn+1)>£, Q(qq,qn+1) > 8,-.., 
Q(jlniQn + i) — 8> where the consideration o f p  in *T  again shows tha t such 
a point qn+1 exists in T . In this way we determine an infinite sequence 
{#„} in T  such th a t Q(qj,qm)> £  for j ^ m .  Evidently, {qn} does no t have 
a lim it point.

(ii) For every standard s> 0 , there exist a point q in T  such tha t 
g{p9q) <s.  In  th a t case we may select a sequence of points in T , {#„}, such 
tha t g ( p 9qn) < («  + 1)-1 for all finite natural num bers n. Now suppose 
tha t {#„} has a lim it point q in T. Since p  is not near-standard, there 
exists a finite positive integer m such th a t Q(p,q)>l /m.  Also, since q is a 
lim it point o f  {#„} there exists a finite n > m  such tha t £(<?„,#)< ^ .  At 
the same time, Q(p9qn) < ( n + 1)-1 < ( 2 m + 1 )"1. Hence,

2m + 1  2m m

This contradiction shows tha t {qn} cannot have a lim it point and com ­
pletes the p ro o f o f the theorem.

Referring back to  4.3.3 we observe tha t the set °B can be defined by 
°B =  {p\B n m(/?) +  0} for any internal or external set o f points in a general 
topological space T. U nder certain conditions we are then still able to 
obtain the conclusion o f 4.3.3 as shown by the following theorem.

4.3.12 T h e o r e m . I f  B  is an internal set of points in *T, where T  is a 
topological space which satisfies the first axiom o f countability then °B 
is closed.

P r o o f . Let p  be a po in t in T  which belongs to the closure o f °B. By 
assum ption, there exists a sequence o f open neighborhoods o f p 9 {Un} 
such tha t every neighborhood o f p  contains some XJn. Replacing {Un} by 
the sequence {F„}, where Vn= U 0 C1 Ui f] ••• n Un9 if necessary, we see that 
we may as well suppose from  the outset th a t U0^>U1=>U2^>-'- Then 
Ua c  jn(p) for all infinite co. For if  U is any open set which includes p,  then 
U^>Vn for some finite «, and hence, certainly U => U^. Also, since p  be­
longs to the closure o f °B , any *Un9 n finite, contains a point o f °B,q, and
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hence contains p(q). But p(q)Cl B=$=0 and so *Un0 5  +  0 for all finite n. 
We conclude tha t Uw n 5  +  0 also for some infinite co (otherwise N  would 
be an internal set, contrary to what has been proved). But U(0a p { p ) 9 and 
so p(p)  n 5  +  0, pe°B, °B is closed. This proves the theorem.

4.4 Topologies in * T. Let D be an internal open set in * T. For every 
point p e D , there exists an open ball B  with radius r > 0  and center p  
such tha t B a D ,  for this is a property of open sets in T  which can be 
form ulated within K  and hence, is true also in *T. Now let r  be the set 
o f all internal open balls which are subsets o f D. r  is an internal set and 
so its union is an internal open set. But this is precisely D. Thus, we may 
take the set o f all open balls in *T  as a basis for the (M opology of *7. 
Recall tha t Theorem s 4.2.9 and 4.2.10 are then applicable.

The g-topology turns *T  into a H ausdorff space.
A set of points B  in will be called an 5-ball if  there is a point p  in 

*T  and a standard positive num ber r such th a t B  consists of all points q 
in *T such  tha t °(Q(p,q))<r.  We denote this set by 5(/?,r).

Consider the intersection of two 5-balls, S ( p 9r) and S ( p ' , r ' ) 9 and sup­
pose that it is not empty. Then for any point q in the intersection,

e(p ,q )+e(q ,p ' )>Q(p ,p ' )
and hence

°(e (p,q))+ °(e (q,p')) ̂  °(e (p ,p )) ,
so that

° 0 (P,P’) ) < r  + r ' .

W ith the same assum ption on q let t = g(p,q)f t' = Q(p\q)9 so that ° t<r ,  
° t '< r ' .  Put rj = min(r — °t9 r ' — V )  so tha t rj is standard  positive. We 
claim that

S  (q 9rj) ci S (p , r ) , 5  (q,rj) c  S (p S ) .

Indeed, for any q'eS(q9rj)9 we have

°(q ( p d ) )  ̂  °(q (p>q)) + 0(e(<l,<l'))<0t + r - 0t = r 9

and so q 'eS (p 9r). The second half o f the assertion is proved in the same 
way.
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We have shown th a t every point in the intersection of two 5-balls is the 
center o f an 5-ball which is included in tha t intersection. It follows tha t 
the 5-balls may serve as a basis for a topology in *T. We call it the 
S-topology.  I t  is not difficult to see tha t every set which is open in the 
5-topology is open also in the 0-topology. Thus, the 0-topology is finer 
than  the 5-topology. We shall indicate the notions o f the 5-topology by 
prefixing the letter 5  to the appropriate term, e.g., 5-open set, 5-interior, 
5-boundary.

4.4.1 T h e o r e m . A m onad is the union o f the open balls contained in 
it and is thus a 0 -open  set. A m onad is also the intersection o f all 5-balls 
tha t contain it. Hence, it is the intersection o f all 5-open sets that contain 
it.

The first half is obvious. As for the second half, let jx0 be any m onad, so 
tha t Jli0 = h (p ) for some point p  in *T. For any qep(p)  and for any 5-ball 
S(p ,r )  we then have qeS(p,r) since °(Q(p,q)) = 0. On the other hand, 
if q$}i(p) then °(Q(p,q)) = ro > 0 . In this case, q is not contained in the 
5-ball 5 (/? ,r0). This proves our assertion.

4.4.2 T h e o r e m . Let B  be any internal set in *T. Then the point p 
belongs to the 5-interior o f B  if  and only if p(p)czB.

P r o o f . I f p  belongs to  the 5-interior o f B then S { p , r ) c 5  for some r > 0. 
But ju(p)<^S(p9r) so the condition is necessary.

The condition is also sufficient, for suppose it is satisfied and let D be 
the internal set which is defined by

D =  {n|(Vq) 0  (p,q) < - L  q e B ] } ,

D  contains all infinite natural numbers. It follows th a t D contains also a 
finite positive natural num ber, v. Since the points q o f S (p , \ /v ) all satisfy 
Q(p,q)< 1/v, we conclude tha t S (p , \ /v ) c :B 9p  is in the 5-interior o f B.

4.4.3 T h e o r e m . Let B  be any internal set in *T.  Then the point p  
belongs to the 5-closure o f B  if  and only if p(p)  has a point in com m on



108 GENERAL TOPOLOGY [4.4

with B. And p  belongs to the 5-boundary o f B  if  and only if  fi(p) has 
points in com m on both with B  and with the complement o f B.

We define a relation o f equivalence, ~ ,  in *T  by the condition tha t p ^ q  
ifp  and q belong to the same m onad, i.e., if g ( p , q ) ~ 0. (This is compatible 
with the relation introduced previously for the real numbers.) The re­
lation ~  gives rise to a sort o f quotient structure as follows. The 
points o f TJ, are the monads o f *T. Let ij/ be the function which maps 
every pe*T  on the point £ = p(p)  in TJ,. Then the open sets of T„ shall be 
the images o f the 5-open sets o f *T under \j/. The space T, regarded as a 
subspace of *T is hom eomorphic, under \j/9 to the subspace TJof T^that 
consists o f the m onads which contain standard points.

Consider the distance function g(x,y)  in *T. It is not difficult to see that 
if p ^ p ' , q ~ q '  then Q(p,q)^e(p' ,q ' ) .  Hence °(Q(p,q)) = °(6(p',q'))  pro- 
vided one, and hence the other o f these standard parts exist, i.e., provided 
g(p 9q) is finite. For points £ and rj in TJ, such that g( p 9q) is finite for 
pe%9 qerj, i.e., such tha t p  and q belong to the same galaxy we now define 
g(€,y) by Q(Lq) = °(Q(p,q))- M oreover, in tha t case we shall also say tha t 
£ and rj belong to the same galaxy.  Thus, the galaxies o f TJ, are the images 
o f the galaxies in *T  under \p. The reader will verify w ithout difficulty tha t 
the function g ( i 9t]) provides a metric for each galaxy, and tha t the to p o ­
logy provided by this metric coincides, for each galaxy G, with the 
topology induced in G by the specified topology of T^.

4.4.4 T h e o r e m . Every galaxy in * T  is both 5-open and 5-closed. 
Every galaxy in 7J, is both  open and closed.

Indeed, let G be a galaxy in *T. Then

G=(JS(p,l).
peG

Hence, G is open. The complement o f G is the union of all the other 
galaxies, which are also open. Hence, G is closed. The second part o f the 
theorem  now follows from the fact tha t \j/ maps 5-open sets onto open sets, 
by the definition o f the topology o f T .̂

The subspace Ts o f TJ, was introduced above as the hom eom orphic image 
of T  under \j/. I t is no t difficult to see tha t all points of Ts belong to the 
same galaxy and tha t \J/ is an isometry on T.
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4.4.5 T h e o r e m . Suppose T  is complete. Then Ts is closed in TM.

P r o o f . Let £ be a point which is in the complement o f Ts and let pe£.  
Then p  is no t near-standard. Let 6 be a standard positive num ber such as 
exists according to the conclusion o f 4.3.7. Let B  be the open ball of 
radius about £. Then B  does not include any point o f Ts. Thus, the 
union o f all open balls which are disjoint with Ts coincides with the 
complement o f Ts. This shows tha t Ts is closed.

The next theorem  provides a closely related result for the case tha t T  
is not necessarily complete.

4.4.6  T h e o r e m . The closure of Ts in is isometric to the completion 
o f T.

P r o o f . Let C be the com pletion o f T. C consists o f equivalence sets o f 
Cauchy sequences o f T  taken with respect to the equivalence relation 
n~%  if limn_* ̂  q (pnfqn) =  0, where n = {/>„}, x = {qn). In order to determine 
the required isometric m apping from C onto Ts (the closure of Ts) proceed 
as follows. Let c be an element of C and let n = {pn} be a Cauchy sequence 
which belongs to c. Then the p n all belong to the same m onad pc for 
infinite n. M oreover, the condition lim„_> ̂  g (p nyqn) =  0 shows tha t if x =  {#„} 
also belongs to  c then g(pn,qn) is infinitesimal for infinite n and so qn also 
belongs to  p 0y for such n. Thus, the relation pc = *F(c) defines a mapping 
from  C  into T'r  For any given c, pc belongs to Ts since, by the definition 
o f distance in 7^, Q(pc,p(pn)) tends to 0 as n tends to infinity, and p ( p n)eTs. 
A t the same time, we see w ithout difficulty that different points of C  are 
m apped into different points o f Ts.

Now let p0 be any point o f Ts and let pe p 0. For any standard positive 
integer n , there exists a point qn o f T  such th a t <\ /n .  We then see
as in the p ro o f o f 4.3.7 tha t % =  {#„} is a Cauchy sequence. M oreover, 
Q(p,q„) is infinitesimal for infinite n so if % is an element o f the point c in C 
then p 0 =  W{c). This shows th a t the m apping is from C onto Ts. We leave it 
to  the reader to verify tha t it is an isometry, completing the p roo f o f 4.4.6.

The following notion is related to the S-topology. Let {/?„} be an 
(internal or external) infinite sequence in *T, i.e., a mapping from the 
natural num bers o f into *T. We shall say tha t the point p  in is an 
F-limit for {/?„} if  for every standard positive s there exists a finite natural
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num ber v such tha t Q(p,pn) < e  for all finite n>v .  Notice tha t if p  is an 
F-limit o f {pn} then any other point in p(p)  also is an F-limit o f {/?„}, and 
tha t conversely, any two F-limits o f p n m ust belong to the same monad. 
Notice also that the question whether or not p  is an F-limit for {/?„} 
depends only on the terms o f the sequence which have finite subscripts. 
However, if {/?„} is an internal sequence then the fact that p  is an F-limit 
o f {/?„} affects the behavior of the sequence also up to some infinite sub­
script as shown by the following theorem.

4.4.7 T h e o r e m . Let {/?„} be an internal sequence and let p  be an 
F-limit o f {pn}. Then there exists an infinite natural num ber A such tha t 
p n^ p  for all infinite n<X.

P r o o f . We define an internal sequence of non-negative real numbers, 
{jn}, by sn = g{pn,p). Then the assum ption of the theorem  implies that 
for every finite positive integer k there exists a finite positive integer 
vk such tha t sn< \ / k  for finite n > v k. M oreover, we may suppose tha t 
vi < v 2< v 3 < ‘“ - Next, we define a standard sequence {tn} by tn = 0 for 
n <  Vj and by tn — 1 j k  for vk < n < v k+1. This defines tn, in the first instance, 
for all finite n and then, by passing from M  to *M,  for all infinite n. Then 
limn_ w tn — 0 and so /„ ~  0 for all infinite n. Also, the set o f natural numbers 
D = {n\tn> s n} includes all finite natural numbers greater than vlt Since D 
is an internal set it m ust therefore include also all infinite numbers less 
than some infinite A. Then 0 for n< X  and hence p n^ p  for such n. 
This completes the p roo f o f 4.4.7.

4.5 Functions, limits, continuity in metric spaces. Let/ (A) be a function 
which is defined on a set of points B  in a metric space T  and which takes 
values in a metric space S  (i.e., a mapping from B  into S.) When stating 
tha t a function is defined on a set B  we mean by this that B  is included in 
the dom ain o f definition of / (x). Let p  be a point which belongs to the 
closure of B. Classically, s is the limit o ff  (x) as x  tends to p , \ imx^ pf ( x )  =  5 
(where B  is ignored in the notation) if for every e > 0  there exists a £ > 0  
such tha t q { f  (q),s)<e for all q in B —{p} such that q{q,p)<6.  The same 
formal definition is then satisfied by / ( x),B,p,s also in * M  (which is the 
chosen enlargement of the full structure M  that includes T  and S ). We 
prove w ithout difficulty (compare 3.4.1)



4.5] FUNCTIONS, LIMITS, CONTINUITY IN METRIC SPACES 111

4.5.1 T h e o r e m . Let f ( x )  be a standard function from the standard 
set D in *T  (so that D = *B) into *S  and let p  be a standard point which 
belongs to the closure o f D. In order tha t limJC_+p/ ( x )  =  5 in D , where s 
is a standard point in *5, it is necessary and sufficient that

f ( f i ( p ) n  ( D - { p } ) ) c z f i ( s ) .

Now let / ( x )  be a standard function which m aps the standard set 
D = *B into *S. Then the classical metric definition of continuity at a 
point -  limq-+pf ( q ) = f ( p )  -  together with 4.5.1 yields the following 
theorem which may also be obtained by the relativization o f 4.2.7.

4.5.2 T h e o r e m . In order that the standard function / ( x ) ,  which maps 
the standard set D = *B into *S, be continuous at the standard point p  it 
is necessary and sufficient th a t/(/x (p )n  D ) c p ( f  (/?)).

Classically, the mapping /  (x) is uniformly continuous on B  if for any 
given £ > 0  there is a <5>0 such tha t Q ( f ( p ) , f ( q ) )< e  for a l lp  and q in B 
such that g(p,q)<d.  The corresponding non-standard condition is given by

4.5.3 T h e o r e m . In order that the standard mapping from the standard 
set D = *B into *S  be uniformly continuous it is necessary and sufficient 
tha t /  ( p ) ^ f ( q )  whenever p ^ q , p  and q in D.

The p roof is straightforward and will be omitted.
From  4.5.2 and 4.5.3 it follows immediately that for com pact B , conti­

nuity implies uniform continuity. For suppose B is compact. Then all points 
p  and q in *B are near-standard. Hence, ifp ^ q ,  p,qeD,  th en p ~ p 0, q ~ p 0 
for some standard p 0eB. Hence, if / (x) is continuous on B , f ( p ) ~ f  (p 0), 
f ( q ) ^ f ( P o ) -  Hence, f  ( p ) —f  ( q ) , f  (x) is uniformly continuous.

Next we consider functions which are not (necessarily) standard. It 
turns out tha t the S-topology provides results which have classical appli­
cations. T h ro u g h o u t,/(x )  is supposed to be defined on a set o f points of 
*T  and to take values in *S. (Recall that the term S-topology was in tro­
duced in 4.4, and is unrelated to the name of the present range space, S.)

f  (x) is said to be S-bounded on a set D if  f  (x) is defined on B  and if 
there exists a point q in *S  and a standard num ber m  such that 
Q { f  (p)>q)^m  fo r a l lp  in D.
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4.5.4 T h e o r e m . In order that the internal function/ ( x )  be S-bounded 
on the internal set D it is necessary and sufficient tha t all points o f /(£>) 
(the set of images of points of D) belong to the same galaxy in *S.

P r o o f . The condition is clearly necessary. To see tha t it is also sufficient 
suppose that / ( x )  is not ^-bounded on D. Let F  be the set o f natural 
num bers which is defined by

F  =  {n\ for every point q in *S there is a peD  such that g ( f  (p) ,q )> n} .

Then F  is an internal set which contains all finite natural numbers. It 
follows that F  contains also an infinite natural number, v. Choose an 
arbitrary p 0eD  and put q = f  (p 0). Then by the definition o f v, g ( f  (/?), 
/ (Po))>v  f ° r some p  in D. But this implies th a t f ( p )  and f ( p 0) belong to 
different galaxies and proves the theorem.

L et/ ( x )  be an internal function whose dom ain of definition includes a 
m onad p0. L e tp e p 0, so that p 0 = p(p).  Then there exists a standard e > 0  
such th a t / ( x )  is defined for all q for which g(p,q)<e.  (F o r / ( x )  is defined 
for all q such tha t g (p,q) < \ / n , n  infinite, and so the set o f n for which this 
is true must include also finite numbers.)

4.5.5 T h e o r e m . Suppose the internal function / ( x )  is defined on a 
m onad p0 = p(p)  such th a t / (/z0) is a subset of the galaxy G. Then there 
exists a standard e > 0  such that f ( B ) a G  where B is the closed ball

P r o o f . Consider the product h(q) = g ( f  ( p ) , f  (q))g(p,q). For any qep0, 
h(q) is infinitesimal since g(  f  (p ) , f ( q )) is finite and g(p,q)  is infinitesimal. 
T h u s ,‘/*(g)< 1 for all q such th a t g(p,q)< \ / n \  is true for all infinite n . But 
if  so then it m ust be true also for some finite positive n = v. We pu t 
s = l /v .  Then for any q which is not in p 0, g(p,q) is not infinitesimal 
and so 1 [g(p,q) is finite. Hence, for q not in p 0 which belong to the set

Q ( /  (P). /  («)) =  -  Y -  h (q) < - f i —
q (p ,q) e ip ,q)

is finite. This shows tha t / ( q) belongs to the same galaxy as / (p) and 
proves the theorem.
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Let /  (x) be defined on the set D and let p  be a point which belongs to 
the 5-closure o f D. We say tha t the point s in *5 is an 5-lim it o f / (x) as 
x tends to p  in D  if  for every standard £ > 0  there exists a standard <5>0 
such th a t Q (f ( q) , s ) <e  for all q in D — {p} for which Q(q,p)<S.

4.5.6 T h e o r e m . Suppose D  is an internal set, p  a  point o f the 5-closure 
o f D, an d /  (x) an internal function which is defined on D. Then the point 
s is an 5-lim it o f /  (x) as x tends to p  in D  if  and only if

f  ( ^ (p )r \ (D -{p}) )< =n (s) .

P r o o f . Suppose s is an 5-lim it o f / ( x )  as x  tends to p  in D, I f  qeji(p) 
then q satisfies the condition g(q ,p)<S  for all standard positive <5. Hence, 
if q is at the same time in D  — [p] then ( / (q),s) < e for arb itrary standard 
positive £. This shows th a t/ ( q)eji(s), from  which it follows tha t the con­
dition is necessary.

Suppose th a t the condition is satisfied, and let e be any standard posi­
tive number. Then ‘q ( / ( q),s) <  £ for all q i n D  — {p} for which q (q,p) < l / n 9 
where n is any infinite integer since for such n, qep(p).  But then the 
statem ent in quotation  m arks m ust be true also for some finite n. Setting 
5=  \/n we see tha t the condition o f the theorem  is also sufficient.

Observe tha t if s is an 5-lim it o f /  (x) as x tends to  p,  as above, then 
the same applies to  any other point in p(s). M oreover, all these are 
5-limits also for x  tending to any other point o f p(p).

L et/ (x) be defined on D, then / (x) is S-continuous a t the point p  in D 
if  /  {p) is an 5-lim it o f /  (x) as x tends to p  in D. Equivalently, /  (x) is 
5-continuous a t p  in D  if  for every standard e > 0 there exists a standard 
<5>0 such tha t Q ( f ( p ) , f ( q ) ) < e  for any q in D such th a t g(p,q)<S.  
Observe th a t this yields the correct notion o f continuity for the 5-topology 
although the specified basis for tha t topology consisted o f open balls 
{q\°Q(p,q)<&} for any p  and standard positive s. However, the condition 
tha t for every standard £ > 0  there exists a standard  <5>0 such tha t 

fo r  any q for which °Q(p,q)<S is equivalent to  tha t
given above.

As an immediate consequence o f 4.5.6, we obtain

4.5.7 T h e o r e m . Let/ ( x )  be an internal m apping from  an internal set D
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in to  *S. Then/  (x) is ^-continuous at a point p  in D  if  and only f ( p ( p )  fl D) 
< = /* (/(» )•

Reference to  4.5.2 shows tha t this is exactly the condition for continuity 
o f a standard function on a standard set a t a standard point. We may in 
fact see directly tha t in tha t case continuity and ^-continuity coincide. 
This is no t the case in general. For example, if T  and S  are both given by 
the system of real num bers regarded as a metric space then the function 
defined by

/  (0) =  0, /  (x) =  a sin -  for x 4= 0, a infinitesim al, a 4= 0 ,
x

is internal, / ( x )  is ^-continuous but not continuous at the point x =  0. 
On the other hand, the fu n c tio n /(x )  =  x 2 is continuous but not ^-con­
tinuous a t any point x  = co where co is infinite.

Let /  (x) be defined on the set o f points D  in *F. We shall say that 
f ( x )  is uniformly 5-continuous in D if for every standard e > 0  there 
exists a standard  <5>0 such tha t g ( f  ( p ) , / (q))<e  for any two points p  
and q in D  for which Q(p,q)<d.

4.5.8 T h e o r e m . L et/ ( x )  be an internal function which is defined and 
^-continuous in (i.e., a t all points of) an internal set D. Then / ( x )  is 
uniformly 5-continuous on D.

The theorem  states, briefly, that, for internal functions and sets, 5-con- 
tinuity implies uniform  5-continuity. Suppose the assumptions o f the 
theorem  on / (x) and D are satisfied. It then follows from 4.5.7 tha t for 
every pair o f points p,q in D, p ~ q  im plies/ {p)^f (q)>  Now let e be any 
standard positive number. Let F  be the set o f natural num bers n which 
satisfy the condition tha t for all p  and q in D  for which g ( p yq )< \ /n ,  
Q(f (p)J(<]) )<£-  Then F  is an internal set which includes all infinite 
natural numbers. Accordingly, it includes also some finite positive integer, 
v. Putting <5 =  1/v we see that f ( x )  satisfies the condition o f uniform  
5-continuity on D. This proves the theorem.

4.5.9 T h e o r e m . Let / ( x )  be a function which is defined and 5-con- 
tinuous at all points o f a set D which is 5-connected (i.e., connected in
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the 5-topology). Then the points o f / ( D) all belong to the same galaxy 
in *5.

P ro o f. Let peD.  We have to show th a t for all qeD , q ( f  (p ), / (q)) is finite.
Let F  be the set o f all qeD such tha t g ( f ( p ) , f  (q)) is finite. Then peF.  

F or any qeF, / (x) is 5-continuous at q in D. Hence, there exists a positive 
standard sq such that ° g ( f ( q ) , f ( r ) ) <  1 for all reD  for which °Q(q,r)<eq. 
For such r,

e ( /  0>)> (p), /  (« ))+ e ( /(« ) ,  /  (0 )  ̂  q i f  (p). /  ( ? ) )+ 1 •

Hence reF.  Thus, F  is a union o f sets which are 5-open in D and is itself 
5-open in D.

I f  f = D then we have finished. If  F  is a proper subset o f D let H  be the 
set o f points reD  for which there is a point qeD — F such  tha t g ( /  ( q ) , f  (r)) 
is finite. Then H^>D — F. Repeating the above argum ent we see tha t H  
is 5-open in D. M oreover, F  and H  are disjoint. For if reFC\ H y then 
q ( / ( /? ) , f ( r ) )  is finite, and q ( f  ( # ) , /  ( r ) )  is finite for some qeD — F , and 
hence Q ( f { p ) , f ( q ) )  is finite by the triangle inequality. But this implies 
qeF, a contradiction which shows tha t H = D  — F. Thus, D is the union of 
the two disjoint sets F a n d  H  which are 5-open in D. This contradicts the 
assumption tha t D is 5-connected and proves tha t F=  D. Accordingly, 
o ( f  ( /? ) , / (q)) is finite for all p  and q in D. This completes the proof.

Let / (.x) be a function which is defined on a set o f points D in *T. The 
set °D was defined previously as the set of all standard points p  such tha t 
p.(p) has a point in com m on with D. We define a function ° /(x ), to  be 
called the standard part  o f f ( x )  on a certain subset o f °D as follows. 
Given pe°D  suppose tha t there exists a standard point q (in 5  and *5) 
such th a t/ { p ' ) ~ q  for all points p'  in n(p)  n D. We then define ° f ( p)  = q- 
Let D'c=0D be the set o f points at which ° f ( x )  is defined in this way. 
Passing to  *M, we get a definition of °f(pc) on *D'.

Some care is required in handling the definition o f °f{x).  W ithin our 
framework, the dom ain o f a function is implicit in its definition, and the 
above D is supposed to be a subset of tha t dom ain. It follows that by 
extending D to a set D x we may actually destroy ° f ( x )  at some point p. 
This will happen if, for a given pe°D , / ( / ? ' ) ^ q  for all points p'ep(p)  fi D  
bu t no t for some p'eii{p)  n (D l —D). It cannot occur if D coincides with 
the dom ain o f/ ( * ) .  And it cannot arise, for a given pe °D , if p(p)czD.
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4.5.10 Theorem . Let the internal function/ (x) be defined on an internal 
set D such tha t /  (x) takes only near-standard values on D and is S-con- 
tinuous on (i.e., at all points of) D. Then the function ° /(x )  exists and is 
uniformly continuous on °D.

P ro o f. Let pe°D.  Since/ (x) is S-continuous on Z>, 4.5.7 shows tha t for 
any two points p i and p 2 in D which belong to p(p),  f  ( P i ) —f  (p 2)- 
M oreover, f ( p i )  is near-standard, by assum ption, so ° f  ( p ) z=0( f  ( p i)) =  
° ( / ( p 2))* This shows that ° /(x )  is defined on °D.

Let e be a standard positive number. Since / ( x )  is S-continuous on D 
it is actually uniformly S-continuous on D , by 4.5.8. It follows tha t there 
exists a standard <3>0 such that g ( f  ( P i ) , / ( # i ) ) < £  for a llp x and qx in D 
such that Q(pi,#i)<<5. We claim that at the same time Q(°f (p) , °f (q))<2e  
for a l lp  and q in °D such that g(p,q)<S.  Indeed, let p and q be points o f 
°D which satisfy this condition. By the definition of °D there exist points 
p ^ p t p )  and q xep{p)  which belong to  D. Then p ^ p u  q ~ q \  and hence, 
by the triangle inequality, q ( p , q ) ~ £(P i,# i). This shows tha t Q(Pi,qi)<S-  
Hence, by the definition of <5, g ( f  ( P i ) , f  (<7i))<£. But ° f  ( p ) —f  (Pi) and 
° f  (q)—f  (# 0 , and so, again by the triangle inequality (?(0/ ( p ) , 0/ ( t f ) ) ^  
^ / ( P i X / t o i ) ) -  We conclude tha t g ( ° f  (p) ,° f  (q))<2s,  as asserted. This 
shows tha t / (x) is uniformly continuous on °D and completes the proof 
of the theorem.

W ith the assum ptions of 4.5.9, let p  be a point in °D and let q be a 
point in p(p)  which, at the same time, belongs to both D and *(°D). Then 
° f  (p) ~ / ( q) by the definition o f ° f  (x) and ° f  (q) ~  ° f  (p) by the continuity 
of ° /(x ). Hence ° f ( q ) ^ f ( q ) .

4.6 Sequences of functions. Compact mappings. Let {/„(x)} be a
sequence of functions which are defined on a set o f points B  in the metric 
space T  and whose range is in the metric space S. According to the 
classical definition {/„(x)} converges uniformly on B , to a function / ( x ) ,  
if  for every positive e there exists a natural num ber v =  v(e) such tha t 
£ ? (/(p} , fn(p))<e  f ° r P B  and for all n>v.

4.6.1 T h e o r e m . The sequence of standard functions { f n(x)} converges 
to  the standard fu n c tio n /(x )  uniformly on B c z T  (and hence, on *5) if 
and only if / ( p ) —f n{p) for a l lpe*B  and for all infinite n.
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P r o o f . Suppose tha t {/„(*)} converges to  f ( x )  uniformly on B. The 
classical definition then implies tha t for any standard e > 0  there exists a 
finite natural num ber v such tha t the following statem ent holds in M.  ‘For 
every p eB  and n > v , £?(/(/?),/„(/?))<£’• Replacing B  by *B we then ob­
tain  a statem ent which is true in *A/. This shows that, for infinite n, 
Q(f (p)>fn(p)) is smaller than  any standard positive num ber and, ac­
cordingly, is infinitesimal. Thus, the condition o f the theorem  is necessary.

Sufficiency is established by noting that, for given standard positive s, 
the condition Q ( f  (p) , f„(p) )<£  is satisfied for all n > v  where v is an 
arbitrary infinite natural number. Transferring back from * M  to M,  we 
complete the proof.

4 .6 .2  T heorem  (Standard). If  the functions of the sequence { /„ (* )}  are 
defined and continuous on a set B  and converge to a function f ( x )  uni­
formly on B  then /  (x) is continuous on B.

P r o o f . Let p e B  and qep(p)  n *B. Then we have to show that q ( f (p) , f (q) )  
is infinitesimal, in other words tha t for any given standard e > 0 , g ( f ( p ), 
f ( q ) ) < e .  Now the classical definition o f uniform  convergence (see above) 
when applied to *M  shows tha t there exists a finite natural num ber v, 
such tha t Q { f { r ) if n{r))<\& for n > v  and for all r in *B. Thus, putting 
n = v + 1,

Q ( /  (/> )>  /  ( « ) )  ^  Q i f  ( p ) >  f n  ( p ) )  +  e (S n  (p)> S n  (<?)) +  £ (S n  («)»/ («)) <  £ >

since Q ( f n( p ) , f n(q)) is infinitesimal. This completes the proof.
Observe th a t in proving 4.6.2 we have not made use o f the non-standard 

condition o f 4.6.1. However, th a t condition will be applied presently in 
connection with a classical result on equicontinuity.

W orking with standard notions, let {/„(*)} be a sequence of functions 
which m ap a metric space T  into a com pact metric space S. Suppose the 
sequence is uniformly equicontinuous on T. T hat is to say, for every e> 0  
there exists a <5>0 such th a t Q{fn( p ) , f n(q ) )<e provided g (p ,q )< S , 
n = 0 ,1 ,2 ,3 ,.... Passing from M  to *M,  we see that the condition of 
uniform  equicontinuity affirms that for given standard e > 0  there exists 
a standard <5>0 such that g(p ,q)<S  implies Q ( f n( p ) , f n(q))<£ for any 
points p,q  in *T  and for any natural num ber n , finite or infinite. This 
shows tha t f n(x) is uniformly S-continuous on *T.
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Now let cd be an arbitrary but fixed infinite natural num ber. T h en /^ (x ) 
takes only near-standard values since all points o f *S  are near-standard. 
I t follows tha t F(x) = °f(0(x) exists and is uniformly continuous on T , by
4.5.10.

Suppose th a t T  is compact. Then the points o f *T  are near-standard 
and so, by the rem arks made at the end o f section 4.5, F(p)c^f0}(p) for 
all p  in *T. This discussion leads to -

4 .6 .3  T h eorem  (Standard. Ascoli). Let { /„ (x )}  be an equicontinuous 
sequence of functions which m ap a com pact metric space T  into a 
com pact metric space S. Then there exists a sequence o f natural numbers 
{rij}, «0 < « 1 < n 2 < ••• such tha t the sequence { f nj( x ) } , j = 0,1,2,... conver­
ges uniformly on T  to a function F(x)  which is uniformly continuous on T.

To prove this theorem , we introduce F(x) = °fw (x) as above. Then F(x)  is 
uniformly continuous on T. It remains to select a suitable sequence {nfi. 
Since S is com pact, Q{F{p), f i0{p)) is infinitesimal for all points p  in *T. 
Hence, for any standard a > 0  and any finite natural num ber v, it is true 
in *Af that there exists a natural num ber n greater than v (j.e., n = co) such 
tha t Q(F(p) , fn(p) )<e  for all points p  in *T. Passing from  * M  to M , we 
conclude tha t there exists a finite natural num ber n > v  such that 
Q(F(p)9f n(p) )<e  for all points p  in T. We put Sj = ( j +  l ) " 1, y =  0 ,l,2 ,... 
and determine the smallest n = n0 such tha t Q(F(p) , fno(p) )<e0 for all 
points p  in T. Next, we determine the smallest n = n 1> n 0 such that 
Q(F(p), f„l ( p ) ) < s l for all p  in T  and then the smallest n = n2 > n 1 such 
th a t Q(F(p) , fni(p ) )< s2 for a l lp  in T. Continuing in this way we obtain, 
w ithout using the axiom of choice, an infinite sequence {«,}, n0 < n l < 
n2< - "  such tha t q (F(p ), f n(p) )<ej9 j = 0 , 1,2,.... This completes the p roof 
o f 4.6.5.

If  the f n(x) are real-valued, Ascoli’s theorem  is proved on the as­
sum ption tha t the functions are uniformly and collectively bounded. The 
appropriate space S  is then provided by some finite interval o f real 
numbers.

To conclude this section we shall prove some theorems on com pact 
mappings. Recall tha t a set o f points B  in a metric space T  is bounded if 
there is a (standard) real num ber m  such tha t Q(p,q)<m  for all p  and q 
in B. Recall also tha t a point p  in *T  is f inite if  Q{p,q) is finite for some
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standard point q . A m apping / (x) from  a metric space T  into a metric 
space S  is called compact  if every bounded set of points B  in T  is mapped 
by / into a set o f points / ( B) whose closure f ( B )  is compact. The notion 
is best known for the case that T  and 5  are norm ed linear spaces and /  is 
a linear operator (see Chapter vn below).

4.6.4 T h e o r e m . Let / ( x )  be a mapping from a metric space T  into a 
metric space S. Then / ( x ) is com pact if and only if it maps every finite 
point in *T  on a near-standard point in *S.

P r o o f . Suppose / ( x )  is com pact and let p be a finite point in *T. Since 
p is finite, g (p , q)< m  for some standard q and some standard real num ber 
m. Consider the set B =  {r\g(r,q)< m)  in T. This is a bounded set (with 
bound 2m) in T, so the closure o f f ( B )  is compact. Moreover, qe*B, so 
/ ( ? ) e / ( * f i )  =  * ( /( S ) )  and hence, f ( q ) e  = * {f(B)).  But ] \ S )  is
compact, by assum ption and so the points of * ( /(£ ) ) ,  including / ( q), are 
near-standard. This proves that the condition of the theorem is necessary.

The condition is also sufficient. Let B be a bounded set in T. By ap­
plying 4.3.1 to B  (i.e., by taking B  as the metric space of that theorem) 
we find that the points o f *B are all finite. If the condition of the theorem 
is satisfied then it follows that the points o f/ ( *B) are near-standard. We 
have to show that, moreover, all q e * ( f  (B ) )=f (* B)  are near-standard. 
Let r\ be any positive infinitesimal number. Since q belongs to the closure 
o f / (* £ ) ,  Q(q,p)<rj for some p e f ( * B ) .  Then q ~ p  and p  is near-standard, 
and so q also is near-standard. This shows tha t f { B )  is compact (since 
f ( B )  is closed) and completes the proof of 4.6.4.

4.6.5 T heorem  (Standard). Let { /„ (* )}  be a sequence o f  compact 
mappings from a metric space T  into a complete metric space S. Suppose 
tha t {/„(*)} converges to a fu nc tion / ( x )  uniformly on T. Then f ( x )  is 
compact.

P r o o f . Let p be any finite point in *T. It follows from  4.6.4 that the 
point f n(p) are near-standard for all finite n. We have to show th a t/ ( p ) 
is near-standard.

Suppose/( /? )  is not near-standard. It then follows by 4.3.7 tha t there 
exists a standard e > 0  such that (p) ,q)>s  for all points q in S. But
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{fn(x )} converges to / (x) uniformly, so g ( f  (/?),/„ (p ) )< ie  for sufficiently 
large finite n. For such «, g ( f  (p ) ,q )<is  where q = ° ( f n(p))- This contra­
diction proves the theorem.

4.7 Euclidean space. Let T be the ^-dimensional Euclidean space. Thus, 
there is a function Pj = k ( p , j )  which yields for every point p  o f T  and for 
every natural num ber j , 1<  j < n  a real num ber pj  which is the y'th co­
ordinate o f /?. Conversely, for every sequence o f real numbers
there is a unique point with these coordinates. As a result, we may if we 
wish refrain from  introducing T  separately from  R , and we may regard 
T  as the full structure based on the set o f all w-tuples o f real numbers. 
Looked at in this way, the set o f points in T  is A n where A  is the set of 
standard real numbers and the set o f points in the enlargement, *T, is 
*(An) = { fA)n, where *A is the set o f all real numbers in *R. The results 
obtained previously on metric spaces are applicable, where the distance
function in T  and *T  is given by Q(p,q)=zy/ { ( x l —y i ) 2 + (x2—y 2)24------1-
(x„-y„)2} w herep = ( x u x 2, . . . , xn) and q=( .y l , y2,~;y»)-  In particular, the 
distance of a point p  from  the origin, or norm o f  p  is given by

\\p\\=Q(P,o) = s/ { p 21+ p 22 + - - -+pt } ,

where 0 =  (O,O,...,O). The finite points o f *T, i.e., the elements o f its 
principal galaxy, are those points whose norm  is finite. For n =  1, the 
principal galaxy consists o f the real num bers which were called finite 
previously, so tha t our terminology is consistent.

Theorem 4.1.13 provides a very simple p roof o f the theorem  of H eine- 
Borel.

4.7.1 T heorem  (Standard. Heine-Borel). Let B  be a set of points 
in A n which is closed and bounded. Then B  is compact.

P r o o f . We have to show that for every pe*B  there exists a qeB  such 
that g (p , q)~ 0 .  L e t =  •••>£«)• Then p  is finite, by 4.3.1, since B  is
bounded. Hence Pi,P2 ,---iPn are finite and q ^ C P i ^ P i ^ - ^ P n )  exists. 
M oreover,

Q (P,q) = \ / { ( P l - ° P l ) 2 + ( P 2 -  °P2)2 +  ■ • • +  (Pn -  °Pn)2} *  0 .
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The point q belongs to B  sincepep(q)  and B  is closed. This completes the 
proof.

Let D be the closed unit ball in A n, D = {p\ ||p|| <  1}. Then the interior 
o f D , which is the same as its 2-in terior, is given by ||p|| <  1 while the 
boundary o f D is the unit sphere. A t the same time, the 5-interior o f D 
is given by °||p|| <  1 and is thus a proper subset o f the interior o f D , and 
the 5-boundary o f D consists o f the points p  for which °||p|| =  1 and this 
contains the boundary of D as a proper subset. The 5-interior o f D  is not 
an internal set. This is an immediate consequence o f the following theo­
rem.

4.7.2 T h e o r e m . The only internal sets o f  points in *(An) which are 
5-open are the empty set and the entire space.

P r o o f . Let D be an internal set in *(An) such tha t Z)#=0 and D ^ * ( A n)y 
and let p  and q be points which belong to D and to the complement o f D, 
respectively. Let F  be the straight segment from  p  to q , i.e., the set of 
points r(A) =  (l — X)p + Xq, 0 < A < 1 . Let G be the set o f all num bers A, 
0 < A < 1 , such that r(A')eZ) for all 1<A '<A . Then G is an internal set. 
G is not empty since it contains A =  0 and if XteG and 0< A 2 <Al5 then 
A2eG. Arguing from  the corresponding situation in R,  we conclude that 
there exists a num ber A0, 0 <  A0 <  1 such tha t XeG for 0 <  A<A0 and X$G 
for A0 < A <  1.

Suppose that D  is 5-open. I f  r(X0)eD then X0 < 1 since r ( l )  =  q$D. Also, 
there exists a standard positive e such tha t seD for ^(5r,r(A0))< £ . But this 
implies the existence of a A1,A0 <A 1< 1 , such tha t r{X1)eD for all X for 
which A0< A <A 1. This contradicts the definition o f A0 and shows that we 
have to assume r(X0)$D. In tha t case Ao =#0 since r (0)=peD.  We may 
therefore select a X1 such tha t 0 < A 1<A0 and r(X1)eD and

8 O'0*i ) , r 0*o)) = IIr  0 * i ) -  '■ (Ao)ll =  U i  - ^ol 8 (p>q)

is infinitesimal. But then there exists a standard e > 0  such tha t seD for 
all points s for which ^(r(A 1),5)<e. This applies in particular to 5, =  r(A0) 
and forces us to conclude tha t r(X0)eD. Accordingly, we have arrived a t 
a contradiction, which proves the theorem.

Any straight segment in *(Att) is connected, as we may see by transfer



122 GENERAL TOPOLOGY [4.8

from  A". On the other hand, a straight segment in *(An) need not be 
S-connected. For example, in * A 1 = *Af the set D o f points (numbers) 
given by 0 < x < a  where a is positive infinite is not S-connected since it 
can be decomposed into two S-open sets consisting o f the finite and o f the 
infinite elements o f D , respectively. However, it is not difficult to show 
th a t a straight segment in *(An) which consists o f finite points only is 
indeed S-connected.

4.8 Remarks and references. Theorem 4.1.13 was presented at the 
Berkeley Symposium on M odel Theory 1963 (ro bin so n  [1965]), with a 
p roo f o f 9.1.7 as an application. Immediately afterwards, S. Kripke, in 
response to a question by M. O. Rabin, produced a corresponding proof 
for TychonofTs theorem (4.1.19 above).



C H A P T E R  V

FU N C T IO N S OF A REAL VARIABLE

5.1 Measure and integration. In the present chapter, we shall consider 
a num ber o f selected topics in the Theory o f Functions o f a real variable. 
In the discussion, particular care will be necessary in order to avoid 
confusion between the different kinds o f finiteness and infinity.

Let R  be the full structure on the set o f ordinary real num bers, A,  and 
let *R be an enlargement of R  with set o f individuals *A=dA,  all to be 
called real num bers, as in previous chapters. We shall say th a t an internal 
sequence of entities in *R, is finite if n varies over a set o f natural 
numbers which is absolutely finite, i.e., n varies over subscripts n < v , 
where v is a finite natural number. We shall say tha t {a„} is Q-finite if 
there exists a natural num ber v, which may be finite or infinite, such 
tha t for all subscripts n which occur in the sequence, n<v.  Finally, 
we shall say tha t {an} is infinite if n ranges over all the natural numbers 
o f *JV, or over a set which is in internal one-to-one correspondence 
with the num bers of *N,  e.g., the set o f num bers o f * TV greater than some 
natural v.

Let {afi be an infinite internal sequence o f num bers in *iL Then the 
sum YJ=oan is given by the classical condition (whenever tha t sum exists). 
T hat is to say, Y<n = oan = a’ if f ° r every positive s in *R there exists a 
natural num ber v in *N  such tha t \Y n̂ = oan — a\<& for k > v .  The ex­
pressions Ys*=oan aU have a meaning, by transfer from  R , as sums of 
Q-finite sequences. The sum o f an infinite series in R  may also be regarded 
as a function, cr, from infinite sequences into real numbers. As such, a 
extends to certain infinite sequences in *R and, whenever it exists, satisfies 
the classical condition detailed above.

Let U be any open set in *R.  We see, by transfer from R , th a t is the 
union o f a Q-finite or infinite sequence of disjoint open intervals {Jn}. In 
either case, we may write formally U=  if  necessary by setting
Jn = 9 for sufficiently high n. Denoting the length o f an interval J  by
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m( J )  -  whenever tha t length exists -  we write m (U )  = Yj?=om (Jn)> when­
ever the sum on the right hand side exists, and we call m{U)  the measure 
of U. We can also obtain m (U )  by transfer from  R  to *R  o f the set 
function which defines the measure o f (some, but not all) open sets in R . 
The measure o f a closed set in *R , whenever it exists, is then obtained by 
com plem entation in the usual way. Notice that if U is measurable (pos­
sesses a measure) then for any s > 0  in *./?, ]£”=*+i m(Jn) c e  for sufficiently 
large k.  M aking s infinitesimal, we may therefore write U = U 1 U U2 where 
U1 = (Jn = o{Jn} is the union o f a g-finite sequence o f open intervals and 
^ 2= U n °°= H iW  has infinitesimal measure, m{U2) ~ 0.

Now let B  be any standard  linear set (i.e., set o f points on the real line, 
set o f real numbers. It will be understood from  now on until the end of 
this chapter tha t a set o f  points is a linear set.) I f  B  is Lebesgue measurable 
then we denote its Lebesgue measure by m(B).  On passing to the enlarge­
ment *R , the set function m(x)  extends to certain additional internal sets 
o f points. Evidently, this notion o f a measure is com patible with that 
introduced earlier for open or closed sets.

5.1.1 T h e o r e m . Let B  be a standard set of points. B  is Lebesgue 
measurable if and only if there exist internal sets o f points, B0 and B {, 
open and closed respectively, such that B0zd*BzdB{ and such that both 
B0 and B { possess finite measures which satisfy m(B 0) ~ m ( B d .  M oreover, 
in that case, m(B) = 0(m(Bo)) = ° (m(Bi}).

By a finite measure, we mean a measure which is a finite real number. 
Similarly, the measure o f a set is infinite if  it exists as an infinite real value 
in */?. In order to  avoid confusion, we refrain from  introducing oo (‘infi­
nity’) as a value, as is frequently done in Lebesgue theory.

P r o of of 5.1.1. Suppose the standard set o f points B  is Lebesgue measur­
able. Then it is true, in R , that ‘for every positive x  there exists an open 
set of p o in ts;; such that B a y  and m ( B ) < m { y ) < m { B )  + x \  Transferring 
the statem ent in quotation marks from R to *R and taking x  = rj where rj 
is positive infinitesimal, we see tha t there exists an internal open set of 
points B0 such that *BczB0 and m ( B ) < m ( B 0) < m ( B )  + rj. This shows that 
m(B)  = 0(m(Bo)). Similarly, it is true, in R , that ‘for every positive x  there 
exists a closed set y  such tha t y a B  and m(B)  — x  < m ( y ) < m ( B ) \  Trans­
ferring to *R and taking x  = rj again positive infinitesimal, we conclude
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that there exists an internal closed set B t such tha t B xa * B  and m(B)  — rj 
< m ( B ) < m ( B ) ,  and hence ° (m(Bi)) = m(B).

Conversely, suppose tha t there exist internal sets B0 and B x, open and 
closed respectively, such that B0zd* B zdB { and such that m (B Q) and m ( B x) 
exist and are finite and m (B 0) ~ t n ( B f i  Let 0{m(Bo)) = 0(m(B^)) = a. Then 
we are going to show that a is both the outer and the inner measure of B  
and hence, is the measure of B. Indeed, let e be any standard positive 
number. Then it is true, in *R, that ‘there exists an open set (i.e., B J  such 
that * B a B 0 and m(B 0) < a  + s \  Transferring to R,  we conclude that 
m0(B ) < a , where m0(B) is the outer measure o f B. A similar argum ent 
shows that m x(B)> a  where m x(B) is the inner measure of B. But 
nix( B ) < m 0(B) and so we may conclude that m x(B) = mQ(B) = a, a is the 
measure of B. This completes the p roo f of the theorem.

Instead of taking the notion of Lebesgue measure for granted we may, 
in view of 5.1.1, assume only that the notion of a measure has been in tro­
duced for open and closed sets, as above, and we may then define the 
measure of a standard set B  as °(m(B0)) = ° (m(Bi)), provided °(m(B0)) 
and ° (m(B i)) exist and are finite for certain internal sets B0 and B„ which 
are open and closed, respectively, and such that B0z>*BzdB x. It is not 
difficult to show that this definition is unique whenever it applies.

As an immediate consequence of 5.1.1 we have

5 . 1 .2  T h e o r e m . In o rd e r  th a t  a s ta n d a rd  set B  be o f  m easu re  0 it is 
necessary  a n d  suffic ien t th a t  th e re  ex is t an  in te rn a l o p e n  set D such  th a t  
*BczD  an d  m{D)  ^ 0 .

We also observe that if an internal set D has infinitesimal measure (i.e., 
m ( D ) ~ 0 )  and if F  is an internal subset of D then F  is measurable and 
m ( F ) ~ 0 .

Now suppose that the standard set B is measurable, and choose internal 
sets B0 and B x as in 5.1.1. Then B0 is open, and B x is closed and so 
D = B0 — B i is open. Also, m(B0)c^m(Bl) and so M(D)  = m(B0) — m(Bi) 
is infinitesimal. It follows that the measures of the sets D i = B0 — *B and 
D2 = * B — B j, which are subsets of Z), are infinitesimal as well. Given any 
standard £ > 0  it is therefore true, in */?, that for any measurable set *B, 
there exists an open set, B0, and a set o f measure < c, Z)x, such that *B U D x = 
B0 and n = 0 ; and there exists a closed set Bx and a set o f measure <£,
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D 2 such that 2?f U D 2 = *B and B l D D 2 = 0. Transferring this result to  R , 
we obtain a well known classical fact. M oreover, as shown previously, we 
may write B0 as the union of two disjoint sets, B x and B 2 where B x is the 
union of a £?-finite sequence of intervals and B 2 is an open set o f infinite­
simal measures. Then iB = (Bl U B 1) — D 1 where B i n B 2 =  0, D x czBl u B 2, 
B x is the union of a g-finite sequence of intervals and (for any given 
standard e> 0 ), m ( B 2) < e , w(Z)1) < e ’. Transferring to R , we obtain

5.1.3 T h e o r e m  (Standard. Lebesgue). If the set B  is measurable and 
s is any positive real num ber then B can be represented in the form 
B = (Bl U B 2) — D x where B x n B 2 =  0, D t a B 1 U B2, B x is the union of a 
finite num ber of intervals, and B2 an d  D i are measurable and such that 
m ( B 2) < e ,

Having defined the Lebesgue measure o f a linear set in R , and by transfer 
in *R, by either standard or non-standard methods, we may then discuss 
Lebesgue integration. Let f ( x )  be a standard function of a real variable, 
defined on a measurable standard set B  and bounded and measurable on 
that set. Thus, there exist standard real numbers a and /? such that 
oc<f (x )< p  for all x  in B; and for any real numbers y x and y 2 such that 
oi<yx < y 2 < P, the set {x \ y t < f ( x ) < y 2} is measurable. Observe that there 
is no need to specify more particularly whether / (x) is bounded (or 
measurable) in R  or in *R for since/ (x) is a standard function it will be
bounded (or measurable) in R if and only if it is bounded (or measurable)
in *R.

Now let 77 be an internal fine partition o f the interval cc<y<p.  That 
is to say (see section 3.5) that 77 is a g-finite internal sequence {.yn}, 
y 0 = (x<y{ < y 2< - "  < y k = P such that y n+ x—y n is infinitesimal for n = 0, 
l , . . . , /c —1. In particular, 77 may be given by y n = a-\-(n/k)(P — cc), n = 0, 
1 where k  is an infinite natural num ber. The measure of the set 
{x \yn< f  ( x ) < y n+1}, « =  0 ,l , . . . , /c — 1, will be denoted by mn.

Consider the sums
k -  1  k -  I

5.1 .4  a n d  S = ^ y n + i m n .
n- 0 n=0

Then
i t - 1  i t - 1

a Yj mn — am (B) < S < S < P Y  m n =  Pm (^ ) j
n = 0 n = 0
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so th a t both s and S  are finite. M oreover, since every finite sequence of 
real numbers in R  possesses a maximum it follows, by transfer to */?, that 
the Q-finite sequence {yn+1 — y n], n = 0 , \ , . . . , k — 1 possesses a maximum, 
which will be denoted by rj. r\ is non-negative and infinitesimal since it is 
one of the y n+1 —y n. Then

k -  1

5.1.5 | S - s | = S - s  =  £  =
n = 0

Since m{B)  is a standard real number, this shows that S ~ s ,  °S=°s .  
M oreover, if the internal partition f l x is obtained from 77 by subdividing 
some of the intervals (yn9y„+1) o f 77, and s x and are the corresponding 
sums 5.1.4 then it is not difficult to see tha t s < s 1< S l < S  and so 
°s = °s1 = 0S 1 = 0S. By combining any two internal fine partitions (as in 
the standard procedure) we may then show th a t °S = ° S l for any two 
internal fine partitions 77 and 77j. Accordingly, we may define the Lebes­
gue integral \ Bf  (x)dx by

5.1.6 J / ( x ) d x  =  °S
B

and we m ight take this definition as the starting point of the theory of 
Lebesgue integration. Alternatively, we may take the standard definition 
of the Lebesgue integral for granted and we may then prove 5.1.6. The 
reader will have no difficulty in verifying this assertion.

For an unbounded standard function / ( x ), which is defined and meas­
urable on the measurable set B , we may define J / ( x ) d x  as a limit by the 
following standard procedure. For any two standard numbers a and /?, 
oc</3 we define the function f aP(x) on B  by

/«/i (*) =  / ( * )  for c c < f ( x ) < P ,
f<xp(x ) = ® f ° r / W < a  and for / ( * ) > / ? .

Then f ap(x) is measurable and bounded on B. The integrals §Bfap(x ) d x  
therefore exist, and we may consider the expression

5.1.7 lim $Bf aP(x ) d x .
a-* — oo

oo

If  5.1.7 exists then it is, by definition, the integral \ Bf ( x ) d x .
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Let 0L<p<y.  Then

!«/«/»(*) dx +  ( x ) dx =  JB/ ay (x) d x .

Form ulating the Cauchy condition for the existence o f the lim it 5.1.7 and 
passing to * R , we obtain by the usual procedure the following test.

5.1.8 T h e o r e m . The integral \ Bf (x) dx  exists if and only if the integrals 
JB/ â (x)dx and M d x  are infinitesimal for all positive infinite 
a and /? > a .

Independently o f the existence of the limit 5.1.7 we may define the integral 
$sfafi(x ) d x  for non-standard as for standard a, /?, a< /? , as follows. We 
introduce an internal fine partition  77 o f the interval a < y < p  and con­
sider the sums

k -  1  k -  1

5.1.9 s { 0L , p , n ) =  £  y „ i n „  and S(a,/?,/7) =  £  >’„+ t m „ .
n = 0 n = 0

Our previous argum ent (see 5.1.5) still shows that

5.1.10 s (a ,/? ,/7 )~ S (a ?/?,/7).

On the other hand, we may deduce by transfer from R  that

5.1.11 s (a,/?,77) <  Js/a/i (x) dx <  S (a,/?,/7) 

and this shows, in conjunction with 5.1.10, that

5.1.12 S  (a,/?,/7)~ j g / ^  (x)dx

for all internal fine partitions 77 of a < y < p .  Com bining this result with 
5 . 1.8, and choosing the particular type of fine partition mentioned earlier, 
we arrive at the following conclusion.

The integral \ Bf { x )  dx  exists if and only if, for all a, /? such that oc<p 
and a and ft are both infinite negative or both infinite positive, the sums 
Xm~oLi+ i mn are infinitesimal; where k is a positive integer such that 
( \ /k)(P — <x) is infinitesimal and where y n = 0L + (n/k)(fi — a), n = 09\ 9.. . ,k.  
Moreover, if X« = o>;f«+1/77h is infinitesimal for a particular a, ft, and for



some k  as detailed, then this condition will be satisfied for all such k. 
Finally, if JB/ ( x )  dx  exists and if a is any negative infinite num ber and /? 
is any positive infinite number, and (1/&)(/? —a) is infinitesimal then the 
integral \ Bf  ( x )dx  is given by

where
y„ = a + n l k ( P - a ) ,  n = 0 , . . . , k ,

and
m„ = m ( { x \ y n< f ( x ) < y n+i}), n = 0 , . . . , k - \  .

We may consider notions of measure directly in *R. This is analogous 
to a step taken previously in topology (section 4.4). We select for con­
sideration the following definition.

Let D be a set of points in *7?, which may be internal or external. 
Suppose th a t there exists a measurable open set B in R such th a t D c= *B. 
We then define the outer S-measure o f D , Som(D) as the greatest lower 
bound, in R , o f the measures o f all standard open sets tha t contain D. 
And we define the inner S-measure o f D, Sim D , as the lowest upper 
bound, in R , o f the measures of all standard closed sets that are contained 
in D. Thus, both  the outer and the inner S-measure of a set 7), whenever 
they are defined, are standard real numbers. Evidently, Sim(D) <  Som(D). 
If, moreover, Sim(D) =  Som(D) then we call this jo in t value the S-measure 
o f D and we denote it by Sm (7)).

For any sets o f points B  and F  in R , B ^ F  if and only if *Bcz*F.  It 
follows tha t for every open set o f measure m, say, which includes B  there 
exists a standard open set o f measure m which includes *B. It follows 
that the outer S-measure of *B coincides with the outer Lebesgue measure 
of B  and of *B. Similarly, the inner S-measure of *£  will be seen to 
coincide with the inner Lebesgue measure of B  and hence, of *B. We 
conclude tha t is S-measurable (possesses an S-measure) if and only 
if B  is measurable and th a t these measures coincide whenever they exist. 
However, a set may be S-measurable also in other cases. For example, 
let fi be a m onad which includes a standard point, a , so that g = n(a). 
Then g  is a subset o f standard intervals of arbitrarily small length and so 
Sm(/i) =  Som(ju) =  0. Observe tha t our definition does not apply to 
monads tha t consist o f infinite points for such m onads are not contained
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in standard open sets o f finite measure. However, it would be possible to  
extend the definition so as to include this case, e.g., by perm itting trans­
lation (shift).

A standard procedure shows tha t the 5-m easure is countably additive. 
Thus (as can also be seen directly) a set which consists o f the monads o f 
a countable num ber o f finite points is o f 5-m easure zero.

An application of the notion o f 5-m easure will be found in the next 
section.

5.2 Sequences of functions. Let {/„(*)} be a standard sequence o f stan­
dard functions defined in a standard set D = * B  (where B  is a set o f 
standard points) and let / (x) be a standard function which is defined on 
B. We know (see section 4.5) tha t {/„(*)} converges to f ( x ) unifoim ly 
on B  if and only if f n( a ) ~ f ( a )  for all aeD and for all infinite n.

According to  a classical definition, {/„(*)} (regarded as a sequence of 
functions in R)  is uniformly convergent at a point a , a belonging to B  or 
to the closure of B , if and only if the following condition is satisfied. For 
every e > 0  there exist a <5> 0  and a natural num ber v such that, for all b 
in B, \b — a\ <6  and n >v ,  m > v  imply \ f n(b)—f m(b)\<e.  In  this definition, 
ayby£ySynym are all supposed to be standard. A simple non-standard charac- 
teiization o f points o f uniform  convergence is provided by the following 
theorem.

5.2.1 T h e o r e m . Let a be a standard point which belongs to B  or to the 
closure o f B. Then a is a point o f uniform  convergence for the sequence 
{fn(x )} ^  and only if for all points beD (where D = *B)y which belong to 
the m onad of a , f n( b ) ~ f m(b) foi all infinite n and m.

P r o o f . Suppose tha t a is a point o f uniform convergence for { / „ ( * ) } ,  

let s be any standard positive num ber, and let <5>0 and v be suitable 
standard num bers such as exist according to the definition o f a point of 
uniform convergence. Then for any point bepi(a) n D , we have \b — a \ < S y 
and for any infinite n and m , we have n>v ,  m > v .  Hence, for such bynym , 
\ f n{b)—f m(b)| <£. Since e is arbitrary, except for being positive standard, 
we conclude th a t \ f n{b)—f m(b)\ is infinitesimal,/„(& )—/ m(6), as asserted.

In order to  prove tha t the condition is also sufficient we suppose that 
it is satisfied, and we specify a standard positive s. W ithin *i?, the con­
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dition th a t \ f n{b)—f m(b)\ < e  for \b — a\<&, n > v , m > v , is then satisfied 
by infinitesimal positive S and infinite v. Transferring from *R to R , we 
conclude th a t a is a point o f uniform  convergence.

Suppose now tha t {/„(*)} converges to f ( x ) at all points o f B  and of 
D = *B where the entities involved are standard, as before. In tha t case, 
we have

5.2.2 T h e o r e m . Let a be a standard point which belongs to B  or to the 
closure of B. Then a is a point o f unifoim  convergence for {/„(*)} if and 
only if for all bep(a)  n D, and for all infinite n, f„ (b )~ f (b ) .

Indeed, i f f n( b ) ~ f ( b )  foi all infinite n then f m( b ) ~ f  ( b ) ~ f n (b) for all infi­
nite n and m.  Referring to 5.2.1 we therefore conclude tha t the condition 
o f the theorem  is sufficient. The condition is also necessary, for if beD then 
lim„^ ̂  f n (b) =  / ( b) holds in *R. It follows tha t if rj is any positive infinite­
simal num ber then there exists an infinite natural num ber v such that 
\ fn(b)—f(b) \<r]  for m > v . This shows th a t f m{b)~f (b ) .  But if n is any 
other infinite natural num ber then f n(b)—f m(b) for any b in the m onad 
o f a , by 5.2.1. We conclude that f„(b)czf(b)  for all infinite n. This com­
pletes the p ro o f o f the theorem.

We shall call any point o f D  a t which f n(b) is not infinitely close to 
f ( b )  for some infinite n , a point o f  intrinsic non-uniformity. We have 
added the word intrinsic in order to distinguish such points from points 
which are no t points o f uniform  convergence in the sense of the classical 
definition. Such points are, by definition, standard. On the contrary, since 
we have assumed th a t limn^ w/ n(x )= /(x )  on D , the points of intrinsic 
non-uniform ity are by necessity non-standard. The above argum ent does 
show that the intrinsic points o f non-uniform ity are precisely those points 
beD  fo r which there exist infinite n and m  such tha t f n(b) is not infinitely 
close to f m{b).

5.2.3 T h e o r e m . Let {/„(.*)} be a standard sequence of standard func­
tions f n( x ) which are defined and measurable on a standard measurable 
set D  =  *B. Suppose tha t B  is bounded (or, which is the same, that the 
points o f D  are all finite) and that { /n(x)} converges at all points o f D. 
Then the set o f intrinsic points of non-uniform ity o f {f„(x)}  is o f S - 
measure zero.
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P r o o f . We shall rely on the classical theorem of Egoroff, which affirms 
that, on the assum ptions stated in 5.2.3 and for arbitrary standard rj> 0, 
the convergence o f {/„(*)} is uniform  in a m easurable standard subset 
D'  o f D such tha t —

Let G be the set o f intrinsic points o f non-uniform ity o f {/„(x)} and, 
for given rj, let D ^ D  — D'. Then w (D ^)<//. Also, since l im „ ^ /„ ( x ) = / ( x )  
uniformly on D \  the set o f intrinsic points of non-uniform ity o f {/„(*)} 
in D'  is empty, i.e., GczDn. Dn is a standard set o f measure not exceeding 
rj, so there exists a standard open set Fn of measure not exceeding 2rj such 
tha t Dr}czFt1 and hence GczFr  This shows tha t G has an outer *S-measure 
not greater than  2rj. Since rj is standard positive, otherwise arbitrary, we 
conclude tha t Sm(G) =  0, as claimed.

Conversely, it is no t difficult to deduce Egoroff’s theorem  from  5.2.3. 
However, no independent proof o f 5.2.3 is known, nor does N on-standard 
Analysis appear to offer any advantages in the p roo f o f Egoroff’s theorem 
as such. Nevertheless the recasting o f the classical notions and results o f 
the theory of uniform  and non-uniform  convergence in the language o f 
N on-standard Analysis may be said to have an interest o f its own. Let us 
m ention tha t it can be carried a good deal further still.

We shall now show how Egoroff’s theorem, as applied to *i?, provides 
a straightforw ard p roof o f C antor’s lemma in the theory of trigonometrical 
series.

5.2.4 T h eo rem  (Standard. Cantor). Suppose tha t £„(x) =  tf„cos«x-f 
bn sin nx  tends to zero as n tends to infinity alm ost everywhere in an 
interval a < x < b , a<b .  Then an and bn tend to zero as n tends to infinity.

P r o o f . We have to show that limn_>ooa ^ - h ^  =  0, or, which is the same, 
that a* + b * ~ 0 for all infinite natural num bers co. To prove this, for given 
infinite co, it is sufficient to consider the case that a* + b * ^ 0 .  We define 
a real num ber rf by

a (j) bw
cos sin w =  ———-------— 0 < n < 2 n ,

where the positive square roo t is chosen in the denom inator. Then

sn (x) =  aw cos cox +  bw sin cox =  (a^  +  b* )* cos (cox — rj).
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In every interval £ < x < £  + 2n/aj, cos (cox — rj)>^ over one or two sub­
intervals o f to tal length jn/co. Also, the numbers £j = a + (2jn)/a) divide 
a < x < b  into [(b — a)co/2tc] intervals o f length 27r/co (where [z] denotes 
the largest positive integer not greater than z, as usual), plus a fraction of 
such an interval. Hence, cos (cox — rj)> \  on an internal set o f points D in 
the interval a < x < b  whose measure is ^(b — a) — e, s infinitesimal, and 
hence, is greater than \  {b — a). On the other hand, by Egoroff’s theorem, 
there exists a standard subset F o f  a < x < b ,  o f measure i ( b  — a) such that 
s„(x) converges uniformly on F. It follows that is infinitesimal for all 
£eF. But D and F  cannot be disjoint since they are subsets o f the interval 
a < x < b , and m(D) + m ( F ) >  %(b — a) + i ( b  — a) > b — a. Let £eD n F. Then 

=  +  co s(co £ -> /)-0  but co s(co £ -> /)> i. Hence,

+ < 2 sa (£)

and further, 0. This proves the theorem .

5.3 Distributions. W orking in R , we denote by C 00 the class of real­
valued functions which are defined for all real numbers and possess 
derivatives o f all orders everywhere. Passing to *R, we shall consider 
certain functions of the class *(2 °° and we shall show that they provide 
adequate representations for the com m on type of Schwartz distributions.

Let F  (the test space) be the subset o f C 00 which consists o f the functions 
g{x)  with finite support, i.e., for which there exists a real num ber c (in R) 
such tha t g (x) =  0 for all \x\ >c.  Let Q0 be the set of real-valued internal 
functions f ( x )  in *R which are defined for all real x and are square 
integrable over any interval o f finite numbers (i.e., J a ( / (* ) )2dx exists, as 
a Lebesgue integral in *R , for any a < b  such tha t both a and b are finite 
real numbers) and such tha t the integrals j ĉ o0f ( x ) g ( x )  dx  are finite for 
all g(x)eF.  We shall use the inner product notation for such an integral,

00

(.f , 9 ) =  J  f ( x ) g ( x ) d x .
— 00

The sum o f two elements of Q0 is an element o f Q0 and if/ (x)eQ0 and 
X is a finite num ber then k f  {x)eQ0.

Evidently, every standard function which belongs to *C°°, belongs also 
to Q0. M oreover, if  g(x)eF  and h { x )e C co then h(x)g(x)eF.  It follows
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that if / ( x)eQ0 and /i(x)eC°° then (x) h(x ) g(x)  dx is finite for all 
g ( x ) in F  and so / ( x )  h(x)eQ0. (Notice tha t here as elsewhere, we are 
using the symbols h(x)  and g ( x ), ambiguously, both for functions in R  
and for their extensions in *R).

Let Q x be the class of functions of Q0 such tha t ( f , g ) ~ 0  for all g(x)eF.  
Then Q x also is additive, and iff  {x)eQ1 and A is a finite real num ber then 
A f  ( x ) e Q 1 ; and i f / (x )eQl and h ( x ) e C co th en / (x) h(x)eQ1.

For every / ( x)eQ0, we define a functional A f  on the set F  by

Af \ _ 9 \= ° ( f , g )  for all g ( x ) e F .

If g x(x) and g 2 (x) are elements of F  and A is a standard real num ber 
we then have

^ / [ 3 1+ 0 2 ] =  O( / , 0 1+ ^2 ) =  O( ( / ^ l )  +  ( / ^ 2 ) )  =  O( / ^ l ) + O(/,? 2 )  

and similarly,

[ ^ 1] ==° ^ f  \_91] [^ i]  .

This shows tha t the functionals Af  are linear from the algebraic point 
o f view. We denote the set o f these functionals by <P, and we denote the 
mapping f - * A f  from Q0 onto 0  by \j/. Both Q0 and 0  constitute Abelian 
groups with respect to addition, and the m apping ^  is a hom om orphism  
from Q0 onto 0 .  The kernel o f this hom om orphism  is Q x and the quotient 
group QolQi  is isom orphic to 0 .  I f f ~ g  is the equivalence relation in Q0 
which is defined by f —g e Q t then the elements o f 0 o/ 2 i  are the equiva­
lence classes with respect to this relation. We shall call them p r e - d i s t r i ­

b ut ions .  Thus / (x) and g (x) in Q0 belong to  the same pre-distribution if 

f - g e Q i -
We shall now show tha t 0  consists o f all functionals on F  which are 

linear from the algebraic point o f view. M ore particularly, we shall show 
that for any given functional A [g] on F  which is linear from the algebraic 
point o f view there exists in *R a polynomial pA(x) (i.e., p d(x)e*Il9 
where 77 is the class o f polynomials in R) such that (P j,0) =  4f [#] for all 
g (x) in F. Since a polynom ial is square-integrable on any interval (in R  
and hence, in *R) and since (pAig) — A[jg] is finite for all g(x)  in F , we 
conclude tha t p A(x)eQ0.

In order to prove the existence o f such a polynomial p A(x) for given



we first consider a finite set o f linearly independent functions 
gfix)eF, j =  l,...,/w , m >  1. W orking in R,  we claim that for every set of 
real numbers there exists a polynom ial p(x)  such that

00

5.3.1 (p,gj)= j  p ( x ) g j ( x ) d x  = aj, j  = l , . . . ,m .
— oo

Since the functions gf ix)  have finite support, there exists a positive real 
£, such that gj(x)  = 0 for |jc|><!;, j =  l , . . . ,w . And a simple transform ation 
of the independent variable (x' = x/2£) shows that we may, w ithout loss 
of generality, suppose that £ < 1 . Then 5.3.1 becomes 

i

5.3.2 j  p ( x ) g j ( x ) d x  =  aj ,

-  1

where the gf ix )  vanish in the neighborhood of the end points o f the 
intervals o f integration.

We represent the functions g f ix )  by their Legendre expansions

gj (x )  = aJ0P0(x) + a{P1(x) + aJ2P2(x) + ■■■,

where, in view of the stated restrictions on the gfix) ,  the series on the 
right hand side converges to the correct value on the closed interval 
— 1 < x <  1, the convergence being uniform in any interval — 0 < x <6  for 
9<  1. Since the gfix)  are linearly independent, by assum ption, the matrix

/ a l0 a\ a \ . . A  

\* o  a"i a™--/

m ust be of rank m. It follows that there are subscripts 0 < j \  < j 2 < • • • <  j m 
such th a t the matrix

/ a j .

\ _ m m  m )
\ aj 1 aj2 '"ajm/

is non-singular. W riting
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we then obtain
hl (x) = Pj l(x) + k l (x) ,  / =  l , . . . ,m ,

where the Legendre expansions of the functions k t(x) do not contain terms 
involving PJ{(x), . . . ,Pj  (x). Furtherm ore, defining bu .. . ,bm by

we see tha t 5.3.2 is equivalent to

i

5.3.3 J p(x)  hl (x )d x  = b[, 1= 1 .

-  i
We now set

5.3.4 p (x) = Pjs (x) + c2Ph  (x) +  • • • + cmPjm (x ) .
Then *

J  p(x)  /c,(x)dx =  0 , / = l , . . . , w ,
- 1

and so 5.3.3 becomes
i

j  p ( x )P Jl(x )d x  = bl , / = ! , . .  „m.
-  1

But jL j (P„(x))2 dx =  2/(2n+  1) and so 5.3.4 is satisfied by C/ =  i ( 2 / ; +  1 )/?„ 
/=  l,. . . ,w . This shows that

5.3.5 /?(x) =  i  (2y, +  1)6, (x) +  i  (2j 2 +  1 ) b 2 Ph  (x) +  • • • +
K2ym+ i ) ^ m/>yw(x)

is a polynomial which satisfies 5.3.2, as required.
Now let A [g ] be any functional on F  which is linear in the algebraic 

sense, and let be an arbitrary finite set o f elements of F. Then
we claim that there exists a polynomial p(x)  such that

00

5.3.6 J  p ( x ) g j ( x ) d x  = A [ g j ] ,  j = \ , . . . , k .
— 00
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Indeed, to  satisfy 5.3.6, we only have to  select a linearly independent 
subset o f the gj9e.g.9g l9.. .9gm9 and to  satisfy 5.3.1 for aj =  A [_gj\J =  1,... ,m. 
This implies th a t the first m  equations o f 5.3.6 are satisfied directly while 
the rem aining k  — m equations (if any) are satisfied by virtue of the line­
arity o f A[g~\- (If k — 1 and g i(x ) =  0 the assertion is trivially true.)

We have ju st shown that, for a given functional A as above, the relation 
T(g,p)  which is defined as follows is concurrent in R.

‘g is a function which belongs to the set F  and p  is a polynom ial and 
l - ' 0p ( x ) g ( x ) & x = A [ g \ \

This shows that a p A(x) as required exists in *R.
Instead o f selecting p A{x) as a polynom ial in x we might equally well 

have determined it as a trigonom etrical polynom ial (or in terms o f certain 
other sequences o f orthogonal polynomials). Again, since the behavior 
o fp A{x) for infinite values o f x makes no difference to  the value o f (pA,g) 
for g(x)eF,  we may modify p A{x) in such a way th a t the function resulting 
from  the modification still belongs to * C C0 but vanishes for |x| >a, a posi­
tive infinite. This can be done, for example, by multiplying p A(x) by a 
function #(x)e*C°° which has the property tha t q{x)—\ for |x| < \ a  and 
#(x) =  0 for |x |> a .  The fact tha t such a function q(x)  exists can be es­
tablished by transfer from  R  since it is known th a t there are functions in 
C 00 with the stated property for standard a .

Our result shows tha t every pre-distribution (element o f Q 0/ Q i ) con­
tains at least one function of the class *C°°. We write P0 = Q o fi *C°°, 
Pi — Q i fi *C'00, so th a t Pt and P0 are again additive groups and F i/P 0 *s 
isom orphic to  Q i / Q 0 and to <P.

In the Schwartz theory o f  distributions, a linear functional A [g] on F  
is a distribution only if  it satisfies a further requirem ent, o f continuity, as 
follows. Let {#„(x)} be a sequence o f elements o f F  such th a t #„(x) =  0 
for all n9 and for |x| >a,  for some standard real a and such tha t #J,fc)(x)->0 
uniformly in x as n tends to infinity for k  — 0 ,1,2,3,.... Then the require­
ment is tha t l im ^ ^ ^ z /[^ J = 0 . We shall say tha t the pre-distribution a is 
a 2-distribution, if the image o f the elements o f a in 0  satisfies the con­
dition o f continuity just mentioned, i.e., is a distribution in the sense of 
Schwartz’s theory.

Thus, to every distribution in the sense o f the theory o f Schwartz there 
corresponds a Q-distribution, which is a particular class o f non-standard 
functions. For example, to the D irac Delta function as a distribution



138 FUNCTIONS OF A REAL VARIABLE [5.3

there corresponds the Q -distribution which contains, among others, the 
function (a/n)* exp ( — ax 2) where a is any positive infinite real num ber. 
On one hand, the standard theory has the advantage that in it, the Delta 
function is unique by its very definition, whereas in the non-standard 
theory uniqueness is achieved only by combining the candidates for the 
rule o f Delta function, such as the various (a/n)* exp ( — a x 2) into a single 
equivalence class. On the other hand, the fact tha t the elements of the 
equivalence classes are proper functions helps to make the theory more 
intuitive. However, we should mention here that even in standard theory, 
distributions can be given a degree of concreteness through representing 
them by equivalence classes of sequences of functions.

5.3.7 T h e o r e m . Let a be a pre-distribution, and let f ( x )  and g(x)  be 
two elements of a which possess continuous derivatives for all x. Then 
f ' ( x )  and g'(x)  belong to the same pre-distribution.

P r o o f .  On the assum ptions of the theorem, the functions/ ' (x )  and g ' (x )  

are square integrable over any interval. Also, for every h(x)eF,  integration 
by parts yields ( f \ h ) =  — (fjri).  Since h'(x)  also is an element of F , (/,/*') 
is finite. Hence, ( / ',/* )  is finite, and s o / ' ( * ) , and similarly, g ' (x )9 belong 
to Go-Now consider the difference k ( x ) = f  (x )  — g(x).  Since/ and g belong 
to the same pre-distribution, (k,h) is infinitesimal for all h(x)eF , and so 
(k' ,h)= —(k9h') is infinitesimal for all h(x)eF.  This shows tha t k ' ( x ) e Q u  
and hence tha t f ' ( x )  and g'(x)  belong to the same pre-distribution.

5.3.8 C o r o l l a r y . On the assumptions o f 5.3.7, if f ( x )  and g(x)  
belong to the same g-distribution  then the pre-distribution to which f ' ( x )  
and g '(x )  belong is a (2-distribution.

As we have seen, every pre-distribution a contains a continuously 
differentiable function (even a polynomial) / ( x ) ,  and 5.3.7 shows that 
the pre-distribution p  to which/ '  (x) belongs is then determined uniquely. 
We call P the derivative o f a and we write P = ot\ or /? =  da/dx.

The following theorem s provide some inform ation on the structure of 
Q0 and P0.

5.3.9 T h eo r em . The only standard function which belongs to  is the 
zero function, /  (x) =  0.



P r o o f .  / (x )  is continuous, by assum ption. If f  (x )  does not vanish every­
where in *R and hence, does not vanish everywhere in R , t h e n / ( x o)4=0 
for some standard x 0 . A fam iliar procedure now shows how to construct 
a function g(x)eF  which is nowhere negative, and is positive only in some 
sufficiently small neighborhood o f x 0, such th a t ( f , g)  = $ -a o f ( x ) G(x ) dx  
4=0. And since ( f ig )  is a standard num ber, it follows tha t it cannot be 
infinitesimal. In  more detail, supposing, w ithout loss of generality, that 
/ (x0) > 0 , let a be a standard positive num ber such th a t/ ( x ) > \ f  ( x 0) for 
x 0 — a < x < x 0 + a and determine a function h(x)eF  such tha t h(x ) > 0 
everywhere and

h (x) =  1 for |x |< ^-u , h(x)  = 0 for |x |> a .

Putting g(x)  = h(x  — x 0), we then have g(x)eF  and

00 X o  +

5.3.10 J / ( x ) # ( x ) d x  =  J* f  ( x ) g ( x ) d x > i a f  (x0),
— oo x o ~ a

as required.

5.3.11 T h e o r e m . In order that an internal function f ( x )  which is 
defined for all x and is square integrable over every interval o f finite 
numbers, belong to Q0 it is sufficient tha t \ ba( f ( x ))2 dx be finite for all 
finite a , b.

P r o o f . Let g(x)eF , and let g(x)  = 0  for | x | > c > 0 ,  c standard. Then

00 c

5 .3 .U  ( J  f  ( x ) g ( x ) d x )  =^J /  ( x ) g ( x ) d x sj
— 00 — c

c c

^  J  ( /  (x))2 dx j* (g (x))2 d x ,
— c -  c

by Schwarz’s inequality. But Jc_c(#(x))2 dx is finite since it is a standard 
num ber, and so J ^ ° ° /(x )  g(x)  dx  = ( f ,g )  is finite, f ieQ0, as asserted. 

A nother application o f 5.3.12 proves
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5.3.13 T h e o r e m . Let f ( x ) e  Q0. In order that f ( x ) e  Q x it is sufficient 
tha t J a ( / ( * ) ) 2 dx  be infinitesimal for all finite a,b.

In general, a pre-distribution does no t possess a numerical value a t a 
point, since two functions may well belong to the same (^-distribution or 
pre-distribution yet differ, a t a given point, by an am ount which is no t 
infinitesimal. For example, the functions (a/n)* exp ( — a x 2) belong to the 
(distribution for the) D irac D elta function for all positive infinite a, yet 
for x =  0, the functions equal y/(a/n) and thus may take any positive infinite 
value whatever.

Let x 0 be any standard real num ber. We shall say tha t the pre-distri­
bution a is standard a t x 0 if there exist elements /  (x) o f a such th a t /  (x) 
is S-continuous at x 0.

5.3.14 T h e o r e m . Let a be a pre-distribution which is standard at the 
standard point x 0. Then there exists a standard y Q such tha t f ( x x) ~ y 0 
for all/ (x) in a which are ^-continuous a t x 0 and for all x x in the m onad 
of x 0 i.e. for x x ^ x 0.

P r o o f .  Let / (x)eoc be S-continuous at x 0. We show first that / ( x 0) is 
finite. Supposing tha t this is not true and adding, w ithout essential loss 
o f generality the assum ption th a t/ ( x 0) is positive (so th a t/  ( x 0) is positive 
infinite) we then have f ( x 1) > i f ( x 0) for all x t ^ x 0 since / ( x 1) ^ / ( x 0) 

for such x x. Defining the internal set o f positive real numbers D by

D = { b \ b > 0 A f ( x l ) > i f  (x0) for \xx - x 0\<b}

we then see tha t D  contains all positive infinitesimal numbers. But if the 
set o f positive infinitesimal num bers were internal, then the entire m onad 
of zero would be internal and we have already seen tha t this is not the 
case. It follows tha t D contains also num bers which are not infinitesimal 
and hence, contains also positive standard numbers. Denoting one of 
these by a, we then define the functions h(x)  and g(x)  as in the p roof of 
5.3.9, and obtain J - o o /M  9 ( x ) d x > } a f ( x 0), where the right hand side 
is positive infinite. But this is impossible since g(x)eF.  We conclude that 
/ (x0) is finite.

Now let / j  ( x x) and / 2(x) be two elements o f a which are S-continuous 
at x 0. We propose to show t h a t / i ( x 0) ^ / 2(x0). L e t/ ( x ) = /! ( x ) —/ 2(x)
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and suppose th a t/  (x 0) is not infinitesimal and (w ithout loss o f generality) 
that it is positive. Since / (x) is the difference between two elements of a 
pre-distribution, it belongs to Q t . It follows that ( f ,g )  is infinitesimal for 
all geF.  On the other h a n d ,/ (x )  is S-continuous at x0 and so, as in the 
first part o f the proof, there exists a positive standard a such that 
f ( x 0) for \ x{ — x 0\<a.  Defining g(x)  and h(x)  as before, we 
obtain again ( f , g ) > \ a f  (x0), which contradicts the earlier conclusion that 
( f ,g)  is infinitesimal. Thus, / i  (x0) ^ / 2 (x0) as asserted. Putting y 0 — 
° ( / i ( x 0)) for s o m e ( x ) e a  which is S-continuous at x0, we then have 
<y0 =  ° ( / ( x 0)) for any / (x)ea which is ^-continuous at x 0 and hence, by 
^-continuity, y 0 = ° ( f  (x x)) also for any other x x in the m onad o f x 0. This 
completes the proof of 5.3.14.

If  the pre-distribution a is standard at the standard point x 0, then we 
regard the y 0 which exists according to 5.3.14 as the value of a at x 0 and 
we write J;0 =  a ( x 0). In this sense a ( x )  is a real valued function (in R) 
which is defined for certain values o f the argument. For example, if S is 
the pre-distribution which contains (a/n)* exp ( — a x 2) for positive infinite 
a (i.e., the ^-distribution which corresponds to the D irac Delta function) 
then S(x)  exists and equals zero for all standard x +  0.

If f ( x )  is a standard function which belongs to a distribution a then 
a (x )= /(x )  for all standard x. And if a (x 0) and P(x0) exist for certain 
pre-distributions a and fi and for some standard x 0 then y = ct.±fi is 
standard at x 0 and y (x 0) = (x(x0) ± P ( x 0).

5.3.15 T h e o r e m . Let a be a pre-distribution and le t/ (x )  be a standard 
continuous function (so that / (x )  belongs to Q0). Suppose that for all 
standard x , a  is standard and a ( x ) = / ( x ) .  Then f(x)ecc.

P r o o f .  Let (1 be the pre-distribution which contains / (x ) .  Then /? is 
standard for all standard x  and / ? ( x ) = / ( x ) .  Consider the pre-distribution 
y = (X- - p .  y is standard for all standard x  and, for such x , y (x )  =  a ( x )  — 

/? (x )  = / ( x ) —/ (x )  =  0. We propose to show that y is the zero pre-distri­
bution, i.e., y = Q i . For this purpose, we only have to verify tha t if k(x)ey  
and g(x)eF  then (k,g) is infinitesimal.

Since g(x) has finite support there exists a standard positive c such that 
g(x) =  0 for |x |> c .  Let a be any standard real num ber such tha t \a\<c.  
We know that there exists a function f a(x)ey such th a t / a(x x) ~ 0 for all



x t ~ a .  It follows that, for any specified standard e > 0 , the assertion 
‘IZ /x O K e  provided \ x t — a\ <t]a' is true for all infinitesimal rja. The usual 
argum ent establishes tha t there even exists a positive standard r\a such 
that l/aCxi)! <s  for all x l such that \x i —a\<rja. Having chosen a suitable 
rja for each a in the interval —c < x < c ,  for a pre-assigned e, we denote 
the open intervals a — rja< x < a  + ria by Ua. The theorem of H eine-Borel 
now shows tha t there are am ong the Ua a finite num ber o f open intervals, 
Ul9U2,"- ,Um, whose union includes the interval —c < x < c .  To each Uj 
there belongs a function f a(x) such th a t \ f a(x)\ <s  in tha t interval. It will 
be renamed f f i x ) .  M oreover, we may shorten the intervals Uj as necessary 
(and perhaps omit some o f them) so as to ensure that no point of
— c < x < c  is included in more than two o f the Uj and moreover, so that 
the total length o f the overlap, together with the length o f the intervals 
by which U J=1 Uj extends beyond — c < x < c  is as small as we please. 
Thus, we may certainly assume that the total length of the intervals Uj 
does not exceed 4c. Let A =  m ax |g(x)|. We shall make use of the fact th a t 
g(x)  can be written as a sum of functions gj (x)eF

g{x) = g l (x) + g 2{x) + - --+gm(x)

such that gj(x )=  0 outside Uj, and |g /x ) | <  A on U j, j  =  1 Then

00 c

J  k (x) g (x) dx =  J  k (x) g (x) dx =  £  J *  (*) g.  (x) dx
-  oo — C U j

m r* m /*

=  Z  { k ( x ) ~  f  j ( x ) ) g j { x ) d x +  Z f j ( x ) g j ( x ) d x .
j = lJ  j= l J

U j  U j

But ^u j{k(x)—f j ( x ) )g j ( x )  dx  must be infinitesimal since k(x)  and f j ( x )  
belong to the same pre-distribution, y. A t the same time

m f* m /*

Z f j ( x ) g j ( x )  dx <  Z eA dx <  4ceA.
y = iJ  j = iJ

U j  U j

We conclude that
oo

J  k ( x ) g  (x) dx <  rj +  4ceA ,
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where rj is positive infinitesimal. Since e is standard positive, but other­
wise arbitrary this inequality shows that (k,g) is infinitesimal. Hence, 
y = Q l , and hence, a =  /? ,/(x )e a . This completes the p roof of 5.3.15.

The last theorem shows tha t to every standard function / (x) which is 
o f class C°, i.e., which exists and is continuous for all x, there corresponds 
a unique pre-distribution a such that a ( x ) = / ’(x) for all standard x, and 
this is precisely the pre-distribution which contains/ (x). In general it will 
cause no confusion if we say that in this case a is a function. M oreover, if 
the pre-distribution a is a function then it is actually a ^-distribution. For 
if {gn(x)} is a sequence of functions from F  such that gn(x) = 0 for all n 
and |x |> c ,  c a standard number, and limn_+oô „(x) =  0 uniformly for 
\x\ <c,  then (f,g„) = 0( f , g n) tends to zero as n tends to infinity, and this 
is sufficient to  ensure that a is a 0-distribution.

Let / ( x ) e C 00 be an element o f the pre-distribution a (so that a is a 
function and a 0-distribution), and let /? be any pre-distribution. Then 
the set o f functions /(x )g (x ) ,  g(x)ep  is a subset o f 0 O and moreover, is 
a subset of a single pre-distribution y. We shall say tha t y is the product of 
a and /?, y =  a/?. The reason why we cannot define the product otfi for 
arbitrary pre-distributions (or g-distributions) a and /? is that, in general, 
we have no assurance that the products f ( x ) g ( x ) ,  where f(x)eoc and 
g(x)ef3, all belong to the same pre-distribution. This is the price paid for 
the transition from internal functions as such to equivalence classes of 
such functions.

5 .3 .1 6  T h e o r e m . Let/ (x )  e  C 00, be an element of the pre-distribution a 
(so that a is a function, and a ( x ) = /( x )  for all standard x). Let fi be a 
pre-distribution, which is standard at the standard point x 0. Let y = ocfi. 
Then y is standard at x 0 and y ( x 0) = cc(x0) p ( x 0).

P r o o f . It follows from  the assumptions of the theorem  that f ( x )  is S- 
continuous at x 0, and f { x 0) — a (x 0); also, tha t there exists a function 
g{x)eft  such tha t g{x)  is S-continuous at x 0 and °(g(xo)) = P(x0). C on­
sider the function h ( x ) = f ( x ) g ( x ) .  This function belongs to  y. Also, for 
any point x x in the m onad of x 0,

h ( x l) - h ( x 0) = f ( x l) g ( x 1) - f { x 0) g ( x 0) = f ( x l) ( g ( x 1) - g ( x 0)) 
+  ( /C* i ) - /C*o ) ) f f ( * o ) -



But f ( x 1)(g(xi) — g(x0)) and ( / ( * i )—/( x o))0(xo) are both infinitesimal 
since they are products of two factors one of which is finite and the other 
infinitesimal. Hence, h(xi) — h(x0) is infinitesimal, h(x) is S-continuous at 
x0. It follows that y is standard at x0 and y(x0) = °(h(x0))=f(x0) °(g(x0)) 
= <x(x0)P(x0). This proves the theorem.

5.3.17 T h e o r e m . Let a be a pre-distribution and let/ (x )  be a standard 
continuous function. Suppose that a is standard at all standard points x 
of a closed interval a< x<b , a and b standard, a<b , and that for such 
x, a(x)=/(x). Then °(h9g) = ( f 9g) for any g(x)eF whose support is in­
cluded in the interval a<x<b  (i.e., which vanishes for x<a  and x>b) 
and for any h(x)ea .

Let P be the pre-distribution which contains/ (x) and let y = a — p. Then 
y is standard at all standard points of the interval a<x<b9 and

y (x) = a (x) -  P (x) = /  (x) - /  (x) =0

for the standard points of that interval. If we can show that for any 
function k(x)ey and for any g(x) as described in the statement of the 
theorem, °(k9g) = 0 then this will entail the theorem since h —fey.  And, 
in order to show that °(k9g) = 0 in this case, i.e., that (k9g)~09 we only 
have to use the method employed in the proof of 5.3.15.

We have seen already that if the pre-distribution a is a function, i.e., if a 
contains a continuous standard function/(x), then a is a ^-distribution. 
The same is true if a  is the /cth derivative of a function for some finite k. 
For let P = ot(k\  where a is a function which contains the continuous 
standard function f  (x). Let {#n(x)} be a sequence of functions from Fall of 
which vanish outside some interval — c < x < c9 where cis a positive standard 
number, and suppose that \imn_+oog(f )(x) = 0 uniformly in x, for all finite k . 
Choose a function /*(x)e*C°° which belongs to a . We established previ­
ously that such a function exists. Then h{k)(x) belongs to P and we have 
to verify that °(hik)9gn) tends to zero as n tends to infinity (in R). Inte­
gration by parts shows that

00 00 

(hik\g„)= J  /i<k)(x)0„(x)dx = ( -  o '1 J  h(x)gik)(x)dx = ( - l ) k(h,g^).
— oo — oo
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At the same t im e ,/a n d  h both belong to a, and so (h9g(k)) ^ ( f 9g ik)). But 
g (nk)(x)-+ 0 uniformly in x and so

oo c

( f - S <nk))=  J  f ( x ) g » k)(x )d x  = j  f  (x )glk)(x )dx->0,  as n->oo
— co — c

It follows tha t
° ( h (k\ 9 n ) = ( - ! ) *  ° ( h , g T ) = ( -  1 )* (/.  g (k))

tends to zero as n tends to infinity, as required.

5.3.18 T h e o r e m . In order that a pre-distribution a be a (/d istribu tion , 
it is sufficient that for every standard positive c there exist a finite natural 
num ber k  and a pre-distribution ft which is a function such that the 
distribution y = (x — P(k) is standard at the standard points o f the interval 
—c < x < c  and y(Y) =  0 for such points.

P r o o f . Suppose tha t the condition o f the theorem  is satisfied and let 
{dn W } be a sequence of functions from F  such that, for some standard 
positive c9 g„(x) =  0 for |x |> c  and \ imn^ oog {k)(x) = 0 uniformly in x for 
finite k. L e t/ (x)ea then we have to show that ° ( f ,g n) tends to zero as 
n tends to infinity (in R). By assum ption, there exists a pre-distribution 
P which is a function such tha t for some finite k 9 y = oL — P(k) is standard, 
and equals zero, at all standard points o f the interval —c < x < c .  Let 
h(x)  be a function of class *C°° which is contained in p. Then 
f ( x )  — h{k)(x) belongs to y. Applying 5.3.17, with — c and c for the 
a and b in the statem ent o f tha t theorem , with the zero function for 
th e / ( x )  m entioned there, and with / ( x )  — h{k\ x )  for h(x)9 we find that 
° ( f —h(k)9gn) = 0 and hence ° ( f , g t)  = °(h{k)9g ^ .  But, as shown in the dis­
cussion preceding the statem ent o f 5.3.18, °(h(k)9gn) tends to zero as n 
tends to infinity, in R 9 and the same is therefore true of ° ( f 9gn). This 
proves the theorem.

5.4 Remarks and references. The non-standard theory o f Riemann 
integration is developed in r o b in s o n  [1963] within the framework of the 
Lower Predicate Calculus. For the non-standard approach to Lebesgue 
integration the use o f a higher order language appears to be essential.
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N on-standard functions which represent the Dirac D elta functions are 
detailed in r o b in s o n  [1961]. L u x e m b u r g  [1962] contains a non-standard 
theory o f distributions which is based on the approach given in m ik u - 

sin sk i and sik o r sk i [1957]. The theory presented here is closer to the 
point o f view of L . Schwartz (s c h w a r t z  [1950, 1951]).



C H A P T E R  VI

F U N C T IO N S OF A COMPLEX  
VARIABLE

6.1 Analytic theory of polynomials. Let Z  be the two-dimensional 
Euclidean space with the algebraic structure of the complex numbers. 
The points o f Z  may be regarded as pairs o f real num bers in R  and the 
form al statem ents tha t can be made about Z  can all be expressed as 
statements about R. Let *Z and *R be corresponding enlargements. 
For any entity (set, relation, function) in Z  or R  there is a corresponding 
entity in *Z or *R. Since *Z is included in *R in the sense explained we 
shall usually think of such a correspondence as relating to R  and *R.

A complex-valued function o f a complex variable w = f ( z )  may be 
represented in the formal language in various ways, e.g., as a binary re­
lation whose arguments are pairs o f real numbers, or as a quaternary 
relation where stands for u + \ v = f  (x + iy), x  + iy = z,
u + iv = w. A lthough the particular choice o f the representation is irrele­
vant to our argum ents the one just mentioned is quite suitable if we wish 
to express a given statem ent within the formal language A.

Let 77 be the set o f complex-valued polynomials o f one complex vari­
able so th a t the elements o f 77 map Z  into Z. Let *77 be the corre­
sponding set in *7?, so th a t the elements o f *77 map *Z into *Z. Following 
our custom, we call the elements of *77 also polynomials.

W ith every polynom ial p  (z)e77 and with every natural num ber k e N  there 
is associated a complex num ber ak, which is the k th coefficient o f p(z).  For 
non-zerop  (z) there is a greatest k  for which ak 4= 0, the degree o f p  (x). For 
any p  (z), the num ber of coefficients which are different from  0 will be called 
the rank r o ip  (z) so tha t r >  0. All these functionals extend to *77 autom atic­
ally, although the degree and the rank o f a polynom ial may now be infinite 
natural num bers. We shall be interested chiefly in non-zero polynomials o f 
*77 whose rank is f inite , reN.  Such polynom ials can be written in the form

6.1.1 p (z) =  cx z"1 +  C2zni +  • • • +  crznr, r > 1 ,
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where n x < n2 <  • • • <  nn and c} =t= 0, 1 < j < r. In this expression, neither the 
rij nor the Cj need be standard although the num ber o f terms, r, is stan­
dard, by assum ption. 6.1.1 implies tha t for any particular complex 
num ber in *Z the value o f p(z)  can actually be obtained by the evaluation 
and addition o f the individual terms on the right hand side.

A nother functional which extends autom atically to the non-zero poly­
nomials o f *77 is the number o f  zeros o f  a polynomial p(z)  (taking into 
account multiplicities) such that |z |< 7?0. We denote this functional by 
f i =  G [/j(z),/?0], where R 0 ranges over the positive real num bers and Q 
ranges over the natural numbers. If  £>[p(z),7?0] =  v, where v is a finite 
natural num ber then this fact can be expressed equivalently by the semi- 
formal statem ent

6.1.2 (3 z1) ...(3 zv) [ [ |z 1| < R 0 a  |z 2| < R 0 a  ••• a  |z„| < K 0] 

a  C(3g) [ # t (n,q)  A p  (z) =  (z -  z ,).. .(z -  zv) q
a  [(Vz)[^f(z) =  0 ^ |z |> R 0] ] ] ] ]

where n is the constant which denotes 77 in R  and *17 in *R , and t  is the 
type o f 7i, t  =  ((0,0,0,0)). It is not difficult to see tha t 6.1.2 can be trans­
lated into a sentence o f K.  If  Q\_p(z),R0~\ is infinite there is no corre­
sponding single sentence quantifying the individual roots as in 6.1.2. 
However, in th a t case the statements

6.1.3 (3 z j)...(3 zv) [ [ I z j I  < R 0 a  | z 2 | < R 0 a  ••• a  | z , |  < K 0] 
a  [(3^) [(pt (n,q)  a  p  (z) =  (z -  z , ) . . .(z -  zv) ^f]]]

hold for all finite natural num bers v.
A m onom ial p{z) = azm is a polynom ial o f rank 1. Thus, it is implied in 

the definition o f a m onom ial th a t a =h 0. Let azm and bzn be two monomials 
in *77 such th a t m=#«. We shall say th a t fez" dominates azm, in symbols 
bzn$>azm, if there exists a finite positive num ber q such tha t \bzn\>\azm\ 
for all finite z such th a t |z| > g . Clearly, this is equivalent to the condition 
\b/a\an~m> \ for all g > q, g finite.

Let azm, fez", czk be three m onomials such tha t fez">az"', czk$>bzn. 
(This implies th a t n ^ m  and k  + ri). Suppose tha t kj=m.  Then we claim 
tha t czk^ a z m.

By assum ption, there exist finite positive num bers q, q' such tha t for 
all finite g, g > q entails \b/a\Gn~ m>  1 and g > q' entails |c/fe|<j*'"> 1.



Hence, for all finite <r> m ax({?,£')

C srk~m _  ̂ srk~n ^ .1   1-  G =  -  <7 -  cr >1*1 =  1 ,
a b a

showing tha t czk dom inates azm.
For any two monom ials azm, 6z", n4=m, the function /  (<r) =  |h/u|(7n~m, 

<r> 0 , is strictly increasing for n > m  and strictly decreasing for n < m . In 
the form er case, it is smaller than 1 for sufficiently small a and greater 
than  1 for sufficiently large a, in the latter case, greater than  1 for suf­
ficiently small cr, smaller than  1 for sufficiently large cr. In any case, there 
is a single c  = a0 such tha t \b/a\an~m= 1. If  n > m  and a 0 is finite then 
bznp a z m. If  n > m  and cr0 is infinite then \a/b\am~n> 1 for all finite a > 0  
and so azm >  bzn. On the other hand, if m > n and o 0 is finite then azm >  bz11; 
while if m > n  and a0 is infinite then bzn$>azm. This exhausts all possible 
relations between azm and bzn and shows tha t (for n ^ m )  either bzn^>azm 
or azm^>bzn. I t will be seen tha t two monomials cannot dom inate each 
other.

Now let p{z)  be a non-zero polynomial of finite rank as given by 8.1.1. 
The terms o fp(z)  as they appear on the right hand side of 8.1.1 constitute 
a set o f r monomials o f different degrees, which are totally ordered by the 
relation Accordingly, one of the terms of p(z), ctzni9 dominates all 
others. Its degree, nh will be called the order o f p(z )9 in symbols nt = 
ord p(z).

We now come to the principal result o f this section.

6.1.4 T h eo r em . Let p(z)  be a non-zero polynomial of finite rank, r. 
I f  o rd p(z)  = p  is finite (i.e., if pe N)  then the num ber o f finite zeros of 
p{z)  is p. I f  o rd p(z)  = p is infinite (i.e., p e * N —N )  then the num ber of 
finite zeros of p(z)  is infinite.

The multiplicities o f the zeros have to be taken into account in the in­
terpretation o f this theorem. For finite p,  this does not present any 
problem. For infinite p , we shall take the italicized word infinite in the 
conclusion to  mean tha t for every finite natural num ber v we can find 
(equal or different) finite complex numbers z l9. . . , zv9 and a polynomial 
q ( z ) e * n  such tha t /?(z) =  (z — z j - f z  — zv)q(z).

In  the p roof of 6.1.4, we shall make use of Rouche’s theorem  -
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6.1.5 T heorem  (Standard. Rouche). If the functions f x (z) and f 2 (z) are 
analytic on and inside a Jordan curve r  and \ f 2(z)\ < l / i ( z )l on F  then 
f i ( z )  a n d / i  (^)-h /2(z) have the same num ber o f zeros inside r .

We shall require this theorem  for the particular case tha t f x(z) and 
/ 2(z) are polynomials and the curve r  is a circle. For this case the transfer 
of the theorem  from  R to *R presents no problem.

P roof of 6.1.4. Let ctzm be the term  of p(z)  which dom inates all other 
terms, so tha t p = ord p(z).  Supposing tha t p(z)  is given by 6.1.1.,
consider any term  CjZnj of p(z)  such tha t /< / .  By assum ption, there exists 
a finite positive num ber Qj such that

-  |z |”i_^ > l  for \ z \ > Q j .  

ci
Let Q0 = r m a x l <j<i Qjt where r is the rank o f the polynomial then for all 
finite z such tha t |z| > g 0,

C :Z nj c : ( z  j  r ) n j 

1

6.1.6 - rnj- ni<

- . 

c,z cf(z/r) ■ r

On the other hand, if j > i  then we claim that the ratio \ c f n j is
infinitesimal for all finite z. Suppose, on the contrary, tha t \cjzn0ilciz tQ\>e
for some finite z0 where e is a standard positive number. Put
(/ =  |z0| £~ 1/(n7""w») then f()r \Z\> e ' 9

cj£ l = °J |2j-i— CJ  |z0|nj_'l|£_1^efi_1 =  l ,
C(L ‘ Ct Ct

which contradicts the assum ption that cIz”i dominates CjZnj . Hence,
|CjZnj/CiZni\ is infinitesimal for all finite z and hence, a fortiori,

| cjznj/cizni\ < \/r for all finite z.
Put

p  (z) =  Cfz”' +  q  (z) where q  (z) =  £  CjZn j .
j * i

Then, for |z |> ^ 0,

J * i  T

and so

6.1.7 |^(z)|< |C jZ B,| for |z |> g 0 .
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Suppose first tha t nt =  p  =  ord p  (z) is a finite natural num ber. Then 
c{zni has just 72f zeros, all a t the origin. Hence, by the special case o f 
Rouche’s theorem  mentioned above, and taking into account 6.1.7, p(z)  
has just 72; zeros in any circle of finite radius q' > q0. This shows tha t p ( z ) 
possesses ju st nt finite zeros, taking into account multiplicities.

Suppose next tha t rii — p  is an infinite natural num ber. It is then a 
consequence of Rouche’s theorem  tha t for every q' > q0 an^ f ° r every 
finite natural num ber v, there exist zk, k — l,...,v , \zk\ < q' such tha t p(z)  
is divisible by (z — z 1).. .(z — z v). This completes the p ro o f o f 6.1.4.

6.1.4 enables us to establish the following theorem  on lacunary poly­
nomials.

6.1.8 T h eo rem  (Standard. Montel). Let

6.1.9 p(z )  = l + a 1z + a2z 2 H---- b akzk + ak+1z nk + i H b ak+lznk +1

where 0 < k < n k+l <  ••• < n k+h />  1, ak=bO. Then there exists a positive q 
which depends only on a l9a2,. . . ,ak, and / (and not on the particular 
nk+j,ak+j9j = l , . . . J )  such th a tp(z)  possesses at least k  roots in the circle 

\z\<Q-

P r o o f . Suppose, contrary to the assertion of the theorem , th a t no such 
q exists for a given set a l9a2,. . . ,ak, and /. Then the following statem ent 
can be form ulated as a sentence of K, which holds in R  and hence in *R.

6.1.10 ‘For every £ > 0  there exists a polynom ial p(z)  o f the form  6.1.9 
such tha t p(z)  possesses not more than  k — 1 zeros in the circle |z| < £ .’

W orking in *R and choosing q as an infinite positive num ber we deduce 
from  6.1.10 tha t there exists a polynomial p(z )e*I l  o f the form  6.1.9 which 
possesses a t m ost k — 1 finite roots. Let us consider the order o f this 
particular polynomial. Since the numbers 1 ,ai9a2,. . .9ak are standard, and 
since ak~-i=0, the term  akzk in p(z)  dom inates 1 and all a f j for j < k  for 
which dj-i=0. All the remaining terms o f p(z ) ,ak+jznk+J, j =  1 ,...,/ are of 
degree greater than k.  Accordingly, ord p ( z ) > k 9 where ord p{z)  may be 
finite or infinite. This shows tha t p{z)  has at least k  finite roots, by 6.1.4. 
We have obtained a contradiction and the theorem  is proved.
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We shall now give a generalization of M ontel’s theorem  in a new di­
rection. Two polynomials will be called disjoint if they do not contain 
any terms (monomials) of the same degree. For example, if one poly­
nomial is odd and the other one even then the two polynomials are 
disjoint.

6 . 1 .1 1  T h e o r e m  (Standard). There exists a function \j/(r,s,k) whose 
arguments range over the positive integers and whose functional values 
are real positive such that the following condition is satisfied. If  p(z ) and 
q(z) are two disjoint polynomials o f ranks not exceeding r and s re­
spectively, and if both p(z)  and q{z) have at least k  roots whose moduli 
do not exceed any given p > 0  then the sum p(z)  + q(z) has at least k  
roots whose moduli do not exceed Q\p(r,s,k).

P r o o f . It is sufficient to prove the existence of ij/ (r,s,k) for the particular 
case q = \  since the general case can be reduced to this by putting z — q z .

Suppose that, for a particular set of finite natural num bers r, s , and k, 
there does no t exist a j/ = \j/(rfs,k) as described in the theorem. Then the 
following statem ent holds in R  and can be expressed within K  and hence, 
holds also in *R.

6 . 1 . 1 2  ‘For every <r>0, there exists two disjoint polynomials p(z)  and 
q(z) of ranks no t exceeding r and s respectively, each possessing at least 
k  roots in the unit circle, \z\ <  1, and such that the sum p(z)  + q{z) pos­
sesses a t m ost k — 1 roots in the circle \z\ < a . ’

W orking in *R, and choosing for a  any infinite positive number, we find 
tha t there exist disjoint polynomials p(z)  and q(z) in *77, o f ranks not 
exceeding r and s respectively, each with at least k  roots in the unit circle 
such that p(z)-\-q{z) possesses at m ost k — 1 finite roots. Clearly, in this 
case, p{z) + q(z) cannot reduce to the zero polynomial, and neither p{z)  
nor q{z) can reduce to th a t polynomial. Since p(z)  and q{z) are disjoint, 
the set o f all terms of p{z)-\-q(z) is the union o f the set o f terms of p(z)  
and the set o f terms of q(z). Suppose that the term  of p{z)  which dom i­
nates all others is a tzWi while the corresponding term  of q{z) is b j Z m j . Thus 
ordp(z )  = n i>k ,  ord q(z) = m j > k .  Evidently, the dom inant term  of 
p(z)  + q(z) is then either or bjZmK This shows tha t ord(p(z)  + q(z ) )>k ,
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implying th a t p ( z )  +  q ( z )  has at least k  finite roots. We have obtained a 
contradiction, which proves the theorem.

M ontel’s theorem , 6.1.8, follows from  6.1.11, by taking r  —  k + 1, s = l  
and by choosing q  in 6.1.11 so tha t all roots o f the polynom ial 1 + a xz  +
a 2 z 2 -\ have moduli \z \ < q .

We now turn  to the p ro o f o f some results which are related to  K akeya’s 
theorem  on the zeros o f the derivative o f a polynomial.

6 . 1 . 1 3  T h e o r e m  (Standard. Kakeya). Let p ( z ) be a polynom ial o f 
degree no t greater than n  such th a t at least k  > 1 roots o f p ( z )  are situated 
in the circle |z | <g.  Then there exists a num ber 6 which depends only on 
n  and k 9 0  =  6 ( n , k )  such th a t p ' ( z )  =  d p / d z  has at least k —  1 roots in the 
circle \z \ < q 6 .

Clearly, one obtains an equivalent result by stating in the conclusion tha t 
z p ' ( z )  has a t least k  roots in the circle \z \ < q 9.  In  this form  K akeya’s 
theorem  is a special case o f the following result which is considerably 
more general.

6 . 1 . 1 4  T h e o r e m  (Standard). There exists a function ( j ) { r 9k )  whose 
arguments range over the positive integers and whose functional values 
are real positive such tha t the following condition is satisfied. F or any 
polynom ial o f rank no t exceeding r,

p  (z )  = c 1 z tll +  c 2 z n2 H-------- b c r z n r , 0  <  n x < n2 <  • • • <  nr ,

such tha t p ( z )  possesses at least k  roots in the circle \z \ < q , and for any 
set of complex num bers such tha t

0 <  |^ i | <  \X2 \ < ••• <  \Xr \ ,
the polynom ial

q (z) =  A1c1z”1 +  X2c2z ni H------h XrcTz nr

possesses at least k  roots in the circle \ z \ < Q ( j > { r , k ) .

P r o o f .  Again, the substitution z  =  qz ' shows th a t it is sufficient to con­
sider only the case g =  1. I f  for particular r  and k ,  no ( j ) ( r , k )  as described 
in the theorem  existed then the following statem ent would hold in R.



6.1.15 ‘F o r every <7>0, there exists a polynom ial p{z)  and constants X 
which satisfy the conditions o f 6.1.14 with g =  l, such tha t the corre­
sponding q(z) possesses no t m ore than  k —l roots in the circle \z\ <<r.’

Applying this statem ent to *R and choosing for a an infinite positive 
num ber, we should then obtain p(z)  and Xt which satisfy the conditions 
o f 6.1.14 while q(z) would have less than k  finite roots. We are going to 
show th a t this is impossible. A t any rate it cannot happen if p(z)  vanishes 
identically and we may rule out this case.

Suppose tha t
p(z )  = c l zni + c2z ni-\------b crz nr,

where C;4=0 for a t least oney, has at least k  roots in the unit circle. Then 
o rd p ( z ) > k .  Thus, if cfzni is the dom inant term  in p (z ), then nf>/c. The 
terms o f q{z) are those XjCjZnj which do not vanish identically. Since q(z) 
has less than k  finite roots it cannot vanish identically and has a dom inant 
term, Xmcmznm, nm< k — 1, and so nm< n i. Then |Af|> |A m| and so

A.C/Z”1 Xt Ct-z"£ CiZni
6.1.16 —  =  — -2—  >  -2—  .

Amcmz"m Xm cmz"m cmz"m

But CiZni5>cmznm and so the right hand side of 6.1.16 is greater than 1 
for sufficiently large finite |z|. This shows tha t A^z"* >  Xmcmzn”\  a contra­
diction which proves 6.1.14.

6.1.13 is obtained from 6.1.14 for XJ = nj = j — l , j =  1,2,...,r . The fol­
lowing theorem  can be proved by the same method.

6.1.17 T h e o r e m  (Standard). There exists a function x ( r , k ) ,  defined for 
all positive integers and taking real positive values such tha t if

p(z)  = c i z lti + c2z niH b crznr, 0 <  n Y < n2 < • • • <  nr
and

0 < |A i |< |A 2| < - < \Xr\ ,
and moreover,

0 < /c1< /c2<***</cr ,

where the k t are natural numbers, then -  if p(z)  possesses at least k  roots 
in the circle |z| < g , the polynom ial

q ( z )  =  A1c 1z"1+*1 -b A2c 2z n2+/C2H bArc rz"r+fcr

possesses at least k  roots in the circle |z| <qx{r,k).
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6.2 Analytic functions. Let W be the set of all complex valued functions 
of a complex variable within R , i.e., o f mappings from  subsets o f Z  into 
Z. Let E  be the binary relation which holds between an element /  (z) o f 
W and an open set of points D in Z  if / (z) is analytic in D, i.e., if / (z) is 
differentiable at all points o f D. Passing to *R, the relation holds between 
functions / (z )  which belong to and open internal sets D  in *Z if /  (z) 
is differentiable at all points z0 o f D  according to  the classical definition 
as applied within *R. Thus, / ' ( zo) *s th e derivative o f / ( z )  at z0 if for 
every e > 0  in *R there exists a <3>0 in *R such th a t

/ ( z 0 +  / l ) - / ( z 0)
 ^------------- /  (z0) < £

provided \h\<8.
If  B  is a set o f points in *Z, which may be internal or external, and 

/ (z)e**F then we shall say th a t/ (z) is analytic in B  if  there exists an open 
internal set o f points D in *Z such tha t BczD  and such tha t E ( f ( z ) 9D) 
holds in *R.

6.2.1 T h eo r em . Suppose tha t the function/ (z ) is analytic in an 5-open 
set o f points B  in *Z, and th a t / ( z )  is finite (i.e., | / ( z ) |  is a finite real 
number) everywhere in B. Then / (z ) is 5-continuous in B.

P r o o f . Let z 0 be a point o f B. Then there exists a circle with center z 0 

and radius g, q a standard positive num ber, such tha t the set D which 
consists o f the points z in the interior o f the circle and on its circumfer­
ence, |z —z0|< p ,  is included in B. Since / ( z )  is an analytic internal 
function in B 9 we may make use o f known properties o f analytic functions, 
with the appropriate interpretation for *R. In particular, / (z ) attains its 
maximum for the circumference o f the circle at some point z l5 \zt — z 0 | = p , 
and since / ( z )  is finite everywhere in B , we have \ f ( z 1) \ = m 9 a finite 
number. N ow  let z' be any point which belongs to  the m onad of z 0 . 

Then |z' — z 0 | is infinitesimal and
2m

l / ( z ' ) - / ( z 0) | ^ | z ' - z 0| —
Q

by Schwarz’s lemma. This shows that \ f ( z ' ) —f ( z 0)\ is infinitesimal, 
/ ( z ' ) e ^ ( / ( z 0)). I t now follows directly from  4.5.7 tha t / ( z )  is 5-con- 
tinuous at z0. This proves 6.2.1.
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6.2.2 T he o r e m . Suppose that g(z)  is analytic in a set of points 
B c * Z . Suppose further that, for a point z0 which belongs to the 5- 
interior o f B , the difference g(z) — g{z0) is finite for all points z that be­
long to the m onad o f z0. Then g(z)  is 5-continuous at z0.

P r o o f .  Let q be a standard positive num ber such that the set D  =  
{z\\z — z0\<q}  is a subset of B. Then the function / (z) =  g (z) — g (z0) is 
defined and analytic in D , and is finite in the m onad g(z0). It then follows 
from 4.5.5 th a t/ (z) is finite for all z such that |z — z0| < o  where a is some 
standard num ber 0 < o < q .  We now conclude from 6.2.1 (taking as the 
5-open set m entioned there the set {z|°|z —z0| < a} ) th a t/ (z), and hence 
#(z), is 5-continuous a t z0. This proves the theorem.

Let B  be an 5-open set which contains only finite points. In agreement 
with a notation introduced previously, we write °B for the set o f points 
z0 of Z  such tha t g ( z 0) has points in common with B. If  z 'eg(z0) n B  then 
\z' — z0| — 0. A t the same time, since B  is 5-open, fi(z')czB,  Hence, z0e5 , 
and hence, ° B a B .  It is not difficult to see that °B  is open. Also, if °5 is  
extended to *°B on passing from R  to then Bcz*°B  since the m onad 
o f every point o f °B belongs to *°5 and since every point o f B  belongs to 
the m onad o f some point of °B.

Now le t / ( z )  be an internal function which is analytic and finite in B. 
As we have shown (see 6.2.1) it follows th a t / ( z )  is 5-continuous at all 
points o f B. Accordingly, the function °/(z ) can be defined for all points 
z 0e°B  as the jo in t value of the standard parts o f the values of / (z) for 
zeg(z0)f) B  = g (z 0). Theorem 4.5.10 now shows that ° /(z ) is continuous 
at all points o f °B  (where we may take for the set D  in 4.5.10 any circle 
which, together with its interior, belongs entirely to B). M oreover, with 
the stated assum ptions, we are going to  prove

6 .2 .3  T h e o r e m . ° / ( z )  is analytic in °B.

P r o o f .  Put g ( z )  =  ° f ( z )  so tha t g { z )  is defined in °B and, passing to  
*R , is defined in *°B, and hence in B. Let z 0e°B.  Then there exists a 
positive standard q such tha t the set D — {z||z — z0|< e }  in *R belongs 
to B. Then a point z belongs to  °D if and only if \z — z 0\ < £ , for z in R . 
Hence D and °D have the same definition in *R and R  respectively 
and hence, D = *°D. Let D x be the 5-interior o f the circle D  and D 2 its



circumference. Thus, D 2 = {z\\z — z0| =  p}. It is not difficult to see that 
D 2 = *°D2.

Since g(z ) is continuous in °D it is continuous also in D — *°D. In 
particular, g(z)  is continuous, hence 5-continuous, on D 2. A t the same 
time, / (z) also is 5-continuous on D 2 and, a t all standard points of 
D 2, g (z) =  ° /(z ) and hence g ( z ) ~ f  (z). It follows tha t | / ( z )  — g (z)| is infin­
itesimal everywhere on D 2 and hence, that \ f ( z )  — g(z)\<rj  forallzeZ>2> 
for some infinitesimal rj.

Now in order to prove tha t g(z)  is an analytic function in °D l it is 
sufficient to show that for all z 1e ° D 1, i.e., for any standard z l such that
\ Z l - Z 0\=Q1<Q0,

z t a  r \ 1 f  9 (z) ^6.2.4 g ( Zl) = —  ------- d z .
2711 J Z - Z i

°d2
But both sides o f the equation 6.2.4 are standard numbers. Hence, in 

order to prove th a t they are equal it is sufficient to show tha t they differ 
only by infinitesimal am ounts. As for the left hand side, we have

1 f  f ( z )
6.2.5 ^ ( z i ) ^ / ( z i) =  ~  ^ d z .

2711 J z — z x 
d 2

On the right hand side of 6.2.4, we may pass from R  to *F, w ithout 
changing the value of the integral. Thus, it remains to be shown that

2 n i j  z  — z x 27ri J 
z — z x 

d2 d2

N ow  the difference between the left and right hand sides o f  6.2.6 is
equal to  .

1 f 0( z ) - / ( z ) ,— ---- --------------- dz
2ni z  — z,

and Di

j_ r »w-/wdz si rtetfwxf)!
2 m ]  z - z  i 2 n J  \ z \ - \ z t \

d2 d2

27t j  Q - Q 1 Q - Q i
which is infinitesimal. Dl
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This proves tha t g(z)  is analytic in °D 1 (within R), and, in particular, 
that it is differentiable at z0. Since z0 was chosen as an arbitrary point of 
°B the theorem  is proved.

The precise rendering of an integral within the formal language A 
is to some extent a m atter o f choice. For example, we may think of the 
integral as a functional of three variables one o f which is the integrand, 
while the other two are functions which describe the contour of inte­
gration. W hatever the formal representation, an integral in *Z has the 
same properties as an integral in Z  to the extent to which these properties 
can be expressed within A.

6 . 2 . 7  T h e o r e m .  With the assumptions of 6.2.3, let z be any point in °B.

Then (° / (z))M =  0( / ("> (z)) for « =  1 ,2 ,... ,  neN.

In order to prove 6.2.7, we have to replace Cauchy’s formulae in 6.2.4 
and 6.2.5 by Cauchy’s formulae for the first and higher derivatives.

6 . 2 .8  T h e o r e m .  With the assumptions of 6.2.3, suppose that ° /(z ) is 
not a constant. If  ° f ( z 0) = b for some point z 0e°B , then / ( z )  takes the 
value h somewhere in the monad o f z0. Conversely, iff  (z) = b for ze/x(z0), 
where b and z0 are standard, and z0e°B , then ° f  (z0) =  6.

P r o o f .  T o  prove the first part of the theorem suppose that ° f ( z 0) = b 
where z0e°B. Let C be the circle |z — z0| = q in Z where the positive stan­
dard g is chosen in such a way that C and its interior belong to °B and 
g(z) = ° f  (z) — b does not vanish on or inside C except at z0. Since \g(z)\ 
does not vanish on C it attains its minimum /?/ +  0 somewhere on C. On 
passing from R to *R we find that m is also the minimum of g(z) on *C, 
which is the circle \z — z 0\ = g in *Z. Moreover, #(z)4=0 for all z such that 
0 < |z  — z0| <  q, for this also is a fact which is preserved on passing from R  
to */?. At the same time, g (z0) =  ° f  (z0) — 6 =  0.

Similarly as in the p ro o f o f 6.2.3, \ f ( z )  — b — g(z)\ is infinitesimal on 
*C. Also, m is standard and positive and so

\ f  ( z ) - b - g ( z ) \ < m < g ( z )  on *C.

Hence, by Rouche’s theorem as applied to there exists a point z l5 
|zi — z01 < g , such that
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( f ( z ) - b - g  ( z ) )  +  g ( z ) = f ( z ) - b

vanishes for z  =  z l9 i.e., such th a t f ( z t ) = b.
In order to  show th a t z ± may be supposed to belong to the m onad of 

z0, we use a slightly more precise argum ent. Suppose tha t ° f( z)  — b 
vanishes at z — z0 with multiplicity n9 where n is by necessity finite. The 
above argum ent then shows tha t f ( z )  — b has just n zeros z j9 j =  1,...,« , 
counting multiplicities, such tha t \zj — z 0\<q  where q is a sufficiently 
small positive num ber, otherwise arbitrary. This shows tha t the z j9 

y = l , a l l  belong to  the m onad o f z 0 . For otherwise there would 
exist a standard  positive q  such th a t for some z j9 0 < q < \ z j \ and the 
num ber o f zeros o f/  (z )  — b , |z| <  q , would then have to  be less than  n. This 
proves the first part o f the theorem. In  order to  verify the second part, 
we observe th a t ° / ( z 0) is, by definition the standard part o f / ( z )  for an 
arbitrary z in the m onad o f z0.

We rem ark tha t a function may be analytic and finite on an 5-open 
set B  and yet possess an infinite num ber of zeros in a m onad which 
belongs to  B.  F o r example, the function exp ( — co2) sin ooz where co is posi­
tive infinite, has an infinite num ber o f zeros in the m onad o f 0. This is 
possible because the set o f these zeros does not possess a limit point (in 
the sense o f *R) anywhere in *Z. However,

6 . 2 . 9  T h e o r e m . W ith the assumptions o f  6.2.3, suppose that ° / ( z )  is 
no t constant in °B. Then the set o f zeros of/ (z ) cannot possess an 5-limit 
point in B.

P r o o f .  Suppose on the contrary tha t z x is an 5-lim it point o f the zeros 
o f / ( z ) .  Choose a standard positive num ber q such that ° /(z ) has no 
zeros on the circle \ z  —  ° z 1 \ = g .  Then the function ° /(z ) can have only a 
finite num ber, n9 o f zeros inside this circle, n > 0 .

The argum ent used in the p roo f of the first part o f 6.2.8 shows tha t the 
num ber o f zeros o f / ( z )  inside the circle |z — °z1\=q  also is precisely n. 
This shows th a t z x cannot be an 5-limit point o f the set o f zeros o f f ( z ) .  

Putting the result in a different way, no m onad in B  can contain an infinite 
num ber o f zeros o f / (z).

6 . 2 . 1 0  T h e o r e m . W ith the assumptions o f 6.2.3, suppose in addition,
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tha t ° f  (z) is no t constant. I f / (z) is univalent (schlicht) in B  then ° f  (z) is 
univalent in °B.

P r o o f . Suppose th a t ° f  (z) is no t univalent in °B  so tha t ° f  (zx) =  ° f  (z2) 
where z t and z2 are two distinct points in °B. By 6 .2 .8 ,/(z[) = b for some 
z'1e/z(z1) and f ( z ' 2) = b for some z2e/z(z2). But the m onads o f z x and z2 
are disjoint and so z\  =f=z2. This shows th a t/ (z) is no t univalent in B  and 
proves the theorem.

We may also consider m erom orphic functions on the Riem ann sphere 
in *R.  Identifying this sphere with the unit sphere in *R3 and relating it 
to the complex plane by stereographic projection in the usual way, we 
find th a t the m onad of z =  oo on the Riem ann sphere contains, in ad­
dition to z = o o , precisely those points which correspond to  the infinite 
points of *Z.

6.3 Picard’s theorems and Julia’s directions

6.3.1 T h e o r e m . L et / ( z )  be an internal function which is analytic for 
\z  — z 0 \ < q where q is standard and positive. Let a , b, and c be three finite 
complex num bers such th a t a and b do not belong to the same m onad. 
Suppose th a t f ( z )  = c for some ze/x(z0) bu t th a t / ( z )  takes neither the 
value a nor the value b in g (z 0). Then /  (z) is 5-continuous at z0.

P ro o f. We have to show, on the assum ptions o f the theorem  th a t if  z', 
z", are any two points in g( z Q) then | / ( z ')  — f ( z" ) \  is infinitesimal. I t  is 
sufficient to prove this fact for a =  0, b =  1. F or if a and b are more general 
bu t still subject to  the restrictions o f the theorem, consider g(z) = 
( f ( z )  — a)l(b — a). Then 0 (z)4=O, g ( z ) ^ \  for all z in n{z0). M oreover, if 

f { z 1) = c then g ( z 1) = (c — a)l(b — a) which is again a finite num ber since 
\b — a\ is not infinitesimal. On the other hand,

f { z )  = ( b - a ) g { z )  + a ,

so if z', z ” are any two points in g ( z 0) then

/  (z') -  /  (z") = ( b - a ) ( g ( z ' ) - g  (z")).

But \b — a\ is finite and so, supposing tha t we have already proved that 
|^ (z ') — g(z")\ is infinitesimal, we obtain the same conclusion for
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| / ( z ' ) - / ( z '%  Accordingly, we shall suppose from now on tha t a = 0, 
b=  1.

The assum ption th a t/  (z) does not take the values 0 or 1 in /z(z0) entails 
tha t there even exists a circle with center z0 and radius r < q, r a standard 
positive num ber, such tha t / (z) does not take the values 0 or 1 in the 
interior o f the circle. For, a t any rate, there exists a first positive integer 
n — n0 such th a t/ (z) does not take the values 0 or 1 for |z — z0| <  1 fn and 
l /n <g.  N o infinite n can be the first positive integer o f this kind. Hence, 
n0 is finite. We set r=  1 jn0.

Let c = f ( z 1) where z 1efi(z0) and c is the num ber specified in the state­
m ent of the theorem. We map the circle |z —z0| < r  into the unit circle in 
the complex £-plane by means o f the function £ = F(z) = X ( f  (z)) where 
w = v(Q is the elliptic m odular function which maps the equilateral cusped 
triangle with vertices exp exp ^irc, exp — -in into the upper half of 
the w-plane, and £ =  A(w) is its inverse. v(() is analytic for |£ |< 1  while 
X(w) is analytic bu t many-valued for all w=f=0, 1 in the w-plane and has 
branch points a t w =  0 ,l. Observe tha t these descriptions apply both in R  
and in *R.

We determine F(z)  uniquely by requiring tha t y = F ( z1) = X(c) be situ­
ated in the fundam ental triangle if Im (c) >  0, or else in one o f the adjacent 
triangles. F o r R , the fact that this definition determines F(z)  as a one­
valued function for |z — z0| <r  is established by means of the m onodrom y 
theorem. W ithout going into a detailed discussion of the meaning of this 
theorem  in *R we may infer tha t the conclusion applies also in *R.

|F(z)| is bounded by 1 for |z —z0|< r .  Accordingly, by 6.2.1, F(z)  is 
5-continuous in the 5-interior o f this circle. Hence, F(z)ef i(F(z0)) for all 
ze/i(z0).

Suppose first tha t °c =  0 so tha t c belongs to the m onad o f 0. If/(z)e/z(0) 
also for all other zefi(zD) then the theorem  is proved. Suppose then that 
for some z2e^ (z0), d2 = / ( z2) does no t belong to  the m onad o f 0. Suppose 
th a t d2 is no t finite so tha t \d2 \ = \ f ( z 2)\>3>. On the other hand, |c| =
| /  ( z j l  <  1. Consider the variation o f /  (z) along the straight segment from  
z t to z2 in *Z. This segment is contained entirely within /x(z0). By the 
theorem  o f Bolzano-W eierstrass on continuous functions (3,4.6) there 
exists a z3 on the segment such tha t if d3= f ( z 3) then |d3|= 2 .  d3 is a 
finite num ber which belongs neither to the m onad o f 0 nor to  the m onad 
o f 1.
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Suppose next tha t d2 = f  (z2) belongs to the m onad of 1. By considering 
again the variation o f / ( z )  along the segment from z x to z2, we find th a t 
for some z3 on the segment, \d3\ where d3= f ( z 3). Thus, d3 is again a 
finite num ber which belongs neither to the m onad o f zero nor to the 
m onad of 1. Finally if d2 is finite but °d2^  1, pu t d3 = d2.

If  cefx( 1) then we may obtain a z3e/z(z0) such tha t d3= f ( z 3) is finite 
but belongs neither to the m onad of 0 nor to the m onad o f 1 by an exactly 
similar procedure. I f  c belongs neither to the m onad of 0 nor to the m onad 
o f 1, we take z 3 = z i so that d3= f  ( z3) = c is again finite.

Now let °C3 be the standard p a rt o f ( 3 = F(z3) = X(d3), in accordance 
with our usual notation. Then °^3 = X(°d3) and so |°£3| <  1. It follows that 
C3 belongs to the 5-interior of the unit circle, so tha t v(Q is 5-continuous 
at C =  C3. This shows tha t f  (z) = v(F(z))  is 5-continuous at z =  z3. But z3 
belongs to the m onad of z0 and so / (z) is 5-continuous at z0. This com ­
pletes the proof.

6.3.2 T h e o r e m . Let B  be an 5-open and 5-connected set (an S-domairi) 
in the *Z-plane and le t/ (z) be a function which is analytic in B. Let a and 
b be two finite points in *Z which do no t belong to the same m onad. 
Suppose th a t /  (z) takes neither the value a nor the value b in B  but that 
it takes a finite value at some point of B. Then / (z) is finite and 5-con­
tinuous in B.

P ro o f. We may suppose tha t a =  0, 6 = 1  as in the p roo f of 6.3.1. By 
6 .3 .1 ,/(z )  is 5-continuous at all points o f B  in whose m o n ad / (z) takes 
at least one finite value, and there are such points, by the assumptions of 
the theorem  to be proved. Let D czB  be the set o f points o f B  in whose 
m onad / ( z )  takes a finite value and let D' — B — D. For any z 1e D l , all 
o ther points o f the m onad of z 1 also belong to  T>, ^ ( z J c D .  Similarly, 
z xe D ’ entails fx(zl)czD'.  We are going to show tha t D and D'  are 5-open.

Indeed, let z 0eD  th en / (z) is finite in the entire m onad of z0, by 6.3.1. 
B u t / ( z )  is defined in some 5-circle with center z0, i.e., for |z —z0|< g  
where g is positive standard. Hence, by 4.5.5, there exists a positive 
standard a, a < g ,  such th a t / (z) is finite for °\z — z Q\<o.  This shows tha t 
D  is 5-open.

D'  also is 5-open. For let z 0eD'  and consider the function g (z) =  1 / / (z). 
This function is analytic in D  and is infinitesimal in the m onad of z0. It
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follows, again by 4.5.5 that g{z) is finite for \z — z 0\ <g  for some positive 
standard g. Consider the function h(z) = g ( z 0 + z). h(z) is analytic and 
finite for |z| < q  and so it is 5-continuous in the 5-interior of that circle, 
i.e., for the points of the set E = { z  ||°z| <g}.  By 6.2.3 °h(z) exists and is 
analytic (within R ) in the set °E, where it is not difficult to verify that °E  
is given by |z| <g.  Also, °/z(0) =  0 since h(0) = g (z o) is infinitesimal. But 
/i(z)4=0for \ ° z \ < q , and by 6.2.8, this is possible only if °h(z) is constant 
in °E, and hence °h(z) = 0 for |z| <g  in R . Since h(z) is 5-continuous for 
\°z\ <g  we conclude tha t h(z) is infinitesimal in that set and, in particular, 
is infinitesimal for |z| < \g .  It follows th a t / (z) is infinite for \z — z0\ < \ g  
and this proves tha t D' is 5-open.

We have now shown that both D and D'  are 5-open. It follows that 
these sets are 5-open also relative to the set B of which they are subsets. 
But D is not empty, and B  is 5-connected, by assum ption, so D' must be 
empty. This shows (see 6.2.1) th a t / ( z )  is finite and 5-continuous every­
where in B , and completes the proof o f 6.3.2.

6 .3 .3  T heorem  (Standard. Picard’s first theorem). An entire analytic 
function which is not a constant takes all complex values except, possibly, 
just one.

P r o o f . Suppose, contrary to the assertion of the theorem that some 
non-constant entire function /  (z) does not take the values a and b any­
where, where a and b are two different complex numbers. It is understood 
tha t we contem plate this possibility in the first instance within R. Going 
on to *R9 consider the function F(z) =  / (coz) where co is an infinite positive 
number. / (z) does not become equal to a or b in *Z either, by transfer 
from R  to *R. I t follows tha t E(z) + a, F(z) + b for all z such tha t |z| <  1. 
On the other hand, F (0 )= f( 0 )  is a finite number. Hence, by 6.3.1, F{z) 
is 5-continuous at the point z =  0. B u t /( z )  is not a constant and so, for 
some standard zx such th a t |zx| <  1 (more precisely, for all such z x except 
for a finite number), f { z ^ ) 4=/(0). Put z2 = z 1co“ 1, so tha t z 2eg(0).  Then 
F (z2)= /(c o z 2)=/(coziCo“ 1) = / ( z i )  and so \F(z2) — F(0)\ is not infinite­
simal. This contradicts the fact tha t F{z) is 5-continuous at the origin and 
proves the theorem.

6 .3 .4  T h e o r e m  (Standard. Landau). For given complex a0 and a u
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a 14=0, there exists a positive num ber g0 such th a t if / (z) is any function 
which is analytic in a circle \z\ < q and such tha t f ( 0 )  = ao, f ' ( 0 )  = a l and, 
moreover, / (z) 4= 0, / ( z )  4= 1 for all |z| <  £ -  then q <  g0.

P r o o f .  Suppose tha t no such q0 exists in R  for given complex standard 
num bers a0 and a v  Then ‘for every cr>0, there exists a n / ( z )  which is 
analytic in a circle |z |< g , q > g , such th a t/(z )4 = 0  a n d /(z )4 = l in th a t 
circle and such th a t f { 0 )  = a0 a n d / '( 0 )  =  a x\  The statem ent in quotation 
marks is true equally in R and *R and so, working in *R and choosing a 
infinite, we find th a t there exists a function / ( z )  which is analytic for 
|z| <<7 and does not take the values 0 and 1 for such z in *Z and for 
which f { 0 )  = ao, f ' ( 0 )  = a 1. Consider the function g ( z ) = f ( \ a z ) .  This 
function is analytic in the 5-interior of the unit circle and does not take 
the values 0 and 1 in tha t set. Also, g(0) = ao and g'(0) — ^a f ' ( 0 )  = ̂ Gal 
so tha t g'(0)  is infinite. g ( 0) is finite and 11 — 0| is not infinitesimal. Hence, 
g(z)  is 5-continuous at the origin, by 6.3.1. It follows th a t there exists a 
positive standard r such that \g(z)\< \a0\ +1  for \z\<r.  Hence, |# '(0 ) l^  
( |a0| +  1 )/r by one of Cauchy’s inequalities. This contradicts the fact that 
#'(()) is infinite and proves the theorem.

Other versions of Landau’s theorem  can be proved in the same way. 
For example, as a slight variation of a theorem  of M ontel, we may 
establish the conclusion o f L andau’s theorem  for families o f functions 
which satisfy, for given complex a, 64=0 and positive c, th a t f ( 0 )  = a and 
tha t there exists a z0, |z0| <c  such th a t / ( z0) = b .

Next we prove,

6.3.5 T heo rem  (Standard. Schottky). Let a and q  be specified positive 
numbers and consider the family of functions /  (z) which are analytic for 
|z |< g  such tha t | / ( 0 ) |< a  and such th a t/(z )4 = 0 ,/(z )4 = l for |z |< g . Let 
6 be any positive num ber less than 1. Then there exists a constant X which 
depends only on 9 and a such that for all functions o f the family in 
question | / ( z ) |< A  for \ z \ < 9 q .

P r o o f . Suppose first tha t q =  1 and tha t the theorem  is untrue for some 
particular a and 9. Then ‘for every X > 0, there exists an / (z) which satisfies 
the assumptions of 6.3.5 for g =  1 and for the specified a and 9 and such 
tha t | / (z0)| >  X for some |z0| <  0.’ The statem ent in quotation marks m ust
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be true equally in R  and *R and so, for infinite X in *R , there exists a 
particular / (z) which satisfies the assumptions of the theorem  but such 
that f ( z 0) is infinite for some z0, |zo|< 0 . Let B  be the 5-interior o f the 
unit circle, so that B contains 0 and z0. Since/ ( 0 )  is finite it follows from
6.3.2 th a t/ (z) is finite throughout B. This contradicts the fact th a t / (z0) 
is infinite and proves the existence of a X = X(a,0) as required, for g = l .  
If, to begin with, £ +  1, we only have to consider the function g ( z ) = f ( g z ) 
in place o f / (z).

We shall now give some new results which imply, among other things, 
the existence of a Julia direction for an analytic function with an isolated 
essential singularity at infinity and hence also P icard’s second theorem. 
We begin with some auxiliary considerations o f a geometrical nature.

As pointed out at the end of section 4.7, a straight segment z xz2 in the 
*Z-plane is 5-connected if z x and z2 are both finite so that all points of 
the segment are finite. A related result is the following.

6.3.6 T h eo rem . Let B = z iz 1 be a circular arc in the *Z-plane whose 
measure in radians is a, 0 < a < 2 n ,  and which consists o f finite points only. 
Then B is 5-connected.

P r o o f . We may write the equation of the arc in the form

6.3.7 z =  zo +  {?ei(0,+flA), 0 < 2 <  I

where z0 and q may be finite or infinite. Let z3,z4 be any two points on 
the arc, corresponding to X3,X4 respectively. Then

Z4 — Z3 =  QQi (dl+aX4) — QQi(6i  +aXi )

=  £>ei(ai + fl(A4 ~ A3)/2) (eifl(A4 - 23)12 — e “ ifl(A4 ” A3)/2)
and so

6.3.8 |z4 -  z 31 =  2(?|sin \ a  (24 -  X3)\ < ga |24 -  231.

Now ga is the length of the arc B. All points of the arc are finite, and 
since the points o f a circular arc in R  attain  their maximum modulus for 
some point on the arc, the same applies to all circular arcs in *R. Ac­
cordingly, tha t maximum, for B , m ust be a finite num ber, g0. Then B  is 
included in a circle B 1, with radius gx about the origin, where g x is a
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positive standard number. Elementary considerations show that the 
length of i? cannot exceed the length of Qa<2ngl . Hence, 6.3.8 implies

6.3.9 |z4 ^ z3|< 27 t̂ 1 |A4 — A3| .

This shows that the m apping ij/ defined by 6.3.7 is 5-continuous, for in 
order to make |z4 —z3| smaller than any given positive standard S we only 
have to take |24 — X3\ smaller than the positive standard num ber 6I2tiqx. 
I t follows that the inverse mapping, from B onto 0 < A < 1  maps 
5-open sets into 5-open sets. Thus, if it were possible to decompose B 
into two non-empty 5-open sets, the same would be true of the segment 
0 < A <  1. But this segment is 5-connected and so our claim follows.

6.3.10 T h e o r e m . Let B  be an 5-connected set which is contained in an 
5-open set, D. Let / (z) be an internal function which is defined and 
analytic in D. Suppose that there exists points z t ,z2 which belong to B 
such that / ( z j l  is finite and / ( z 2) is infinite. Then there exists a point 
z 0eB  such that all finite values which are not taken by / (z) for some 
z E f x ( z 0 )  all belong to the same monad.

P roo f. We show first that there exists a point z0eB  such th a t/ (z) takes 
both finite and infinite values in g( z0). Let D' be the set o f points zeD 
such th a t/ (z) takes only finite values in ju(z). Then D f is 5-open by 4.5.5. 
We may suppose that D' contains the point z x for i f / ( z )  is not finite 
everywhere in the m onad of z t then we may take z0 =  Z j .  Let B' = D' fi B 
so that B' is not empty and is 5-open in B. Next, let D" be the set of 
points zeD  such th a t/ (z) takes only infinite values in g(z).  We may sup­
pose that D" contains the point z2, for if this is not the case then / (z) is 
not infinite everywhere in ju(z2) although f ( z 2) is infinite, so that we may 
set z0 =  z 2 .

D" also is 5-open. For let z 3eD" then / (z) is infinite everywhere in 
^ (z 3), and hence, does not vanish anywhere in that set. There exists a 
first natural num ber n such th a t/ (z)4=0 for all z for which |z — z3| <  1 jn. 
This n cannot be infinite (for in that case it would not be the first num ber 
with the property in question) so n is finite,/(z)=f=0 for |z —z3| < e 0 where 
eQ= n ~ 1 is positive standard. The function g ( z ) = \ / f ( z )  is analytic for 
|z —z3|< e 0 and is infinitesimal in /i(z3). M oreover, g(z ) is finite for
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|z —z3|< e 1 where e i < s 0 is some positive standard num ber (compare
4.5.4, 4.5.5). Hence, the function h(z) = g ( z 3 + z) is analytic and finite for 
|z| <£ j and so h{z) is 5-continuous for |°z| < e x, by 6.2.1. A t the same time, 
°h(0) = 0 since h(fS) — g{z0) is infinitesimal, and °h(z) is analytic (in R , and 
hence in *P) for |z| < .  But /i(z)=# 0 for \ z \< s1 and by 6.2.8 this is 
possible only if °h(z) = 0 for all |z| < s 1. This shows that h(z) is infinite­
simal for ^ z I c e j  and in particular for \z\<\&v  It follows that / ( z )  is 
infinite for |z —z3|< ^ a 1 and so D" is 5-open and the set B" = D" n B  is 
not empty and is 5-open in B. But B is 5-connected, by assum ption and 
D'  and D" are disjoint. This shows that D' U D" cannot exhaust B. We 
conclude that B — (Dr U D") is not empty, there exists a point z 0eB  such 
th a t/ (z) takes both finite and infinite values in g( z0).

Now suppose tha t there are finite values a and b which do not belong 
to the same m onad such that / ( z ) = M  a n d /(z )4 = /?  for all z e /i(z 0). At the 
same t i m e , / (z) takes some finite value, c say, in the m onad of z0. Then 
the conditions o f 6.3.1 are satisfied and so / (z) is 5-continuous at z 0. But 
this is impossible since/ (z) takes both finite and infinite values in /i(z0). 
We conclude tha t the finite complex numbers which are not taken as 
values by / ( z )  in g ( z 0) -  if there are such numbers -  all belong to the 
same monad. This proves 6.3.10.

Let z0 be a complex number, and define B  by

6.3.11
B — (z | there exists a positive infinitesimal 3 such tha t \z — z0\<3\z0\}.

Thus, B  is non-empty only if z04=0 and it then consists o f all z such that 
|(z/z0) —1| is infinitesimal, i.e., such that z/z0 belongs to the m onad of 1. 
Then z0 #= 0 will be called a P-center for  a given internal function f  (z) if / ( z )  
is defined and analytic in B  and if the finite points which are not taken as 
values by / (z) in B  (if any) all belong to the same m onad. Equivalently, 
a point z0 is a P-center for / (z) if zo 4=0 and if the function g ( z ) = f  (z/z0) 
is defined for the m onad o f 1, g( \) ,  and if g(z)  takes in g( l )  all finite 
values with the possible exception of a set of values contained in a single 
monad. The set B  introduced above will be called the P-circle with center 
*o-

If  z0 and z x are two complex numbers different from 0 (in *Z) then 
z t belongs to the P-circle with center z0 if and only if (z1/z0) ~ l .  It is 
not difficult to see that this condition defines an equivalence relation



168 FUNCTIONS OF A COMPLEX VARIABLE [6.3

between z0 and z ^  The equivalence classes with respect to this relation 
are precisely the P-circles. Thus, if z x =j=0 belong to aP-circle with center 
z0 then it is itself a center for tha t circle. It follows that if z0 is a P-center 
fo r/ (z) then any point z x such that z 1 4=0 which belongs to the P-circle 
w ith  center z 0 also is a P-center fo r / ( z ) .

The following definition will be used in connection with some standard 
theorems, i.e., theorem s within classical Function Theory. Thus, although 
we do not say so explicitly in the definition it is supposed to refer to 
numbers and functions within P. O f course it can (and will) be re-inter- 
preted also for *P.

6.3.12 D efin it io n  (Standard). The set of complex numbers J  will be 
called a P-set fo r  the function w = /  (z) if -

‘There exists a complex num ber w0 such tha t for every positive r, <5, 
and £, there exist a complex num ber zQeJ  and a positive num ber S0, 
|z0|> r  and S0 <S  such that the circular disk C(z0,<50) which is given by 
\z — z 0\ < S 0 \z0\ belongs to the dom ain o f definition o f / ( z )  and such that 

/ ( z )  takes in C (z0,<>0) all values w which satisfy the inequalities |vp |< l/e  
and |w — w0| > £ .’

Observe tha t w0 is supposed to be the same for all circles C(z0,<50). The 
definition also includes the possibility tha t w0 is actually redundant, i.e., 
that all values w such th a t \w\ < 1/e are taken by / (z) in the circular disks 
C(z0,50). In order to satisfy the definition formally in this case, we may 
introduce an arbitrary complex num ber as w09 e.g., w0 = 0. The circles 
C(z09So) were introduced by Milloux and are known as ‘cercles de rem- 
plissage’.

6.3.13 T h e o r e m . Let / (z) be a standard analytic function in the set D 
which is given by |z| >q9 q standard, £ > 0 ,  and let J  be a standard set o f 
complex numbers. Then J  is a P-set for / (z) if and only if  there exists a 
point z0 in * /, |z0| infinite, such that z0 is a P-center fo r / (z).

P r o o f .  The condition is necessary. Suppose that J  is a P-set for / (z). 
T hat is to say, the statem ent given in quotation marks in 6.3.12 holds in 
P . We fix the standard num ber w0 and we re-interpret the remainder o f 
the statem ent (‘for every positive r, <$, and £, etc.’) in *P, so that the 
symbol J  refers to *J. Choose r infinite and S and e infinitesimal. Then
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the point z0 which exists according to the assertion o f the statem ent is 
infinite while <50 is infinitesimal. Let B  be the P-circle with center z0. Then 
B a * D .  For if  z' is any point in B  then \z' \ >  |z0|(l — <5')>r(l — S') for 
some infinitesimal S' and so |z '|> g . Also, the function / ( z )  takes any 
finite value in the circular disk |z — z0| < ^ 0lzoL the possible exception 
o f values which belong to the m onad of w0. This shows that z0 is a 
P-center for /  (z).

The condition is also sufficient. Let z 0e * J be a P-center for / (z) such that 
z0 is infinite and let B  be the P-circle with center z0. / (z) takes all finite 
complex num bers as values, with the possible exception o f a set o f numbers 
which all belong to the same m onad. If  there are such numbers, let w0 be 
their jo in t standard part. I f  no such numbers exist, pu t w0 =  0. Choose any 
three positive standard numbers, r, 5 and e. Choose S0 as the smaller 
one of the two num bers j ,  Then the circular disk \z — z0\ < S 0 \z0\ be­
longs to *D and includes B  as a subset. Thus, the following statem ent 
holds in *R.

6.3.14 T h e re  exist a complex num ber z0e*J  and a positive num ber <50, 
\z o\> r > do<d> such tha t the circular disk C (z0,<50) which is given by 
\z — z0\ < S 0 \z0\ belongs to *D and / ( z )  takes in C (z0,<50) all values w 
which satisfy the inequalities \w \ < \ / e, |w — w0|> e . ’

Expressing 6.3.14 within the form al language A and re-interpreting in 
P, we see tha t 6.3.14 holds in R  provided we replace *D by D and * /  
by J. This shows tha t J  is a P-set for /  (z) and completes the proof of 
6.3.13.

The argum ent which proves the sufficiency of the condition in 6.3.13 
leads also to  the more general

6.3.15 T h e o r e m . Let/ (z) and J  be a standard function and a standard 
set o f complex numbers, respectively. If  the infinite point z0e * /  is a 
P-center for / (z) then J  is a P-set for / (z).

We are now in a position to prove the principal new result of this 
section.

6.3.16 T heo rem  (Standard). Let/ (z ) be a function which is defined and 
analytic for |z| > g , g a specified positive constant, and let { B j } J =  1,2,3,... 
be a sequence o f circular arcs or finite straight segments. Suppose that
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the angular measure o f the circular arcs is less than  2n and tha t the end 
points o f the arcs or segments are included in all cases. (Both arcs and 
segments may occur in a given sequence.)

Suppose further th a t the following conditions are satisfied:
(i) I f  z[j) and z (2J) are the end points o f B} then l i m , ^  \z[J)\ = oo;
(ii) There exists a positive constant r\ such th a t for all zeBj9

n ~ x I z ^ l < | z | < ? 7 , 7 =  1,2, . . . ;

(iii) lira \ f  (z[}')\ = oo;
j-* OO

(iv) There exists a positive constant m such tha t

| / ( 4 J)) |^ m ,  7 =  1 ,2 ,3,....

Then there exists a sequence of points bjeBj9j =  1,2,3,... such that 
/ =  {bj} constitutes a P-set for / (z).

P r o o f .  Let co be an infinite natural num ber and consider the set B w, 
with end points z ^ z ^ .  P w is either a circular arc or a straight segment. 
z(1C0) is infinite, by condition (i) while/ (z(1a>)) is infinite, an d / ( z ^ )  is finite, 
by conditions (iii) and (iv). Let r= \z(f }\ and introduce a new variable z' 
by z' = z/r. Consider the function g ( z ' ) = f  (z) —f  (rz')9 then g (z') is defined 
and analytic for |z'| >g/r.  Let B„ be the arc or segment which is the image 
o f B a in the z'-plane. Then the points z' of B^  satisfy the inequality 
\/r}<\z'\<rj.  Since \/rj is positive standard and g/r is infinitesimal the 
points o f B'm belong to the ^-interior of the set {z ' \z '>g/r}.  A nd since the 
points o f B'a are all finite, B^ is 5-connected (see 6.3.6). It now follows 
from 6.3.10 tha t there exists a point z'0eB„ such tha t all finite values which 
are om itted (not taken) by g{z') in the m onad g(z'0) all belong to a single 
m onad, g(w0) say, where w0 is standard. (If there are no such points put 
wo =  0). Let z 0 = rz'0 then the transform ation z = rz' m aps g(z'0) on the 
P-circle with center z0, to  be denoted by 7i(z0). Indeed, let zen(z0)9 then 
\z — z 0\<6\z0\ for some infinitesimal S. But |z0| <  Y\r and so \rz — rz'0\<Srjr9 
and hence \z' — z'0\<St]9 |z' — z'0\c^O, z'eji{z'0). Conversely, if z fEjj,(z'0)9 then 
Iz' — ZqI <<5, for some infinitesimal 3 , and so |rz ' — rz'0\ <Sr9 \z — z 0\<Srj\z0\ 
since r<rj \ z0\ and hence, zen( z0). S in c e /(z )  takes the same values in 
71 (z0) as g(z)  in g(z'0) we conclude tha t z0 is a P-center fo r  f  (z).
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For any natural num ber j , we may describe Bj  by the param etric 
equation

z =  (1 — A) z[j) +  , 0 <  A <  1 ,

if Bj  is a straight segment, and by

z =  Zq } +  p(j)ei(0lO))+a(-7)A), 0 < A <  1,

if Bj  is a circular arc (see 6.3.7). Let A0 be the value of the param eter A 
which corresponds to z0 and to Zq. We may suppose tha t A0 is a standard 
number. Indeed, if this is not the case from  the outset, then the standard 
part o f A0,°A0, yields a point in the z'-plane which belongs to the m onad 
o f z'0 and hence, may be taken in place o f z'0. Thus, we may suppose that 
z0 and z Q are given by a standard A0. We now define J= {b j}  as the 
standard sequence which is obtained by choosing bj as the point o f Bj  
which corresponds to the param etric value A =  A0, for all finite j .  Then 
bj is given by A0 also for all infinite j  and, in particular, b(O = z 0. This 
shows that *J  contains a P-center fo r/ (z), i.e., z0, and proves the theorem 
by 6.3.13.

If  the standard function /  (z) possesses an isolated essential singularity 
a t infinity then we can always find a sequence of circular arcs {Bj} 
which satisfies the conditions of 6.3.16. For this purpose, define a complex 
valued function o f the real variable r,g(r), for sufficiently large r,r>q,  in 
such a way that \g (r) \=r  and \ f (g (r ) ) \  =m aX |z(=r|/ ( z ) | .  Then l im ^ ^  
\g(r)\ = oo. Since/ (x) has an essential singularity at infinity, there exists 
a standard sequence {z^}, q <  | z (21}| <  |z(22)| <  |z(23)| <  •••, l i i n ^ J z ^ l  =  oo, 
such tha t | f ( z (2j))\ is bounded. Put rj = \ z (£ )\ and z[j) = g(rj).  By con­
sidering only sufficiently large r , we may suppose tha t z ^ )^ z (j \ j =  1,2,.... 
We now choose Bj  as one of the two arcs with endpoints z ^ z ^  on the 
circle \z\ = rjm Then the conditions o f 6.3.16 are satisfied for any rj> 1.

A more arbitrary choice o f circular areas is possible if there exists a 
£ > 0  such th a t / ( z )  is analytic and omits a value for |z |> p . We may 
suppose w ithout loss of generality that this value is 0, and we may then 
define a complex valued function of a real variable, h(r), for r > q  in such 
a way tha t \h(r)\=r  and \ f{h(r)) \  = m in jz| =r|/ ( z ) | .  For any standard 
sequence {ry} such tha t q < r l < r2 < • • • and lim7_ ^ rj ~ o o, put z[j) = g(rj), 
z(2/) =  /2(r7), 1,2,3,... and choose Bj  as one of the two arcs on |z |= r y



which connects z[j) with Then the conditions of 6.3.16 are again satis­
fied for any rj >  1.

In any case, the condition o f 6.3.16 has now established the following 
result.

6.3.17 T h e o r e m . Let / ( z )  be a standard function which is analytic for 
\z \ > q , g  standard, and which possesses an isolated essential singularity 
o f infinity. Then there exists an infinite complex num ber z0 which is a 
P-center for /  (z).

Under the conditions o f 6.3.17, let O0 =  argz0, 0 < 0 o < 2 n , and let 0 l 
be the standard part o f 60, 01 = °0.Ki. Then z ^ l z o l e 101 belongs to the P- 
circle with center z0 since

— — 1 = |e i<<’,_9o)- l |  =  2 s i n ^ Z ^
Zo 2

is infinitesimal. It follows tha t z x also is a P-center fo r/ (z). Since the ray 
given by arg z = 01 includes z t we have, taking into account 6.3.13,

6.3.18 T h e o r e m  (Standard. Julia, strengthened by Milloux). L e t / ( z )  
be analytic for |z| >  g 9 with an essential singularity at infinity. Then the line 
arg z = 0 i is a P-set for at least one value of 0l .

Let 0 =  y(r) be a standard real function which is defined for r > g 9 g 
positive standard, and which may or may not be continuous. y(r) de­
termines a set o f points r  in the complex plane, which is defined by 
r =  {z|z =  r e‘v(r)}. Consider the family o f sets { P j , 0 < t < 2 n ,  which is 
given by r t = {z|z =  r ei(' + v(r,)}. Then r 0 = T, and the sets r t are disjoint 
for different t9 0 < t < 2 n , and together they exhaust the set { z ||z |> e }  in 
the Z-plane if  / and r take standard values, and in the *Z-plane if t and 
r are supposed to take also non-standard values. Strengthening results by 
Julia and Valiron, we prove as our last theorem  in this section:

6.3.19 T heorem  (Standard). Let / ( z )  be analytic for |z| >  g with an 
essential singularity at infinity and, for given y(r), let the sets r t be ob­
tained as detailed above. Then there exists a tu  0 < t l <2n,  such that r ti 
is a P-set fo r / (z).

P r o o f . As an exception to our general practice, we shall find it con-
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venient to denote corresponding sets o f the family *{P,} in the Z  and *Z 
planes (for standard t) by the same symbol P,.

f { z )  possesses a P-center z0, by 6.3.17. Since the sets P t, as interpreted 
in the *Z-plane, cover the set {z||z|>@}, there exists a t0, standard or 
non-standard, 0 < t o <2n  such that P ,0 contains z0. Still working in *P, 
consider the set P fl where t l — °t0, unless °t0 = 2n , in which case we put 
t i = 0 . Let z 1 be the point o f P fl for which \zx\ = |z0|. Then arg z x —arg z0 
is infinitesimal (provided the arguments are taken with the appropriate 
determ ination) and so z t belongs to the P-circle with center z0 and is 
itself a P-center for / ( z ) .  Tt now follows from 6.3.13 that / (i, taken 
within P, is a P-set fo r / ( z ) .  This proves the theorem.

6.4 Compactness arguments in classical Function Theory. When com ­
paring the theory of the preceding section with the method of norm al 
families one observes, informally speaking, tha t the notions of a norm al 
family, of equicontinuity, and of the oscillation of a function at a point 
in the latter order o f ideas are related to our notions o f an internal 
analytic function which is 5-continuous where it is finite, of 5-continuity, 
and of the behavior o f an internal analytic function in a m onad. A precise 
correlation o f this kind is not possible. Thus, a given standard norm al 
family o f functions does not give rise to a single internal function. It may, 
however, give rise to a set o f internal analytic functions in a way which 
is illustrated by the following theorem.

6.4.1 T h e o r e m . Let P b e  a family of meromorphic functions which are 
defined in a dom ain (open connected set) D on the Riemann sphere, all 
notions referring to P . Then P is  norm al in D if and only if all the elements 
of *P are 5-continuous in the 5-interior of *D on the Riemann sphere 
in *P.

In this connection, *P is the extension o f the family F  from P to *P, 
as usual. The functions of this family are defined in the set *D which is 
the extension of D from P to *P. The notions o f 5-continuity and 5- 
interior are to  be interpreted in terms of the chordal metric on the Rie­
m ann sphere.

P r o o f  of 6.4.1. It is known that a necessary and sufficient condition for 
a family of functions to be norm al in a dom ain D on the Riemann sphere
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is that it be equicontinuous at all points o f D. Now let z0 be any standard 
point which belongs to *D and hence, to D. If F  is equicontinuous at z0 
then for any positive standard S there exists a positive standard e such 
that x (z >zo)<s  implies x ( / ( z ) , / ( z 0))<<5 for all f ( z ) e F  and for all z e D , 
where x stands for chordal distance. But this must be true also when re­
interpreted in *R and so we conclude that any function which belongs to 
the family *F is 5-continuous at z0. Next, let z l be any point o f *D which 
belongs to the monad of z0. Then for any ze*D such that ^ (z ,z1)< ^ e , 
we have at the same time, x(z,z0)< £  ~ since x (z ô z i) is infinitesimal -  
and so

x ( f  ( z ) J  ( Z i ) ) < x ( /  0 0 . /  (zo)) +  x ( / ( z o ) . / ( z i))<2(>.

T h u s ,/(z )  is 5-continuous also at z l . But the Riemann sphere is com pact 
and so every point which belongs to the 5-interior o f *D is in the monad 
of some standard point of *D. This shows th a t/ (z) is 5-continuous at all 
points o f the 5-interior of *Z), the condition o f the theorem is necessary.

The condition is also sufficient. Suppose that it is satisfied but that at 
some point z0e£), F  is not equicontinuous. Thus, there exists a positive 
standard d such that

‘for every positive s there exist a zeD  and an f { z ) e F  suchr tha t 
x (/(z ), / ( z 0))><5 while x(z, z0) < £-’

Form ulating the statem ent in quotation marks as a sentence of K , re­
interpreting it in */?, and taking for e a positive infinitesimal number, we 
find that there exist a point ze*D and a function f ( z ) e * F  such that 
x ( f ( z ) , f ( z 0) ) > 5  although x(z > z o ) < hence, although z  belongs to 
the m onad of z0. This shows th a t/ (z) is not 5-continuous at z0, although 
z0 belongs to che 5-interior o f *D. We conclude that the condition of the 
theorem  is sufficient.

However, as we have seen, the theory of generalized complex functions 
provided by N on-standard Analysis actually replaces the theory o f normal 
families in some cases and is more effective in others. At the same time, 
we may use our methods also in order to define compactness arguments 
regarding families of functions and related results. We prove as an ex­
ample

6.4.2 T h eo rem  (Standard. Vitali). Let { /„ ( z ) }  be a sequence of func­
tions which are analytic and uniformly bounded in the interior of (i.e., on
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every com pact subset o f) a dom ain  D. Suppose th a t { f n(z)} converges 
for an infinite set o f points zk in D, k — 1,2,... with a limit point z 0 in D. 
Then {/„(z)} converges everywhere in D and the convergence is uniform  
in the interior of D.

P r o o f .  Let co be an infinite natural num ber and consider the function 
which belongs to *{/„(z)}. Let z  be any standard  point which be­

longs to  *D and hence to D , and let S > 0 be a standard num ber such that 
the points for which |z — z ' \<S  all belong to *D. Such a num ber S exists 
since D is open. By assum ption, there exists a positive standard m  such 
tha t it is true in R  tha t ‘| / n(z ) |< ra  for |z —z'|<<5, m = 0 ,1 ,2 ,3 ,...’. Ac­
cordingly, the statem ent in quotation marks is true also in *R and, in 
particular, \ f &{z)\< m  for \z — z ' \<S.  This shows th a t/^ (z )  is finite in the 
m onads of the standard points o f *Z>, i.e., in the m onads of the points 
o f D. Denoting the union o f these monads by B , we have D = °B. B  is 
*S-open and s o / w(z) is 5-continuous in 5 , by 6.2.1. M oreover, the function 
F(z) = °f0}(z) is analytic in D = °B , by 6.2.3.

The function F(z) is independent of the particular choice of the infinite 
natural num ber co. For since limn_ 00/ n(zk) exists for k — 1,2,..., we have, 
in R , that \ f n(zk) —f m(zk) \ <3,  for arbitrary positive S and n > v ( S ), 
m>v(S).  It follows that, in *R , \ f 03(zk) —f ri(zk)\ is infinitesimal for all finite 
natu ral num bers k  and for all infinite natural co and r\. Hence 0f <o(zk) = 
°ftj(zk) for all finite natural k , and hence °/<0(z) =  % (z) by the identity 
theorem  for standard  analytic functions.

For any standard zeD  and for any positive standard S it is true in *R 
th a t ‘there exists a natural num ber v such tha t |/„ (z ) — F(z)\ <5  for all 
n > v’. Indeed, this is true in *R for any infinite natural v since | /„(z) — F(z)\ 
is then infinitesimal. But the statem ent in quotation m arks can be form al­
ized within the vocabulary of K  and so it is true also in R.  This proves 
th a t limn_ 00/ n(z) =  F(z) for all zeD,  so tha t the sequence {/„(z)} con­
verges in D.

We still have to show tha t the convergence is uniform  on any com pact 
subset of D. Let E a D ,  E  com pact, i.e., closed and bounded, and suppose 
tha t the convergence o f { f n(z)} in E  is not uniform. Then there exists a 
positive standard <5 such that it is true in R  tha t for any natural num ber 
m there exist a natural l > m  and a z 'eE  such that \ fi(z')  — F(z' ) \>5.  
Passing to *R and choosing m  infinite we then find tha t there exists an
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infinite natural num ber / and a point z 'e*E  such tha t | f ( z ' )  — F(z') \>5.  
Now z' is finite since E  is bounded and so it possesses a standard part 
z" = °z'. z" belongs to *E  since E  is closed and so z"eE  and z"eD.  It 
follows tha t F{z") is defined and that/*(z") —F(z") is infinitesimal. At the 
same time, F(z") —F (z ') is infinitesimal since F(z) is analytic, hence con­
tinuous on D\  and f ( z ' ) —f ( z " )  is infinitesimal, by 6.2.1. Accordingly,

/ ,  ( z ’) - F  (z') =  ( / , (z') -  / ,  (z")) +  ( / ,  (z") -  F (z")) +  (F (z") -  F  (z '»

is infinitesimal. This contradicts the relation \fi(z' ) — F(z ' ) \>5  and com ­
pletes the p ro o f of Vitali’s theorem.

6.5 Remarks and references. The theory and results described in this 
chapter were reported previously in r o b in s o n  [1962], in slightly different 
form. For the classical background consult Ca r t w r ig h t  [1957], ju lia  

[1923], KAKEYA [1917], MARDEN [1949], MILLOUX [1924, 1928], MONTEL 

[1923, 1927, 1933], o st r o w sk i [1926], v a l ir o n  [1923]. Related results 
will be found in r o b in s o n  [1965a].



C H A P T E R  VII

LINEAR SPACES

7.1 Normed spaces. Let B be a finite or infinite dimensional normed 
linear space whose field of scalars are either the real or the complex 
numbers. In either case, the definition and discussion o f B  involve B  
together with the real num bers, R , so we assume as in previous cases 
that B  and R are embedded, simultaneously, in some full structure 
M  and we develop the non-standard theory of B in an enlargement 
*A fof M.

Let ||a|| be the norm  of any point a o f B. Since B  is a metric space 
under the definition g(a9b)= \\a — b\\ the theory of sections 4.3 through 4.6 
is applicable. The finite points o f B  in the sense o f C hapter iv are precisely 
the points o f B  whose norm  is finite.

Let T  be an  operator on B  which is linear in the algebraic sense, i.e., 
T(a + b) = Ta + Tb and TXa = XTa for all a and b in B  and for all numbers 
X in the appropriate field o f scalars. Then the extension o f T  to *B (which 
will still be denoted by T, as usual) is linear in the algebraic sense. We 
consider operators with dom ain and range in the same space, B.

7.1.1 T h eo r em . The standard operator T  is bounded if and only if T  
transform s every finite point a in *B in to  a finite point.

P r o o f . The condition o f the theorem is necessary. For if T  is bounded, 
and || 71 is the norm  of T, so that ||7 || is a standard real number, then for 
any point a in B  or in *B ,

||Ttf || <  ||T || | |a ||.

This shows tha t if a is finite then Ta also is finite.
The condition is also sufficient. Suppose T  is not bounded, then there 

exists a standard sequence {an} of elements of B  such that ||a j | =  l, 
n =  0,1,2,..., bu t ||7aJ| is unbounded in M.  Passing to *M  we see that this
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implies that ||7 h J | is infinite, for some infinite co, although =  1 
so tha t is finite.

7.1.2 T h e o r e m . The standard operator T  is bounded if and only if T  
transform s every point in the m onad of the origin, 0, into a point in the 
m onad of 0.

Pr o o f . A point is in the m onad of 0 if and only if its norm  is infinite­
simal. The necessity of the condition is thus obvious. To prove its suf­
ficiency, choose as in the proof of 7.1.1, so that | | a j  =  1 while {Tan} 
is unbounded and ||7 a J | is infinite for a particular infinite co. Consider 
the point b = aJ \ \ Ta0)\\. Then ||fc|| =  l / | |7 a j |  so that \\b\\ is infinitesimal, 
b is in the m onad of 0. At the same time \\Tb\\ =  ||T a J |/ ||7 tfJ | =  1 so that 
Tb is not in the m onad of 0. This completes the proof o f 7.1.2.

7.1.3 T h e o r e m . The standard operator T  is bounded if and only if T  
transform s every near-standard point into a near-standard  point.

P r o o f . The condition of the theorem is necessary. Suppose a is near­
standard, then a = °a + b where ||&|| is infinitesimal. Then Ta = T(°a + b) 
= T(°a) + Tb. Suppose T is bounded, then T(°a) is a standard point while 
|| 77? || is infinitesimal, by 7.1.2. This shows that Ta is near-standard, as 
required.

The condition is also sufficient. Suppose that T  is not bounded and 
choose {an} and co as in the proofs of 7.1.1 and 7.1.2 so that \\Tac0\\ is 
infinite. Put h =  aw/^ / | |7 a J |,  where the positive square root is to be taken 
in the denom inator. Then b is near-standard since it belongs to the monad 
ofO, ||6|| =  1/^/HTaJI *s infinitesimal. On the other hand, ||77?|| =  a/HTaJI 
is infinite and so || Jfe|| cannot be near-standard. This completes the proof 
o f the theorem.

The notion o f a com pact mapping from  a metric space into a metric 
space has been dealt with in section 4.6. Specializing 4.6.4 to the case of 
an algebraically linear operator from  B into B , we obtain

7.1.4 T h e o r e m . The standard operator T  is com pact if and only if it 
m aps every finite point into a near-standard point.

In the theory o f normed linear spaces a com pact operator is also said



to be completely continuous. Com paring 7.1.4 with 7.1.3 we see that a 
com pact operator is by necessity bounded (and hence, continuous).

Now suppose tha t B  is complete, i.e., a Banach space. M aking use of
4.6.5, we obtain  the well known

7.1.5 T heo rem  (Standard). Let {Tn} be a sequence of com pact linear 
operators from  a Banach space B  into B. Suppose tha t the sequence 
converges in norm  to an operator T. Then T  is compact.

In order to reduce this theorem  to 4.6.5, we take as the space T  o f that 
theorem the unit ball U in B , which is given by \\a\\ <  1, while S  is identi­
fied with B. Then it is not difficult to verify that the convergence in norm  
o f {Tn} to T , lim ^^^ \\T„ — T\\ = 0  implies tha t l im , ,^  Tna = Ta uniformly 
on U. We conclude that every point o f U is m apped by T  on a near­
standard point, and hence, tha t every finite point o f B  is m apped by T  
on a near-standard point.

As an  example o f the application o f our order of ideas to a concrete 
function space, we shall establish the compactness of certain integral 
operators.

Let B  be the space o f real continuous functions of one variable defined 
in the closed interval 0 < x <  1, with the norm  || </>(*) II = m ax o<x<i 1$ W i­
l t  is not difficult to verify tha t B  is a norm ed linear space over the field 
of real numbers. (B  is actually a Banach space, but we shall not require 
the completeness o f B.)

Define the operator T  on B  by
i

7.1.6 lj/ (x)=T<j)= j  K(x,t)<j>(t)dt,
0

where K(x,t)  is continuous in the closed square 0 < x < l ,  0 < / < l .  It is 
no t difficult to see that \j/(x) is continuous, i.e., T  maps B  into B. M ore­
over, T  is clearly linear in the algebraic sense.

7.1.7 T h eo rem  (S ta n d a r d ). T h e  o p e r a to r  T  is c o m p a c t.

P r o o f . In  the present case, we may identify M  with R , i.e., with the full 
structure based on the real numbers as set o f individuals. Then the points 
of B  are given by certain functions (i.e., formally, by certain relations)
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within M.  On passing from  M = R  to  an enlargement * M = * P , B  is 
carried into an enlargem ent *P, and the preceding theory is applicable. 
Thus, in order to prove tha t T  is com pact, we only have to show that 
every finite ^  in *B is m apped by T  in to  a near-standard ij/. Now if  is 
finite there exists a standard positive num ber m  such tha t \(j)(x)\<m for 
0 < x <  1. A t the same time, K(x , t ) is bounded by a standard positive k 9 
and this bound applies both in R  and in *R. Hence,

i

|^ ( x ) |=  J K(x,t)<j)(i)At < k m
0

so tha t ij/(x) is finite for 0 < x <  1 in *R.  We propose to show that \j/(x) is 
^-continuous a t all points o f this interval.
Indeed, for any x u x 2 in the interval o f definition o f ij/ (x),

1

^  (x2) - 1/» ( x ,) =  J  ( K  ( x 2,t) -  K ( x , ,/)) <l> (0  d t .

0

Now  suppose tha t x l czx2 so tha t x x and x 2 belong to  the same m onad. 
Then K ( x 29t) — K ( x l9t ) ^ 0  since K  is continuous. Putting 

|P ( x 1, 0 - / : ( x 2, / ) |= / / ( 0 ,
we then have

i

0

where r j ( t )~0  for 0 < f < l .  Clearly ^r j( t )  d t> 0.  M oreover, this integral 
m ust be infinitesimal for if e is any positive standard num ber then

i i

0<  j  r j ( t )d t< j  edt  = e.
o o

We conclude that i/'(*2) ~ ,K * i)  is infinitesimal for infinitesimal x 2 — x x 
and hence, th a t \\/{x) is S-continuous in the closed interval 0 < x <  1. It 
follows that the function V  (x) is defined and continuous and that 
\j/(x)cz°il/(x), for all x  in this interval. Thus, V C*) is a point in B  and 
ij/(x) belongs to the m onad o f °il/(x) since ||^ (x )~ ° ^ (x ) i | = m ax 0<Jĉ 1
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|^ (x )  — °^(x)\  is infinitesimal. We conclude that is near-standard, 
T  is com pact.

In section 4.4, we showed how to define a space TJ, whose points are 
the m onads of an enlargem ent *T  o f a given metric space T. We may 
adapt this construction to the case when T —B  is a norm ed linear space. 
The norm  o f a point £ =  jli (p) in = T  ̂will now be defined provided one, 
and so, all o f the elements o f  £ (which are points o f  B) are finite, and we then 
put ||£|| = ° | |p ||.  Defining addition and m ultiplication by a scalar in BM in 
a similar way, we find that the points o f B^ which, as m onads, belong to 
the principal galaxy o f B  constitute a norm ed linear space BG. If  we denote 
by Bs the subspace o f BG whose points, taken as monads, contain points 
o f B , then Bs is isometric and algebraically isom orphic to B and (compare 
4.4.6) the closure o f Bs in BG is isometric and algebraically isomorphic to 
the com pletion o f  B.

7.2 Hilbert space. Let H  be an abstract Hilbert space with the complex 
num bers as scalar field and suppose, specifically, that H  is infinite­
dimensional, separable, and complete. While we shall thus consider the 
case o f complex H ilbert space, our analysis is applicable also to the real 
case, with m inor verbal or form al alterations.

We take for granted some o f the more elementary facts abou t H ilbert 
space. D enoting the inner product i n / /  by (x,y), the definition ||x|| = A/(x ,x )  
turns i / i n t o  a Banach space, so that the theory o f section 7.1 becomes 
applicable. Let {en}, n =  1,2,3,... be an arbitrary but definite orthonorm al 
basis o f H.  Then any point a in H  has a unique representation a = x anen 
where the coordinates an are complex numbers. We shall indicate this re­
lation also by a = (al ,a2,a3i...). In  terms o f its coordinates, the norm  of a 
is given by ||a|| = ^]{axd x + a2d2+ a 3a3-\— ), and the inner product of any 
two points a = (alta2,a3,...) and b = (bu b2,b3,...) equals (a,b) = a lb i + a 2b2 
+ a3b3 +  • • •.

Following our usual practice we suppose that both H  and the real 
numbers R  are contained in some full structure M, and we develop the 
N on-standard Analysis o f the subject in an enlargement *M  o f M.  On 
passing to *M, H  and R  are carried into *H  and *R , respectively. A t the 
same time, the basis {an} o f H  is extended to an internal sequence o f 
points in *H,  which is defined for all positive integers in *N,  finite or 
infinite. As usual, we retain the notation {en} also for the enlarged se­
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quence. The scalar products (en,em) are equal to 1 or 0 according as n = m  
or « +  w, also within *Af, as we see immediately by transfer from M. 
Every point a in *H  has a unique representation,

00
7.2.1 a = £ a ne„,

n -  1
where the an are complex numbers within *M  and n varies over all 
positive integers, finite or infinite. The equation 7.2.1 is to be interpreted 
in terms of the classical definition as applied to *M. T hat is to say, for 
every positive e in *R there exists a natural number m = m(s)  in *N  such 
tha t

k

\\a — Yj a n e n \ \  <e  for all k > m  .n= 1

In this connection, an expression Xn= i anen though not necessarily a finite 
sum in the ordinary sense is nevertheless defined in *M  by transfer from M.

L e ta  = (al ,a2,a3i. . .)be  any point in *H. Then M l2 =  i ndn, so that 
a is finite in the sense defined previously for metric spaces and more 
particularly for normed linear spaces if and only if 1 anan is finite.

7.2^2 T h e o r e m . A point a = (au a2,a3, . ..) in * / / i s  near-standard if and 
only if a is finite and the sum £ “=*+ i a nan is infinitesimal for all infinite k.

P r o o f .  The condition is necessary. Suppose first that a is standard, a is 
a point o f H.  Then a is finite. Also, the sequence {sk} which is defined by 
s k = = i arfin is a standard sequence which converges to s  — ]T̂ °= x anan and
so s — sk = Ysn=k + i an®n infinitesimal for all infinite k.

Suppose next that a is any near-standard point in *H  and let b = °a = 
(bl ,b2,b3,...) be the standard part of a. Then \\a — b\\ is infinitesimal. But 
|| a — b ||2 — Y ^ = i ( an~ bn)(an — bn) where the terms of the infinite series on 
the right hand side are non-negative. Hence, £^°=k+ \{an — bn)(an — bn) is 
infinitesimal for all natural numbers k , finite or infinite. A t the same time, 
as shown already, Y.n=k + \ b nbn is infinitesimal for all infinite k.  Now, by 
M inkowski’s inequality, which is valid by transfer from M,

/  oo / oo v i  / 00
7.2.3 ( X  M . )  SM Z  + (  Z  bnbn ) .

\ n  = k+1 / \n = fc +1 / \ n = k +1 /
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(This is simply a special case o f the triangle inequality.) For infinite k , 
both  sums on the right hand side of 7.2.3 are infinitesimal. Hence 
Y,n=k+ian̂ n *s infinitesimal, the condition  is necessary.

The condition is also sufficient. Suppose that it is satisfied, so th a t 
i atAn is finite, while Y,n=k + i afAn is infinitesimal for all infinite k.  Then 

anan = \an\2 is finite for all n , and an possesses a standard part, °an. We 
define a standard point b = (bl ,b2,.••) by setting bn = °an for all finite 
positive integers n. In  order to  prove tha t b is indeed a point in H , we 
have to  show tha t the sums Yji=ibnbn are uniformly bounded by a stan­
dard  positive num ber m  as k  varies over the finite positive integers. Now 
for all such k  the difference Z * = i b„b„ — X«= 1 = Z J =1 °a„°an ~ Z J =1 andn
is infinitesimal, while Yj?=\arAn known to be finite. I t follows tha t if 
ra —1 is any standard positive num ber greater than anan then 

= ianan < m — 1 and h e n c e = tbnbn < m. This shows tha t b = (b1,b2,b3,...) 
is a point in H , i.e., equivalently, tha t b is a standard point in *H. We 
claim tha t a belongs to the m onad o f b or, which is the same, tha t ||a —6|| 
is infinitesimal. Now

7.2.4 || a -  b || •2 =  f  (a„ -  bn) (a .- b n)=  £  (a„ -  bn) (dn -  bn)
n = 1  n  = 1

oo
+  Z  (a» - b n) ( a „ - b n) .

n = k+ 1

The first sum on the right hand side o f 7.2.4 is infinitesimal for all 
finite k  since, for finite n, (an — bn)(dn — bn) = (an- ° a n)(dn — °dn) is infinite­
simal. In  view of 3.3.20, we may therefore conclude th a t 
(dn — b„) is infinitesimal also for some infinite k.  Choosing such a k> we 
obtain for the second sum on the right hand side o f 7.2.4,

( ° °  _  /  00 /  00  _

Z  (an - b n)(an- b n) \  <(  Z  aA )  + (  Z  bJ>n)
n =  k + 1  /  \ n  =  k + 1  /  \ n  =  f c  + 1  /

by M inkowski’s inequality, and so the second sum on the right hand side 
o f 7.2.4 also is infinitesimal. This shows that a is near-standard and com ­
pletes the p roo f o f  the theorem.

Now let {an} be an internal sequence o f points o f *H  which is defined 
for n =  1 ,2 ,...,co, where co is an infinite natural num ber. According to the 
term inology o f section 5.1, {an} is thus a 2-finite sequence.



7.2.5 T h e o r e m . Suppose that there exists a positive standard num ber e 
such that ||^  — aj\\ >e  for all finite i and j ,  /=f=y. Then there exists a n « <c o  
such tha t an is no t near-standard.

P r o o f .  Suppose an is near-standard for all n  for which it is defined, and 
consider the standard infinite sequence {bn} which is determined by 
bn = °an for all finite n.  Then \\an — bn\\ is infinitesimal for all finite n.  It 
now follows from  3.3.20 tha t there exists an infinite natural num ber m<co  
such tha t \\an — bn\\ is infinitesimal for all n < m .  Put b = °bk = °ak for some 
infinite k  which is not greater than m , otherwise arbitrary. Then b is a 
limit point o f the sequence {bn} in M.  This implies that there exist distinct 
finite natural numbers i and j  such that || b — bi\\ < ^e and \\b — bj\\ <%e. We 
conclude tha t H^ — bj\\ <\e .  But this contradicts the assum ption 
I I — cij|| >8 since the difference between ||tfj —0/|| and \\bt — bj\\ is infinite­
simal, and completes the p ro o f o f 7.2.5.

Now let a = Y lk=ianen t>e an arbitrary point in * //. For any positive 
integer k , finite o f infinite, we consider the projection operator Pk which 
is given by

k

Pk :a-+b=  £  a„en.
n= 1

Pk is an internal entity, and if k  is finite then Pk is even standard. Pk is 
linear in the algebraic sense. Moreover, Pk is bounded, with norm  \\Pk\\ =  1, 
since for any a in *77,

IIA* 11 = !>„*» =l|fl|l
n= 1 \« = 1 /  \« = 1 /

while Pkei = e 1.
Also, if a is near-standard (in particular, if a is standard) and k  is 

infinite then it follows from

\ \ ( I - P k)a\\ = \ \ a - P ka \ \ < (  £  andn\
\ n  =  k +  1 /

and from 7.2.2 that ||(7—P*)a|| is infinitesimal, where /  is the identity 
operator. Suppose now that T  is a com pact standard operator, so that 
Ta is near-standard for any finite a , by 7.1.4. Then \\(T—PkT)a\\ = 
\\(I—Pk)Ta\\ is infinitesimal for all infinite k  and all finite a. In particular,
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this is the case for ||a|| =  1, from which we may conclude tha t ||T —PkT\\ 
is infinitesimal for all infinite k.

Now let e be any standard positive num ber. Then there exists a first 
natural num ber m  such tha t \\T— PmT\\<e,  and m  m ust be finite since 
\\T—PkT\\ < g for all infinite k. Transferring from  *M  to M,  we conclude 
tha t \\T—PmT\\ <e  for some (finite) natural num ber m. But the operator 
T'  = PmT  is of finite rank, that is to say, it m aps H  into a finite dimensional 
space (i.e., the space spanned by e l9e29e39.. .9em). Accordingly, we have 
proved the following theorem.

7.2.6 T heorem  (Standard). Let T  be a com pact operator on H.  For 
every e > 0  there exists a bounded operator o f finite rank T' ,  such that
l i r - m < £ .

It is well known that this result can be used as a starting point for the 
development o f the Fredholm  theory for com pact operators.

7.3 Spectral theory for compact operators. We turn to the study o f a 
self-adjoint com pact operator T  in H.  Thus, we suppose that T is defined 
and com pact on H  and that

( Ta,b) = (a ,T b )

for all a and b in H  and hence, for all a and  b in *H.
Let co be an arbitrary bu t fixed infinite natural num ber. We denote by 

the subspace o f *H  which is spanned by e l9e2f. . .9e0)- Thus Hw consists 
of all points which are linear com binations of e l9e29.. .9em with complex 
coefficients in *M.  Since H„ is finite-dimensional in the sense o f * M 9 all 
the standard results o f the theory o f linear transform ations in finite­
dimensional spaces apply to Ha9 by transfer from  M.

Let Pu be the projection operator from  *H  onto Ha9

Then ||P J | =  1, and \\(I—Pa)a\\ is infinitesimal for all near-standard a , as 
shown above. For any com pact self-adjoint operator T  on H 9 we define 
an internal operator, T^, in *H  by

T  = P  T PA to (O Cl)

Clearly, Ta is linear and bounded, and | |T J |< | |P J |  | | r | |  \\PJ\ = i |r | | .
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M oreover, if a is any finite point in *H, T j i  is near-standard. For Tja = 
P(D̂ (P(oa) and \\Paa\\ <  ||a|| so that P^a is also finite. It follows tha t TiP^a) 
is near-standard, T(P(0a) = b + rj where b is standard and \\ri\\ is infinite­
simal. Now

Ta>a = P0)(b + ti) = b - ( I - P (0)b  + P(0ri
and so

Iira, f l - f c | |< | | ( / - p j 6 | |  +  ||pfl)i/||.

IIP^H < ||^ || is infinitesimal, and ||(7—P^b]] is infinitesimal, as shown 
above. Hence, WT^a — bW is infinitesimal, T^a is near-standard, as asserted. 

7^ maps *H  into Hw and so, in particular, maps Hw into itself. Finally, 
is self-adjoint, by transfer from M  (for all projection operators in H  

are self-adjoint) and

(PC0TP0ia,b) = (TPC0a,PC0b) = (a,P0)TP0)b).

Let T'  be the restriction o f 7^ to 7/w. Then it follows from the above 
that r  is a self-adjoint linear operator on Ha and | | r ' | |  <  | | r j |  <  | |7 J . T'  
can be represented by a Herm itian matrix with respect to the basis 
{el9e29.. .9em} o f /7W.

Consider the characteristic equation

7.3.1 ( / t J ' - r ) x  =  0 ,

where / '  is the identity operator in By standard theory, transferred 
to * M 9 there exist real numbers A1,A2,...,AW (the eigenvalues o f T '), equal 
or different, and arranged in non-increasing order o f their absolute values, 
and corresponding non-zero points of (eigenvectors o f T') rl9r2, . . . ,r(0,
which may be taken to have norm  ||ry|| =  l, such that (r;-,rfc) =  0 for 
j ^ r k  a n d .

7.3.2 ( A /  -  T )  rj = 0 , 7 = 1,2,... ,o>.

Equation 7.3.2 shows that Xj is finite for j — 1,2,...,co since it implies

\*j\  Il0 ll =  | | r r y| | < | | r | |  ||r ,. ||< ||T || 

and so \Xj\<  ||Z’H. We are going to prove

7.3.3  T h e o r e m . The eigenvector r j is near-standard for any eigenvalue 
Xj that is not infinitesimal.



Indeed, we may rewrite 7.3.2 as

7.3.4 XjTj = T^r j ,

since Tja  =  T'a  for all a in Hw. But rj is finite and so T j j  is near-standard. 
Thus, Xjrj is near-standard, and so long as kj  is no t infinitesimal, this 
implies tha t rj = k J 1(kJrj) is near-standard, the theorem  is proved.

7.3.5 T h e o r e m . Let s be positive standard and suppose that \kj\ >  e for 
7 = 1 ,2 ,...,/:. Then k  is finite.

P r o o f .  It follows from  7.3.3 that, for e and k  which satisfy the as­
sumptions o f the theorem  under consideration, rn is near-standard for 
n =  1,2,...,/:. On the other hand, \\rj — rl \ \=(rj — rh rj — rl)^ = -s/2 .  Hence, 
by 7.2.5; rj cannot be near-standard for all «= 1,2 ,...,Z : if k  is infinite. 
This proves the theorem.

7.3.6 C o r o l l a r y . For any kj  which is not infinitesimal, the num ber of 
eigenvectors rk for which kk =  kj  is finite (i.e., is a standard natural num ber). 
In  other words, the dimension o f the eigenspace which corresponds to 
kj  is finite (a standard natural number).

Now renum ber the eigenvalues so as to om it repetition, still in non­
increasing order o f absolute values. Call the result {v1,v2,...,v /i} so that 
fi<co and for each vf there exists a y > /  such tha t Vi = kj. Let 
be the subspaces spanned by the corresponding eigenvectors and let 
Pi',P2', ..,P^ be the projection operators from Ha to re­
spectively. Then by standard theory (spectral theorem  for finite-dimen­
sional spaces)

7.3.7

7.3.8 Pi' + Pi + ^ + P ^ r ,

7.3.9 v1P i + v 2p; +  ... +  v ; ; = r ,

where © indicates the direct sum.
We are going to show how to carry over the results o f spectral theory 

from to the original H ilbert space H.
Let V be any internal operator on Hm which is linear in the algebraic

sense. We have, by transfer from  M, tha t V  possesses a norm  which is
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d efin ed  by
HKH =  max|| V a \\, aeHa , \\a\\ = l .

If  V  is self-adjoint, then 7.3.7 -  7.3.9 apply, with V  for T f.

7 .3 .10  T h e o r e m . If  th e  e igenva lues, v1?...,v M of V a re  all in fin ite sim a l 
th e n  \\V\\ is in f in ite s im a l.

P r o o f . Let v =  |v1|= m a x 1^ i^M|v,-|, then v is infinitesimal. Let a be any 
poin t in Hm such tha t ||a|| =  1. Then

M I = ( l |a ' i l l 2 +  -"  +  K I I 2)* =  l ,

where are the projections o f a onto  respectively, and

ll̂ a||=(||v1fl'1||2 + -  + ||vXII2)i <(v2(l|a'1||2 + -  + l|a;i|2)i <v

and so || Va\\ <  v. This proves 7.3.10.
If  the num ber || V\\ is finite then we call the operator Vfinite.  I f  Va is 

near-standard for every near-standard point a in Hm then we call V near­
standard. It is not difficult to see tha t in tha t case V  is finite (compare 
7.1.3). For every near-standard linear operator V  on Ha9 we define a 
bounded linear operator ° V  on H  as follows.

Let a be a point in H, a = (al9a2,--.)- Then there exist points in Hw 
which belong to the m onad o f a, e.g., the po in tP CIJa =  (a 1,a2,. . . ,a O),0,0,...). 
Thus the set pt(a)f] Hm is non-empty, where fi(a) is the m onad o f a, as 
usual. M oreover, the points b=  Va for a'sii{a)r\ Ha are infinitely close 
to each other since V  is finite, and they are near-standard since V  is near­
standard. We define ( °V)a  as the jo in t standard part o f these points b. 
In particular, therefore, (0V)a = °(VP(Oa). From  this fact it is easy to de­
duce that ° V i s  linear in the algebraic sense. Also, if ||a|| =  1, a in H,  then 
H P ^ H ^ l .  Hence ||0Fa|| =  f i V P j f iW  = ° || VPji\\ < ° || V\\. This shows that 
° V  is bounded and ||°K|| < ° || V\\.

I f  a is any near-standard point in Hw, with standard part °a then 
0V°a = °(Va), since aejx(°a)f] H^.

We return to a self-adjoint com pact operator T  on H  and consider the 
related operators Ta) = P(0TP(0 and T \  where T'  is the restriction o f T to 
jF/w. Since the norm  of T f cannot exceed || T^|| <  ||PW|| ||T|| WP̂ W < ||P ||, the 
operator T f is finite. T'  is even near-standard for if a is a near-standard
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point in then T'a = T(0a = Pa)TP0)a = P0>Ta. Now Ta is near-standard 
since a is a t any rate finite and so P ^ T d )  also is near-standard, as as­
serted.

7.3.11 T h e o r e m . The operator °(7"') exists and is equal to T.

P r o o f . °(T')  exists since T  is near-standard. Now let a be any point in  

H  then we have to show that ° (T' )a = Ta or, in other words that 
0(T'P(Oa) =  Ta. But T'PC0a = Pa)TP0Ja and P ^ a ^ a ,  TPcoa ~ T a ,  and so 
P ^ T P ^ a ^ P ^ T a ^ T a ,  0(T'P(od) = Ta, as asserted.

N ow let kj  be an eigenvalue o f T \  and rj a corresponding eigenvector 
as in 7.3.2, such that kj  is not infinitesimal and ||ry|| =  1. As we have seen, 
kj  is then finite and rj is near-standard.

7.3.12 T h e o r e m . °kj , the standard part o f k j9 is an eigenvalue of T  
(in H ) and °rj9 the standard part o f r} is a corresponding eigenvector.

P r o o f . 7.3.2 can be written in the form

k j f j - T r j  = 0 .
This entails

7.3.13 0( x . r . ) - 0( T 'ry) =  0 .

But °(rVy) =  (0r ' ) ( 0ry), as shown above, and so ° (T ’rj) = T{?r})9 while 
°(kjrj) = 0kj°rj. Hence, from  7.3.13,

7.3.14 °k j°rj - T ( }rj) = 0 ,

which proves the theorem.
Let { v 1 , v 2 , . . . , v m }  be the eigenvalues of T'  ranged as before in non­

increasing order of absolute values, w ithout repetitions, and let W  be the 
set o f natural num bers i such that is not infinitesimal. W  is not neces­
sarily an internal set and may be finite or infinite in the ordinary sense. 
For any vf such that i e W , °vf is an eigenvalue o f T , by 7.3.12. Let m be 
the num ber o f kj  which coincide with vt; m  is finite, by 7.3.5. Also, m is the 
dimension o f the subspace H( o f H(0 (see 7.3.7), and HI is spanned by m 
o f the vectors rjt These will be denoted for convenience also by
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F or any Xj which is not infinitesimal, °rj exists and ||°r7.|| =  \\rj\\ =  1. 
And, for y=#/,

K °rA O I =  l ( ° r A ) - ( ^ i ) l  =
l( ° 0  ~  f> °r i) +  (rj>°ri ”  r i)l <  I( ° 0  -  0 ’°r /)l +  \(rp °ri -  rt)\ < 
li°0“ rill IlMi + IM II0rz -  rfII = II°r̂ -  r1| -f- [|°r,-  r,|| ^ 0 9

so tha t (or /,cV f)~0. But is standard and so (°rj9°rl) = 0.
For any given ieW,  let °ff/ be the subspace o f H  which is spanned by 

°ril9. . .9°rim. We have ju st shown tha t the vectors are orthogonal and so 
°Iil  is w-dimensional, like Hit The same argum ent shows tha t for distinct 
ieW,  the corresponding °H( are orthogonal to each other.

Let Pt be the projection operator from  H  to °H-. We are going to show 
that Pi = °Pi where P( is the projection operator from Ha to H( as in tro­
duced previously (see 7.3.8). To see this, let a be any point in H.  Then 
°(Pcoa) = a. M oreover there exist finite complex numbers fa such that

7.3.15 Pa>a = V irji + - " +  Pmrim + >  where

7.3.16 PI (Pma) = Pirn + — + iimrim,

and a ' is a point in Hw which is orthogonal to H(. Taking standard parts 
in 7.3.16 we obtain

\ P { ( P ^ ) )  = W r n  + -  + °Pm°rim 

This shows tha t °P[ exists and

Thus, °P( maps a into °FT/. On the other hand, by 7.3.15,

a =  °(Pwa) =  V ° r a  +  • • • +  °iim°rim +  V ,

where °a’ exists since P^a and fi1 rn -i \-nmrim are near-standard. As
before, °a is orthogonal to °ril9. . .9 °rim and hence, to °H(. This shows that

Pia = °fi1°rn -\------ b °nm°rim,

i.e., Pi = °P[ , as asserted.
Now suppose tha t P+O . Then there exists a point a in H  such that 

||a || =  1 and ||7to|| = a > 0 .  Consider the point b = P(0a, which belongs to Hw. 
We have P(0b = b and \\TP(X)b\\ — \\Tb\\>\oL since ||6 — u ||^ 0 .  M oreover, 
c = Tbis  near-standard since P is  com pact and so ||c — Pmc\\ = ||(7— P ^cll ^ 0
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and lirftll =  \\PmTPmb\\ =  \\Pac\\ > \ ol while at the same time ||Z?|| <  ||a|| =  1. 
This shows tha t ||P'[| is no t infinitesimal. We may therefore conclude from
7.3.10 tha t the eigenvalues o f  T'  are no t all infinitesimal and so the corre­
sponding set o f positive integers W  is no t empty.

W  contains, together with any positive integer i also all positive integers 
which are smaller than i. Now if m e W  for some infinite m , then |v j  is not 
infinitesimal and so |vm|> e  for some positive standard e. But lv£| >:|vm| 
for all finite i and so |v£| >  e for all finite i. This contradicts 7.3.5 and 
shows tha t W  cannot contain any infinite positive integers. Thus W  is 
either finite, or it coincides with the set o f all finite positive integers

Suppose first tha t W  is finite, W =  where k  is a finite natural
number. Then the space °Hl + °H2 -\ h °Hk is finite-dimensional. Let
H0 be the orthogonal complement o f this space in H , and let P0 be the 
projection operator from  H  onto H0.

7.3.17 T h eo r em . On the assumptions just stated,

7.3.18 = H  9

7.3.19 P i+ P 2 +  -- -+P* +  Po =  / ,  

and

7.3.20 0v,Pi + 10v2P2 +  • ■• ■• +  0̂vkPk =  T .

P r o o f . 7.3.18 follows from  the definition o f H0i where we recall that 
the several °H( are orthogonal. 7.3.19 is an immediate consequence of 
7.3.18. In  order to prove 7.3.20, we make use o f 7.3.9 and 7.3.11, so

7.3.21 T  = °(T ') =  0(VlPi +  v2P^ +  • • • +  v P ;)

=  °(v l ̂Pi H vkK)  +  0(vfc + 1 ̂K +1 H-----1" v ,p;)
=  °viP i H f-°vjtPfc-h°(vfc+1Pfc'+1 H hvMP^)

since °P/ =  Pi, i= \ , . . . , k .  These equations are meaningful since T'  and 
ViPi H h vkPk are near-standard operators in Ha. As far as T f is con­
cerned, this fact was established earlier and is implicit in 7.3.11. Again, 
if a is any finite point in with projections a u . . . ,ak into H{9. . . , Hk 
respectively, then

a = a l -\ h ak + a'



for some a' in that is orthogonal to a i9. . . ,ak. F o r any i, \ < i < k ,  at 
may be written as

/filTil F  “h k-im(i) îm(i) »

where rn , . . . ,rim(i) are the eigenvectors for eigenvalue vf, as introduced 
previously, and the are finite since a and the points at are finite. But 
the rtj are near-standard, by 7.3.3, and so the points are near­
standard for these and finally, the ax are near-standard, being finite 
sums o f near-standard points. Now

(vl P'l + --- + vkPk)a  = vlP[a-\ 1- vkPka =  Vla t +  • • • +  vkak ,

and this sum also is near-standard since v*,..., vk are finite. It follows that
 h vkPk is near-standard, as asserted.

Since vfc+1Pfc'+1H is the difference between T'  and

V1P 1H I"

it is also near-standard, and the term °(vk + i Pk+1-\ which was
introduced in 7.3.21 is indeed meaningful. We shall show presently that

7 .3.22 °(vk + 1PU  i +  -  +  v„p;) =  0 .

Com bining 7.3.22 with 7.3.21, last line, we obtain 

°vi P1 + ... + \ P k = T 9
and this is 7.3.20.

It remains to prove 7.3.22. For any finite a in H^,

II (■vk +1 Pk +1 + • • • + v„p;) a II = IIV* + x Pk+ J a + ■ • • + v ^ a  ||
<(l|vk+1PJ'+ ia |i2 +  -  +  ||v/JP ; a | | y
< |v ,+ 1|(l|P;+ia||2 + -- + ||P;«||2̂ < |v t+1|||a||

where |v* + 1| ||a|| is infinitesimal. This shows that || vfc+1Pfc'+1H h ||
is infinitesimal, entailing 7.3.22.

Suppose next that W  is infinite so that W  coincides with the set of 
finite positive integers. Then the vf are finite but not infinitesimal for all 
finite / and the corresponding subspaces °H( of H  are finite-dimensional
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and mutually orthogonal. Thus, H '  = YT=i °H! exists as a direct sum. Let 
H0 be the orthogonal complement of H '  in H  where we put H0 = {0} if 
H '  = H.  Then

OO
7.3.23 H0®  X  °H! = H .

i = 1

I f  Pt is the projection operator from H  to °H[ as before, /=  1,2,..., / finite, 
and P0 is the projection operator from  H  to H0 then it is an immediate 
consequence o f  7.3.23 that

00
7.3.24 Z p< =  /

/ = o

provided we understand this equation in the sense that
00

7.3.25 ' Z p ia = a for all aeH
i = 0

Equations 7.3.23 and 7.3.24 or 7.3.25, correspond to 7.3.18 and 7.3.19 
for the case o f infinite W. The counterpart o f 7.3.20 for this case is

00
7.3.26 £  °viPi« = Ta  for all points a in H.

i =  1

In  order to  prove 7.3.26, we have to show that sn= \\Ta — Yj  = i °viPia II 
tends to zero as n tends to infinity in Af, for any point a in H . Now

Ta  = (0V ) a  = 0(T'Ploa)
by 7.3.11, and

i \ P i a = i y P i' a = i \ 0(P;Paa) = ° ( ^

Hence,

7.3.27 s„=  ,

where we have taken into account 7.3.9. Let a be a standard real num ber 
which is greater than ||a||. Then \\Paa\\<oi and (compare the p roof o f 
7.3.22),
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( Z vipi')pa,a  ^ K + i l  I l l ' l l  < | v „ + i | a .V = n + 1 /

Hence, by 7.3.27, sn< \ 0vn+l\a + rj for any positive standard r/, and so 
i’n< |°v n+1|a . But the sequence o f |vf| is non-increasing, and for every 
positive standard r there exist only a finite num ber of i for which |vf|> r ,  
by 7.3.5. It follows that the same applies to \°vt\ and so l i m ^ ^ \0vt\ = 0  
in M.  Hence, l i m ^ ^ ^ O ,  as required in order to establish the tru th  o f 
7.3.26.

Summing up, we have proved

7.3.28 T h e o r e m . If W  is infinite, then

7 .3 .2 9  Hq © °7/j © ̂ //2© "  ’ = H

7 .3 .3 0  P0a + P1a + P2a -\—  =a

and

7 .3 .3 1  °v1P1a + °v2P2a + --- = Ta

for any a in H.
The possibility that °vi = °vj for /4=y where both / and j  belong to W9 

has not been excluded. However, in this case, the corresponding spaces 
°H( and ° //j are still orthogonal and the total dimension of the space 
spanned by all the eigenvectors °rlk whose eigenvalues are equal to °vi is 
finite, again by 7.3.5. On the other hand, all non-zero eigenvalues of T  
appear among the °vi for ieW.  For (using a familiar argument), if Ta = Xa 
for some a in H  with ||u|| =  l and A=j=°V; for all i e W 9 and A=}=0 then, 
multiplying 7.3.20 or 7.3.31 (for finite or infinite W9 respectively) by Pt 
or P0f we obtain

°viPia = XPia
and

0 =  LP0a .

This implies P0a = P1a = P2a = ••• = 0 and hence a = 0, contrary to as­
sum ption. As for A =  0, this is an eigenvalue if W  is finite, or if W  is 
infinite and / / o=b{0}. However, on this point no further details are p ro ­
vided by our analysis.
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7.4 An invariant subspace problem. The main purpose of this section is 
the proof of the following theorem.

7.4.1 Theorem (Standard). Let T  be a bounded linear operator on H  
and let/?(z) 4 = 0  be a polynomial with complex coefficients such that p{T)  
is compact. Then T  leaves invariant at least one closed linear subspace 
o f H  other than H  or ( 0 ) .

T  is said to leave invariant a subspace E  o f H  if TEczE.
Some auxiliary considerations will be prefaced to the proof of 7.4.1. 
Let T = ( a Jk) , j , k  = 1,2,3,... be the matrix representation of the bounded 

linear operator T  with respect to a given basis {el ,e2,e2),...}. Then it is 
well known, and not difficult to verify, that

oo

7.4.2 I l a , * | 2< o o , j =  1,2,3,...
k =  1

and

7.4.3 E K * |2< °°>  1,2,3,... •
j =  1

W ithin *M, the subscripts o f ajk vary also over the infinite natural 
numbers. 7.4.2 implies that ^ k  = (0\ajk\2 is infinitesimal for all infinite co, 
provided j  is finite. This is not necessarily true for infinite j .  In fact, aJ(0 
need not be infinitesimal for infinite j .  For example, if T = I ,  the identity 
matrix, then ajQJ = 1 for j=co.  However,

7.4.4 T heorem . If T = ( a jk) is a compact linear operator on H  then ajk 
is infinitesimal for all infinite k  ( j  finite or infinite).

P roof . Suppose first that j  is finite, while k  is infinite. Then

M 2<  f  \°Sn\2 -
n = k

The right hand side o f this inequality is infinitesimal, since k  is infinite, 
so ajk is infinitesimal.

Suppose next tha t both j  and k  are infinite and define a point a — 
(al9a2,a3,...) in *H  by a„ = 0 for n=t=k and by a * = l .T h e n  ||a|| =  l. Since 
a is finite and T  is compact, b = Ta must be near-standard. But b —
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(bl)b2,b3,...) where bj = ̂ n = i ajnan:=ajk• Hence, taking into account 7.2.2, 
ajk^ 0  for infinite j .  This completes the p roo f o f 7.4.4.

The operator T = ( a jk) will be called almost superdiagonal with respect 
to a given basis if ajk = 0 for j > k +  1, k =  1 ,2,3,....

7 .4 .5  T h e o r e m .  Let T —(aJk) be an almost superdiagonal standard 
bounded linear operator on / /s u c h  that Q = p ( T )  = (bjk) is com pact for a 
standard polynomial with complex coefficients,

p (z) =  c0 +  c1z +  ---+ cmz ' \  c m +  0 ,  m >  1 .

Then there exists an infinite natural num ber co such that a(0+U(l) is infinite­
simal.

P r o o f . We show by direct com putation that for any positive integer /?,

7.4.6 bh + mth = cmah+ i j }uh + 2 hi.i + + 1 •

Now by 7.4.4, bh+m h is infinitesimal for all infinite h. Fixing h as an 
infinite natural number, we conclude that one o f the factors on the right 
hand side o f 7.4.6 must be infinitesimal. But cm is standard and different 
from zero, hence, is not infinitesimal. Thus, for some j ,  0 < j < m , a h + j +l h+} 
is infinitesimal, and the conclusion of the theorem is satisfied by a) = h+j .

Let E  be any internal linear subspace o f * //. In accordance with a 
previous definition, the set o f points °E  in H  consists o f all standard 
points a whose m onad has a non-empty intersection with E , p(a)  n £ 4=0 . 
Theorem 4.3.3 shows that °E  is closed irrespective of whether or not E  is 
closed. M oreover, if a and b are points of °E  and X is an arbitrary stan­
dard complex num ber, then there exist points a and b' in E  such that 
aep{a)  n E, b'ep{b)f) E. It follows that a' + b'eE  and Xa'eE ; and that 
a' + b'ep(a + b) and Xa'ep(Xa). We conclude that a + b and Xa belong to 
°E, so tha t °E  is a closed linear subspace o f H.

An internal linear subspace E  o f *H  may be finite-dimensional in the 
sense of *M (i.e ., Q-finite-dimensional), though not in the standard sense. 
The dimension o f E  will be denoted by d im (£ ). For example, in the case 
o f the space / /w considered in the preceding section, d im (H(0) = a>.

1A.1  T h eo r em . Let E  and E { be two internal linear subspaces of * / /
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such that E c z E 1 and dim (Ei)  = dim ( £ ) +  I- Then 0E c ° E li and any two 
points o f °EX are linearly dependent modulo °E.

P r o o f .  ° E c ° E 1 is trivially true since E c z E 1. Now let gx and g2 be any 
two points in °E X. Then there exist points tut2 in E x such tha t a x~ r u  
g2~ t2. Since the dimension of E x exceeds that o f E  by one, there exists 
a representation

7.4.8 t 2 =  X t 1 + t ,

or vice versa, where t  belongs to E  and X is a complex number. Suppose 
now that o x and a 2 are linearly independent m odulo °E. If  X ~0,  then 
X t x ~ 0  since tx is finite, and so t 2 ^ t  and <t2 ~ t ,  which implies tha t g2 
belongs to °E. This contradicts the assum ption that gx and g2 are linearly 
independent m odulo °E.  Again, if X were infinite, then the equation

7.4.9 tx—X~xt2 — / _ 1 t ,

which is a consequence o f 7.4.8, would show that g x belongs to E  (since 
X~ 1 ~ 0  and X ~ xt e E ) .  We conclude that X is finite and possesses a standard 
part °A#=0. Also t  = t 2 — X t 1 ~ g 9 where g = g2 — ° X g x since

T — g =  t2 — AT i  — ((7 2 — °Xa1) —  t2 —  g2 + X(t1 —  gx) +  (X —  °A)  Gx .

On the right hand side o f this equation t 2 — g 2 ~ 0 ,  X ( t x — < 7 i ) ^ 0 ,  and 
(X — ^ c r ^ O .  Hence, t  — g ~ 0 ,  as asserted. It follows tha t g e ° E , so that 
gx and g2 are linearly dependent m odulo °E.  This contradiction proves 
7.4.7.

Let T  be a bounded linear operator on H  and let Hm and Tw be defined 
as in section 7.3. Let E  be an internal linear subspace of Hw. E  is 0-finite- 
dimensional since Hw is 2 -finite-dimensional.

7.4.10 T h e o r e m .  If E  is invariant for T(1), i.e., T^EczE,  then °E  is 
invariant f o r 7, T 0Ecz°E.

P r o o f . Let g e ° E , then we have to show that T g e ° E .  By assumption, 
there exists a t e E  such that g ~  t . Then T ^ t e E .  N o w

T g — T^t — T g — P^T = T g — PJT  t  =  (T  — PWT) g +  PJT (g — t).

On the right hand side o f this equation T g  is standard and so
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U T - P ^ a W ^ U I - P j T a W

is infinitesimal. And ||cr — t|| is infinitesimal, so HP^TXa —t)|| also is infi­
nitesimal. This shows that \\To —T(0t \\ is infinitesimal, and so T o ~ T 0ix, 
Tae°E , as asserted.

Pr o o f  o f  7 .4 .1 . For a given T , which satisfies the assumptions of the 
theorem, consider the set of points A — { g , T g , T 2o9...} in H , where <xis 
any point of H  such that ||a|| =  1. If  A is linearly dependent algebraically, 
then T n+lo — Yji = o h T k<* for some (finite) natural num ber n. In that case, 
the finite-dimensional subspace of H  which is generated by <r,7cr,...,7,V  
is invariant for T, and we have finished. Similarly, if the closed linear 
subspace E  generated by A  is a proper subspace of / / ,  then E  may serve 
as the required invariant subspace for T. Accordingly, we shall suppose 
from now on that A is linearly independent algebraically and generates 
the entire space H.  We now choose a special basis {el9e29e3,...} for H  in 
the following way.

Put e l =a.  By one of the assum ptions just made, the space H2 gener­
ated by e i and Tex = To must be two-dimensional. Choose e2 in H2 such 
that ||e2|| =  1 and (eu e2) = 0. Then e^ and e2 form an orthonorm al basis 
for H2. Next consider the space / / 3, generated by el9e2, and Te2. H3 is 
also the space generated by <x, Ter, and T 2cr, and is therefore strictly three- 
dimensional. Choose e3 in f f 3 such that ||e3|| =  1, (e l9e3) = (e2,e3) = 0 . Then 
e l9e2,e3 form  an orthonorm al basis for H3. Continuing in this way, we 
obtain an orthonorm al sequence of points {en} in H , n =  1,2,3,... such that 
for every n >  1, the space generated by e l9e29e39. . .9en coincides with the 
space generated by cr, To , . . . ,T n~ l o. In more detail {en} may be obtained 
from {T no }, w =  0 ,l,2 ,... by the G ram -Schm idt procedure.

Ten is linearly dependent on ex ,e2, • • • ,en +1 and may be written in the form

7.4.11 Ten =  a ,nex +  a 2ne2 +  •••+*!„+,t„e„ + l , n = 1 ,2 ,....

Since the closed linear subspace generated by A coincides with / / ,  {en} 
constitutes a basis for H.  7.4.11 now shows that the matrix (aJk) which 
represents T  with respect to this basis is almost superdiagonal.

Passing to *H, we see from 7.4.5 tha t there exists an infinite natural 
num ber co such that a0)+Uc) is infinitesimal. For such an co, we consider 
the space Hl0 and the operator T(:) — P(0TP(0. Let £ = ( x l9x 2,...) be any
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finite point in *H  and let £ = (z l9z 29...) = (TPm- T J £  = ( I - P m) T P J .  We 
find by direct com putation that z(0+l= a (0+lt(0x (0 and zn = 0 for n^ co -^  1, 
Hence, K\ \< \am+1J  U\\ so tha t £ is infinitesimal. Thus, ( T P ^ - T J ^ 0, 
and TPJt. ^  for all finite points £ in * //. M ore generally, we prove by
induction that for all finite f  in * / /  and for all finite positive integers r,

7 .4 .1 2  T ' P J ^ T ^ .

We have ju st seen that 7.4.12 is true for r=  1. Suppose 7.4.12 has been 
proved for r — 1, r> 2 .  Then

r p j  *  T ra- ‘i = TPara- 1 e*  Tara~1 c = raz .

This proves the assertion for r and hence, establishes the truth of 7.4.12 
for all finite positive integers r.

We apply 7.4.12 to  the monomials o f p(T)  and take into account that 
P^f =  f  for £eHw. This yields

7.4.13 p (T ) f  *  p ( T J  f  for finite .

Let T'  be the restriction of to Hw, as before. Since Hw is g-finite- 
dimensional, i.e., finite-dimensional in the sense o f *M, the standard 
theory of linear operators (or matrices) for finite-dimensional spaces, 
transferred from  M  to *Af, shows tha t T'  possesses a chain of invariant 
subspaces

7.4.14 E 0a E l c:E2c:--'CzEO),

where d im (Ej)=j ,  0 <j<a>,  so tha t £'o =  {0}, E^ — H^. Thus, T'EjCiEj  
/= 0 ,1 ,2 , . . . ,ca. Let Pj be the projection operator from *7/ onto E j , j =  
0, 1,2, . ..,ca, so tha t P ^ P * .

Choose £ in / /s u c h  that ||f|| =  1. Then we may suppose th a tp(T)£j= 0, 
for otherwise £ ,7"£ ,...,rm£ would be linearly dependent, proving the theo­
rem, as pointed out previously. Since f ~ P w£, we have p { T ) ^ ^ p { T ) P ^  
so p (r)P « ,f  is not infinitesimal. It now follows from 7.4.13 th a tp i T ^ P ^  
is not infinitesimal. B u t/7(Ta>)P w£^/?(T a))£, and so ||p(T w)£|| >Q for some 
standard positive q . Define Qj fory =  0 ,l,2 ,...,a ) by

7.4.15 Q j = \ \ p ( T J S - p ( T J P } Z \ \ -

Then ^ < | |p ( T J | |  I l f -P jf l l ,  and (?0 =  l lp (T J f ||.  Hence, ^0 > ^ . Also, 
Ilf— P»f|| =  Ilf— P«f II is infinitesimal, hence It follows that there
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exists a smallest positive integer A, which may be finite or infinite, such 
th a t Qx<iQ  bu t eA- i > i e -

W ith every Ej  there is associated a closed linear subspace °Ej  o f H,  as 
introduced earlier in this section. We propose to show that

7.4.16 and QEX* {  0}.

For if °EX_ 1= H  then £e°Ex- l9 and so \\£ — Px- t £\\ ~ 0 . But

q* - i < \ \ p ( t „)\\ U - P ' i - t S W ,

so qx„ x ^ 0 , which is contrary to the choice o f A. Also, °EX cannot reduce 
to {0}. For consider the point r j=p(Ta))Px^. rj belongs to Ex since Px£eEx 
and Ex is invariant under p{T' )  and, equivalently, under /?(TW). We claim 
that r\ is near-standard.

indeed, since P & e H ^  r i = p ( T J P £ c ~ p ( n P &  by 7.4.13, a n d p ( T ) P £  
is near-standard since Px£ is finite and p{T)  is com pact. Hence, rj is near­
standard, and °rj exists and belongs to °EX. But 17 cannot be infinitesimal. 
For if rj~ 0 then, by 7.4.15

Qx>\\p( T J  € \ \ - \ \ p ( T J  P£\ \>  Q - t ,

where £ =  IMI — 0. Hence qx> \ q, which is again contrary to the choice of 
A. We conclude th a t r\ is no t infinitesimal and hence tha t °>7 4=0. Thus, 
°EX^ { 0 }  since it contains °tj.

Now by 7.4.10, both °Ex_ l and °EX are invariant for T. I f  neither of 
these spaces were a non-trivial closed invariant subspace o f H  for T  we 
should have °jE'a_ x =  {0} and °EX = H.  This contradicts 7.4.7 and com ­
pletes the p ro o f o f 7.4.1.

Throughout this chapter, we have considered only separable H.  But
7.4.1 is actually trivially true for non-separable H I or in tha t case the set 
A = {g,Tg, T 2<t,...} generates a non-trivial closed invariant subspace o f H  
for T, for any cr 4= 0.

7.5 Remarks and references. Going beyond 7.3, a . r . b e r n st e in  has, in 
his dissertation (1965, unpublished), given the spectral theory o f self-adjoint 
bounded linear operators within the framework of N on-standard Analysis. 
For the background to 7.4, consult a r o n s z a jn  and sm ith  [1954] and 
h a lm o s  [1963]. The fact that any com pact linear operator in Hilbert space 
possesses a non-trivial invariant closed linear subspace was first proved
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by J. von N eum ann and N. Aronszajn, and the corresponding result for 
Banach spaces is due to N. Aronszajn and K. T. Smith. For the result 
given in 7.4, com pare be r n st e in  and r o b in so n  [1966]. Bernstein has 
shown that this result, also, can be generalized to arbitrary Banach spaces.

Further methods and results in N on-standard Functional Analysis will 
be found in Lu x e m b u r g  [1962], ta k e u t i  [1962] and r o b in so n  [1964].



C H A P T E R  V I 11

TOPOLOGICAL GROUPS AND  
LIE GROUPS

8.1 Topological groups. A topological group G is (i) a topological 
space and (ii) a group, such that the group multiplication ab =c  is a con­
tinuous f unction from  G x G  into G and the operation of inversion, a ~ l = 6  
is a continuous function from G into G. That is to say, by one of the 
characteristic properties of a continuous function in a topological space, 
if ab — c and W  is an open neighborhood of c then there exist open 
neighborhoods U and V o f a and b respectively, such tha t UVczW.  In 
this connection, UV  is defined, as usual, as the set of all products a b '  
where a e U ,  b'eV.  Similarly, if a ~ 1=b  then for any open neigh­
borhood V of b there exists an open neighborhood U of a such 
that U ~ xc . V  where consists of all elements c ~ x o f the group 
such that ceU.  For the time being, we do not stipulate that G is a 
H ausdorff space.

In order to  carry out the N on-standard Analysis o f G, we may consider 
in the fust instance a full structure M  whose individuals are the group 
elements o f G. However, we shall presently consider situations which in­
volve at the same time the natural numbers, or the real numbers, or even a 
general metric or normed space. In all these cases we shall suppose 
tacitly tha t these structures also are contained in M.  Passing to an en­
largement * M  o f M , we then find tha t contains in the first instance an 
enlargement *<7 o f G and, where required, also enlargements o f the natural 
numbers, o f the real numbers, and of the metric or normed space under 
consideration.

The m onad f,i(a) o f a standard point a in *G is defined, as usual, as the 
intersection o f all standard open neighborhoods o f a . An element 
aef.i(e) is called infinitesimal, where e is the identity (neutral element).

8.1.1 T h e o r e m . Let a and b be any two standard points in *G (i.e., 
a and b belong to G). Then fi(a)f.i(b)c:^(ab).
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P r o o f . Let a'efi(a) and b'en(b).  We have to show that for any open 
neighborhood W  o f ab in G, a'b'e*W.  By assum ption, there exist open 
sets U and V in G such tha t aeU, be V  and UVcz W. Then a'e*U , b 'e*V  
and * U * V a * W .  Hence, a'b'e*W,  proving the theorem.

8.1.2 T h eo rem . Let a be a s ta n d a rd  p o in t  in *(7. Then f.i(a~ ') =  (/.1 (a) ) ' 1 .

P r o o f . Given any open neighborhood V o f a ~ 1 in G, we show similarly 
as in the p ro o f of 8.1.1, tha t c ~ 1e*V  for all ce^i(a). We conclude th a t 
(1 1(a) ) ' 1 c:ju(a~1). Applying the same argum ent to  a -1  in place o f  a we 
find th a t ( ^ ( a ' 1) ) ' 1 c :n( (a~1) ~ 1)=n(a) .  Hence, f.i(a~1)cz(fi(a) ) ~ 1 
proving // (a ~ 1) =  (jn (a)) ~ 1, as asserted.

Reinforcing 8.1.1, we now prove

8.1.3 T h e o r e m . Let a and b be any two standard points in G. Then 
fi(a)fi(b)=fi(ab).

P r o o f . In view o f  8.1.1, we only have to  show that fx(a)^(b)^>n(ab). 
Let c'en(ab). Since a ~ 1e f i ( a ' 1)i we then have a ~ 1 c'efi(a~ l)f.i(ab) and so 
a ~ V e / i (a~ 1 (ab))=/.i(b), by 8.1.1. Thus, c' = a ( a ~ 1c') where aen(a),  
a ~ lcefi(b).  This shows tha t c'efi(a)/.i(b) and proves the theorem.

8.1.4 T heorem  (Standard). Let a and IT be a point, and a set of points, 
respectively, in G. If W  is open, then Wa is open.

P r o o f . Since W is open, f.i(b) a * W for any be W. Now let c be a standard 
point such th a t ceWa.  Then c=ba  for some beW.  Now /x(c)=f.i(b)a. For 
on one hand, f i (b)adf i (c)9 by 8. 1.1 and on the other hand, if c'ej.i(c) then 
b' =c'a~ lefi(c)fi(a~1)=n(b) ,  so c' =b'aen(b)a, f.i(c) = fi(b)a. But n( b) ad  
*Wa  and so n ( c ) d * W a  = *(Wa), Wa is open.

8.1.5 T h eo r em . Suppose that the points a and b in *G both belong to 
the same m onad, aefi(c), be^i(c) for some standard  point c. then 
ab ~1eu(e) where e is the identity in G and *G.

P r o o f . b ~ 1epi(c~1>\, by 8.1.2. Hence a b ' 1 efi(c)fj,(c~x) = fx(cc~x) = f.i(e), 
where we have made use o f 8.1.3.
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We now introduce a concept which has no precise counterpart in the 
standard theory of topological groups.

8.1.6 T h e o r e m . The elements of g(e) constitute a subgroup J i of *G. 
will be called the infinitesimal group o f *G (or o f G).

P r o o f . I f  aep(e)  and ben(e) then abep(e)fi(e) = p(e). I f  aep(e)  then 
a ~ 1e p ( e ~ 1)=fj,(e). This proves 8.1.6.

8.1.7 T h eo rem . The near-standard points o f *<7 (i.e., the points of *G 
which belong to the monads o f standard points) constitute a subgroup J0 
o f *G.

P r o o f . I f  a e g { a ), b'eg(b) then ab'eg(a)fx{b)=g{ab).  If  a'ep(a) then 
(a ' ) ~ 1 e(n(a) )~1 = p ( a ~ 1). This proves 8.1.7.

8.1.8 T h e o r e m . J x is a  n o rm a l su b g ro u p  o f  J 0.

P r o o f . Evidently c= J 0. Also if aeJl and geJ0, then aeg(e)  and gep(h)  
for some standard  point h. Hence g a g ~ 1eg{h)p.{e){ii{h))~l = g(heh~i) = 
g(e), g a g ~ ieJ1. This proves the theorem .

8.1.9 T h e o r e m . Suppose the group G is a Hausdorff space. Then the 
quotient group J0/Jt  is isom orphic to  G.

P r o o f . The cosets of within J0 are precisely the m onads o f *G} i.e., 
the m onads o f  points o f <7. But these cosets are also the elements o f J0/Ji  
Thus, we may define a mapping \j/ from  J0/ J x onto G by putting  \j/:b-^a 
for beJ0/J l9 aeG if b=n(a) .  This mapping is one-to-one since, for a 
H ausdorff space, the monads o f distinct points o f G are disjoint. It is not 
difficult to  verify tha t \j/ provides an isomorphism. This proves 8.1.9.

I f  G is com pact then all points o f *G are near-standard, hence J0 = *G 
and, if G is at the same time a H ausdorff space, *G/Ji  is isom orphic 
to  G.

So far we have considered only the m onads o f standard points as 
provided by the topology o f G. We now define the left and right monads 
of an arbitrary point a in *G as the left and right cosets o f J x =g(e )  which
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contain a, so gt{a) =ag(e),  gr(a) =fi(e)a. Thus a point b belongs to 
Ht{d) if a ~ 1beg(e)  and b belongs to  gr(a) if ba~1eg(e).

If  a is a standard  point then f i (a)=fi l(a)=iir(a). F or in th a t case 
=afi(e) a  g (a) g(e) =  g(a), and if beg(a), t h e n a ~ 1beg(a~1)g(a)=g(e) ,  

so tha t gt{d)^g{a) .  Hence gl(a)=g(a)  and similarly, gr(a) =g(a).
Consider any subgroup H  o f *G. H  may or may not be internal. For 

example, if  G is the additive group o f real numbers, so th a t *G is the 
additive group o f *R,  then H = M 0 and H  = M 1 are external. In  any case we 
then have H n = H  for any finite natural num ber n. However, it does not 
follow th a t the same is true also for infinite n.

Let co be an infinite natural num ber, and let N(co) be the set o f natural 
numbers n such tha t there exists a finite natural m for which n < mco. Then 
N(co) constitutes an initial segment o f *N , i.e., neN(co) and k < n  for 
natural k  implies keN(co). Evidently, N(co) includes co and all finite 
natural numbers.

For any given subgroup H  o f G, we now define the subgroup H (co) o f *G 
as the set o f all products a0a t ...an for any internal sequence {a09al9.. .9an} 
o f n +  1 elements o f H , neN(co) (so tha t the sequence is 2-finite, and the 
product o f its elements exists, by transfer from  M ).  I t is not difficult to 
verify tha t H ((0) is indeed a group. In particular, if  H  is the cyclic group 
generated by an element a o f *G (so tha t H  consists o f all finite integer 
powers o f a) then H (t0) consists o f all powers a ±n where neN{co).

We define H (00) as the union o f all i / (co) (for infinite co). Thus, i / (oo) may 
be defined directly as the set o f all products a0a 1...an for any internal 
sequence {a09a u . . . ,an} of n + \  elements o f / / ,  n an arbitrary  finite or 
infinite natural num ber.

8.1.10 T h e o r e m . Suppose FT is a norm al subgroup of *<7. Then the 
groups H {0)) and H (co) are norm al subgroups of *G.

P r o o f . Let g be any point o f *G, and let h e H (cj) for given infinite co. 
Then we have to show that g h g ~ 1e H (bJ\  By assum ption, there exists a 
g-finite internal sequence neN(co) such th a t afiH,
z = 0 ,l , . . . ,«  and h = a 0a i ...an. But then {ga0g ~ 1,gal g ~ i , . . . ,ga„g~ A} also 
is an internal sequence and so g h g ' 1 = ga0g ~ lga1g ~ 1 .. .gang ~ ie H i(° \  as 
required. The p roof for H (co) is quite similar, and for tha t case the con­
clusion follows also from  the fact tha t i / (oo) is the union o f the H ^ K
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The component o f  the identity, Ge, o f a topological group G is defined as 
the com ponent o f G which contains e, in the ordinary topological sense. 
I t is known tha t Ge is a norm al subgroup of G. F o r let a be an arbitrary 
point o f Ge and consider the mapping i j / ' . b ^ a b ' 1 which maps Ge on the 
set a G ~ x. This m apping is one-to-one and is topological (e.g., since it 
maps m onads in Ge on m onads in aG~ *, and vice versa). Thus, aG ~ 1 is a 
connected set, being the image of a connected set, and eeaG~ 1 (for b = a ~ 1). 
Hence, aG~ 1 c: Ge, ab~ 1eGe for all beGe. For a =e,  this shows tha t for any 
beGe9b ~ l also is in Ge, and further, for arb itrary  aeGe, that « (/)_1) -1 =  
abeGe. M oreover, if  a is any point in G, then aGea ~ 1 is a connected subset 
o f G which contains e9 hence aGea ~ l czGe, Ge is norm al.

Another well known result, which will be required presently is

8.1.11 T h e o re m  (Standard). If U  is an open neighborhood of e and 
a subset o f Ge then U ^= i Un — Ge.

P r o o f . Let G' =  x U \  then G' is an open set since it is the union of 
open sets. We propose to show that G' is also closed. For let a be a point 
o f G which belongs to the closure of G ' . Then the m onad o f a, \x{a) has a 
point b in com m on with *G', and hence with some (*U)n where n may be 
finite or infinite. But bep(a) implies ba ~ lep{a)p{a~x)=p{e)  and so 
(ba~l) ~ l = a b ~ lep(e), ab~xe*U. At the same time be(*U)n and so 
a = a b ~ l be*U(*U)n = (* G ) n+1 and so a e * G \ a e G \  G 'is  closed. But G 'is  
a subset o f Ge. Since we have shown that it is both open and closed 
we conclude th a t G' =  Ge, proving 8.1.11.

We are now in a position to prove

8.1.12 T h e o r e m . Suppose Ge contains a neighborhood of e. Then
7(«» = * G' t

P r o o f . By 4 .1 .2  there exists an internal open set U which is contained 
in p(e).  Then { U n = *Ge, by transferring 8.1.11 to *M  (where the left 
hand side is now taken in the sense of *M).  But Uczp (e )= J1 and so we 
conclude that Jr(1x )z>*Ge. On the other hand, the elements of J [ ^ ] are all 
products of elements of *Ge and so J (100)c:*Ge. The theorem  follows.

Suppose next tha t G is a local topological group. That is to say, G is a 
topological space, and a partial operation (partial function of two 
variables) is defined from G x G into G such that the following conditions
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are satisfied, (i) For any elements a,b9 and c o f G such tha t ab, (ab)c, be , 
and a (be) are defined, the associative law holds, that is to say (ab)c=a(bc).  
(ii) For a specific element e o f G called the identity, the products ae and ea 
exist for all a in G and a e —ea —a. (iii) Suppose ab is defined. Then there 
exist open neighborhoods U and V of a and b respectively, such tha t a'b' is 
defined for all a e U , b'eV.  M oreover, the operation a'b' is continuous on 
U x V. (iv), Suppose the element a o f G possesses a right inverse, b = a ~ l , 
a b —e. Then there exists an open neighborhood U o f a such that every 
a ' e U possesses a right inverse b' = (a ' )“ 1, a'b' =e.  M oreover, the operation 
(a' )~l is continuous on U.

Passing to (7*, we consider the m onad o f e, p(e). Since e e = e , there 
exists a standard open neighborhood U o f e such that ab exists and is a 
continuous function of a and b in U. It follows tha t the product ab exists 
for all a and b in p(e) and, similarly as in 8. LI that for such a and b , 
abep(e).  And since e possesses a right inverse, i.e., itself, there exists an 
open neighborhood W  o f e such tha t a ~ l exists and is a continuous 
function for all aeW.  We conclude that a ~ 1 exists for all aep(e)  and, m ore­
over, tha t a ~ 1ep(e)  for such a. Since the associative law applies to  the 
m ultiplication o f elements o f p(e),  we conclude tha t p(e) still constitutes a 
group, Jx. Also, since for any aeJl9 a n exists for all finite integers n we 
conclude th a t an exists in *G also for sufficiently small infinite (positive or 
negative) integers n. The elements of J i are called infinitesimal.

8.2 M etric groups. We shall say that G is a metric group if e is a 
topological group such that some open neighborhood U of the identity is 
a metric space whose metric is com patible with the specified topology of 
U. Thus, we may talk of the distance Q(a,b) between any two points af i  
in U. In terms of this distance, p(e) = Ji  consists of the points a of U such 
that q(a,e) is infinitesimal.

Let rj be any positive infinitesimal number. Then we define J0(rj) as the 
set o f elements aeJi such that g(a,e)/r] is finite; and we define Jx (rj) as the 
set of elements aeJt such tha t Q(a,e)jr\ is infinitesimal.

For any positive infinitesimal t], we shall consider the following 
conditions:

8.2.1 J0(r]) is a group. Thus, if aeJ0(r\) and beJ0(rj) then abeJ0(rj) and
a ~ leJ0(ti).
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8.2.2 J x (rj) is a group.

8.2.3 If  aeJ0(rj), beJ0(rj) then aba~1b ~ 1eJl (rj).

8.2.4 Jx(r\) is a norm al subgroup of 
It follows from  8.2.1 -  8.2.3 that

8.2.5 The com m utator subgroup of J0(*l) is contained in

Let G be a topological group, B  a norm ed linear space over the real or 
complex num bers and 0  a topological m apping from  an open neighbor­
hood o f the identity e in G into an open neighborhood V  of the origin 0 in 
B, such tha t <j)(e) = 0 . Then the group operation in G defines a partial 
function from  V x  V into V  by the following definition

8.2.6 / ( x j O ^ O T 1 ^ - 1 0 0 ) .

This definition im p lie s /(0,0) = 0 . M oreover, iff  (a,b) is defined for points 
a and b in B  then  there exist open neighborhoods Va and Vb o f a and b 
respectively such th a t / {a 9b') is defined for all a e V a9 b'eVb. In  particular, 
there exists an open neighborhood W  o f 0 in B  such th a t/ (a9b) is defined 
for all a and b in W. For such a set W , we now introduce the following 
condition.

8.2.7 For any two points a and b in W, there exist open neighborhoods 
Wa<=W, Wbc f V  o f  a and b respectively, such tha t for all xeWa and yeWb,

8.2.8 /  ( x 9y ) = /  (a9b) + K ( x - a )  + 2 . ( y - b )  + il/ ( x 9y )  

where k and A are scalars that depend only on a and b and

8.2.9 lim ij/ (x,y)l(\\x — a\\ +  ||y -fc ||)  =  0 .
x  -+a 
y~*b

8.2.10 T h e o r e m . In order that condition 8.2.7 be satisfied it is neces­
sary and sufficient that for all standard points a and b in * W  there exist 
standard complex numbers k  and A such that for all xefi(a)9 yeji(b)9
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8 .2 .11  /  (x,y) = / (a,b) + K ( x  — a) + X(y — fr) +  z ,

where \z\ < r \\x — a\\ +  s ||y  — 6 || for infinitesimal r and s which may depend 
also on x and y.

P r o o f . Suppose tha t the condition 8.2.11 is satisfied, and let e be any 
positive standard num ber. Then

\ \ f  ( x , y ) - f  ( a , b ) - K ( x - a ) - / . ( y - b ) \ \  = \ \ z \ \ < r \ \ x - a \ \ + s \ \ y - b \ \

and hence

8 .2 .1 2  \ \ f ( x , y ) - f ( a 9b ) - K ( x - a ) - X ( y - b ) \ \ < s ( \ \ x - a \ \  +  \ \ y - b \ \ )

for all xEfi(a), ye/j.(b) and hence, in particular, for all x , y  such that 
|| jc — a|| <<5, || y — 6 1| <<5 where S is any positive infinitesimal num ber. Since 
such a 5 exists in *M, we conclude by transfer to  M  tha t there exists a 
standard positive 3 such tha t 8.2.12 is satisfied for all \\x — a||<<5, 
|| y — 6 1| < 5 . This shows that the condition of the theorem  is sufficient.

The condition is also necessary. For suppose 8.2.7 is satisfied and let 
xe/x(a), yen(b).  Then 8.2.9 shows th a t \\^(x,y)\\/(\\x — a\\ + \\y — b\\)=r  is 
infinitesimal. Hence,

\ \ f ( x , y ) - f ( a , b ) - K ( x - a ) - A ( y - b ) \ \  = \\il((x,y)\\ = r  | |x - a | |  +  r | | y - b | | .

This proves our assertion.
Supposing from  now on th a t 8.2.7 is satisfied, pu t a —x — 0 in 8.2.11. 

This yields
f ( 0 , y ) = f ( 0 , b )  + A ( y - b )  + z

for all yefi(b) where ||z|| < i | |y —6 || for some infinitesimal s. But 
/ ( 0, y)  = (f>(e<j)~1(y))=(f>(4>~1( y ) ) = y  and in particular, / ( 0, b) = b. 
Hence

y  = b + X {y — b) + z , 

where A is a standard num ber which is independent o f y.  Then

(1 - X ) ( y - b )  = z
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for any ye/.i(b). Taking an arbitrary yefi(b) other than b and bearing in 
mind tha t ||z|| <s||>>-/?|| fo r some infinitesimal s (which may depend 
on y ), we obtain

\ \ ( \ - X ) ( y - b ) \ \  = \ \ - M  \ \ y - b \ \ < s \ \ y - b \ \

and so |1 — X\<s.  But is infinitesimal and 1—A is standard , hence 
1 - A = 0 ,  A =  l. The same method shows that k =  1 and so 8.2.8 y ields,for
a —b = 0.

8 .2 .13  /  (x,)0 = x + y  + i// (x9y)

where &(x,y)  satisfies 8.2.9 (for a = b = 0 ) 9 while 8.2.11 yields

8 .2 .14  f  (x ,y) = x + y + z

for y ^ 0 , where ||z|| <  r ||x|| +  s\\y\\ for some infinitesimal r and s. 
Evidently, this condition is satisfied if and only if there  exists an in­
finitesimal r such th a t ||z|| =  r( ||x || +  || j | |) .

The metric o f the linear space B  induces a metric in the open subset U 
of G by means of the definition q (a,b) =  || </> (a) — (j) (b) ||. Since the mapping 
<f) is topological, the given topology of U coincides with the topology in­
duced in U by the metric q. Thus, G is a metric group in the sense defined 
previously.

We are now going to show that 8.2.14 implies the conditions 8.2.1 -
8.2.4 and hence also 8.2.5, for arb itrary  positive infinitesimal >/.

The condition states tha t for all ae/.i(e),be/.i(e), and a' = <j>(a)9 b' — </>(/?),

8 .2 .1 5  Q(ab,ej=\\<i)(ab)\\ = \ \ f ( a \ b f)\\ = \\af + b' + il/(a\b')\\
=  \\4>(a) +  4>(b) +  ^ ( 4 >( a ) , 4 >( b ) ) \ \ ,

where \\\]/ (<j>(a),(j> (b)) || =  r(||(/>(a)ll + ||</>(/>)||) for some positive infinitesimal 
r. Hence

Q ( a b , e ) < U ( a ) \ \  +  ||</>(h)|| +  r(||< /»(a)|| +  ||</>(b)||)

=  Q (a,e) + q  (b,e) + r (<? (a,e) +  q  (b ,e) ) .
Hence, if

g ( a , e ) < w r i , Q { b , e ) < m t ]

then
p (flb ,e )< 2m (1 + r )r j .



We conclude tha t both J0(rj) and Jfirj) are closed under multiplication.
Now take b = a ~ x in 8.2.15 so that b , like a , belongs to  the m onad o f e. 

This yields
0 =  \\<t>(a) + (t)(a~ 1) + ij/ (</>(o), ^ ( a _1))||

and hence

8 .2 .16  +

and

8 .2 .17 | | ^ ( a )  +  ^ ( fl- 1)ii =  |^ ( ^ » ( a ) ,< / » ( « - , ))!| =  K l l^ (« ) l l  +  l l ^ ( a ' 1)ll)

where r  is infinitesimal.
Dividing 8.2.17 by rj we obtain

8.2 .18 - 0O) + -0O~1) = r (  -0 0 )  +  -0O"1) V
n n \  n n )

8.2.18 in tu rn  implies

-</>(a-1) ~ <r(  -<£0) + ~4>(a~l) )
tj t] \  rj J

and hence,

(1 - r )  ^ ( 1 + 0  -</>(«)
>? n

and so

8.2.19 -0O"1) < — - 0 0 )  < 2 - 0 0 )  •7/ 1 - r  rj y\

8.2.19 shows that if 11(1/^)00)11 ls finite, then ||(1 /^ )0 O _1)|| is finite, and 
if ||(l/i7)0O)|| is infinitesimal, then ||(1 /^)0O " Oil is infinitesimal. We con­
clude tha t if aeJ0(rj) then 0 ) ;  and if aeJ1(rj) then a ~ 1eJ l 0 ) .  
Accordingly, we have shown that both  J00 )  and Jfiti) are groups, as 
required by conditions 8.2.1 and 8.2.2.

Next we prove 8.2.3. We have, for aep(e), bep(e),

0 O&) =  0 O )  +  0 O )  +  0 ( 0 O ) ,0 O ) ) ,
0 O - 1^ 1) = 0 O " 1) + 0 O - 1) + 0 ( 0 O '1) , 0 O - 1)),
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where
| |^ (^ (« ),^ (6 ))|| =  r(||0 (a )|| +1|^ (6)||)

and

for certain non-negative infinitesimal r and s. Furtherm ore,

(j) ( a b a ~ 1 b ~ 1) =  </> ( a b ) +  </> ( a ~ 1 b ~ 1) +  \j/ (cj) ( a b ) ,  (j) ( a ~ 1 b ~ *))  

where
||iA (^ (a b ) ,0 ( a -1fo-1))|| =  r(||^>(ab)|| -F lI^C ^-1^ - 1)!!) 

for some non-negative infinitesimal t. Now,

(^a 6a “ 1 b - 1) = <Ka) + "1) + 0 (b) + - 1) + tK<Ma), <H b))
+  ip(4>(a~i ) ,4>(b~1))+il/(<f)(ab),<l)(a~1b ~ i ))

or, m aking use o f 8.2.16,

4>(aba~xb ~ x) =  -  ip (<f> (a),4> (a~ 1))-^(</)(fe),^(F1)) 

+  ij/(<t>{a)><t>(b)) +  \l/(4>{a~l ),<i>(b-1)) +  'l'{<t>(ab),<j)(a~1b ~ 1)).

Accordingly,

8 .2.20 - e ( a b a ~ xb ~ x,e) =  -<j>(aba-xb ~x) < ~ ^ U (a ) ,< l> (a ~ 1))
*1 >1 n

+  1- t ( 4 > ( b ) , 4 > ( b - i ) ) \ +  U { H a ) M b ) )  
n | n

+ - ik(<i>{a-l ) , H b ' 1)) + -<l>(<P(ab),<t>{a-xb - x)) . 
n n

Now suppose th a t a and b belong to  J0Ql)- Then

mh)<t>(a)\ \ ,  m i i ) < K b ) h  II(i/«f)*(«_1)ll, 
K m n b - ' n ,  m h M a b n ,  iki

are all finite. We conclude that the moduli on the right hand side o f 8.2.20,
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|| (1 /rj) \j/ ((j) (a) , (j) (a” 1)) ||, || (1 jrj) \j/ (0  (h), (j) (b ~ *)) ||, and so on, are all infinites­
imal. This shows th a t (1 lrj)^)(aba~1b ~ 1) is infinitesimal and proves 8.2.3. 

Finally, we prove 8.2.4. F or aefi(e), befi(e),

(j) (aba~ *) =  (/) (ab) +  (j) (a~ *) + \j/ (</> (ah), (j) (a “ *))
= <t>(a) + <l>(b) + <t>(a~1) + il/(4>(a),<t>(b)) + ip(<l>(ab),(f>(a~1)).

M aking use o f 8.2.16, we now obtain

<t> ( a b a ~ l) =  4> (b) + (<t> (a), <t> (b)) +  $  (</> (ab), <f> (a~l ))
- i 1)).

Hence

8.2.21 q ( a b a ~ 1 ,e) = ||<j> (a b a ~1)|| < ||<j> (b )|| + ||\//(<j)(a), <j> (fc))||
+ ||̂ (4,  {ab),  <t> (a~ ‘))|| +  W(<t> (a), <j> (a~ ̂ l l .

Dividing 8.2.21 by rj, we find th a t the terms on the right hand side of the 
resulting inequality, i.e.,

( 1/.7) [10 (&)||, (l/»?) ||^  (^  (a),  (&))i|, ( 1/,?) ||«A («£>), 0  (a" 1) ) | | ,
(1MW0f>(a),<f>(a~lm

are infinitesimal for aeJ0(t/), beJ1(f/). This shows th a t g(aba~1,e)/r] is in­
finitesimal and proves 8.2.4.

Since (rj) is a norm al subgroup o f J0 (rj) the quotient group J 0 0?)/Ji (17) 
exists, and since Ji(rj) contains the com m utator subgroup of J0(rj)f 
JoQl)/Ji(tj) m ust be Abelian. A more precise description of Jo(rj)/Ji(ti) is 
obtained in the following way.

Let B 0 be the additive group of finite points o f *B and let B t = ^ (0 ), 
regarded as an additive group. (B 0 has been called previously the principal 
galaxy o f *J9).

8.2.22 T h e o r e m . J0 (rj)!J1 (rj) is isomorphic to the additive group B0IBX. 

P r o o f . Consider the following mapping, x=x(a)> from  J0(rj) into B.

X: a-*(\ l rj )<i>(a)=x.
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This m apping is one-to-one and onto, for if x is any po in t in B 0 then the 
corresponding poin t a =  /  ” 1 (x) in J 0 {*]) is given by a =  (j) “ 1 (rjx).

We have ||/(a ) || =(1 A?) II <£(<*) II =  (lA?)e(a,e). I t follows th a t x(a)  belongs 
to  if and only if  a belongs to  Jx (rj), i.e., x  maps J1 (rj) on B x.

Let aeJ0(rj)9 beJ0(rj) then

4>(ab)=^>(a) + (t>(b)+ i (a), <j> (b) ) .

Dividing by r\ and taking into account th a t

W(<H a) ,c l> m\  = r(\\<P(a)\\ + m b ) \ \ ) ,

where r is infinitesimal, we obtain

8.2.23 x ( a b ) ^ x ( a ) + x ( b ) .

Similarly,

<f>(ab~1) = <l>(a)+<l>(b~1) + il/(<l> (a), $  (b~ *))
=  4> (a) -  cj> (b )+ if, {4> (a), H b ' 1) ) - *  (<j>(b), 4> (b ~ J) ) ,

where we have taken in to  account 8.2.16. Dividing again by rj and bearing 
in m ind th a t

0 ,
V

and

-^(4>{b) ,4>{b'1) ) ^  0 ,
n

we obtain

8.2.24 X(.ab~l ) ^ x ( . ° ) - X ( b ) .

This shows tha t x(a) —X(P) belongs to  B x if  and only if  x i a b ' 1) is in­
finitesimal, i.e., if  and only if  ab ~ 1 belongs to  (rj). We conclude tha t the 
cosets in J0(rj) with respect to  (rj) are m apped on the cosets in  B 0 with 
respect to  B u  and hence th a t x induces a m apping X  from  J0(rj)/Ji (rj) onto 
B 0/ B v  M ore particularly, £ =X(<x) for oLeJo^jJ^rj)  if  x (a)E% f ° r  aU 
£ being an element o f B 1/B0. 8.2.23 now shows th a t Z(a/?)==X(a) +  X(/})9 
while 8.2.24 implies th a t X ( P ~ x) = — X(fi)  for any a and /? in Jo(rj)/Ji(rj). 
This proves 8.2.22.

I f  B  is finite-dimensional then the points o f B 0 are near-standard and so
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B 0j B l is isom orphic to  B. Thus, we have

8.2.25 C o r o l l a r y . I f  B  is finite-dimensional then J0(ri)IJi(rj) is iso­
morphic to B.

Since G  is locally connected it follows from 8.1.12 tha t Jr̂ 00) =  * G ei where Ge 

is the com ponent o f the identity in G. F or the case now under considera­
tion, we may supplement this result as follows.

8.2.26 T h e o r e m . For any positive infinitesimal rj,

( ^ ( ' i r )= r t W ) (CO)= *G e.

P r o o f . Evidently, Thus, it only rem ains
for us to prove th a t (Ji>l))(cc) => * G e. Consider the subset U  o f *G  which is 
defined by

U  =  { a \Q (a ,e )< t j2} .

U  is an open internal set. Also, UczJ1(rj) since (1 / r j )g (a9e) is infinitesimal 
for all aeU .  Transferring 8.1.11 to  *M, we see tha t U^°=i U n= * G e. 
But (J„=i U ncz(J1(rj))(co\  Hence (Ji(*?))(00) proving the theorem.

8.3 One-parametric subgroups. Let G be a topological group as 
considered in  section 8.1 above and let H  be any (internal or external) 
subgroup o f *G .  Let H '  be the set o f all near-standard elements o f  H .

8.3.1 T h eo r em . H '  is  a  g ro u p .

P r o o f .  H f is not empty since e e H ’. Let a e H \  b e H f. Then there exist 
standard points c and d  in *G  (i.e., ceG , deG) such tha t aefi(c), befi(d).  
But then a b e / i (c d ) ,a ~ 1e i i ( c ~ i ) 9 so tha t ab a n d a " 1 and are near-standard. 
This proves our assertion.

In agreement with our earlier notation, let ° H  be the set o f standard  
points whose m onads have a non-empty intersection with H  (or, which 
is the same, with H f).

8.3.2 T h e o r e m . ° H  is a su b g r o u p  of G.



216 TOPOLOGICAL GROUPS AND LIE GROUPS [8.3

P r o o f . Evidently, ° H  is a subset o f G. Let ae °H , be°H , then cen(a),  
den(b)  for certain elements c and d of H.  Hence cdefi(ab),
This shows th a t the m onads o f ab and n -1 have non-empty intersections 
with H , and so abe°H , a ~ 1e ° H i °H  is a group.

I f  / /  is internal and G satisfies the first axiom of countability then ° / /  is 
closed, by 4.3.12. This will be the case, in particular, if G is a metric group, 
for in this case, the sequence {Un} provides a base for the system o f 
neighborhoods of the identity, where Un = {b\Q(b,e)<(\/n)},  and the 
sequence [Una] provides a base for the system of neighborhoods of any 
other aeG.

Now let a be an arbitrary element of *G and let H  — {an}, where n ranges 
over all integers, finite or infinite. Then H  is an internal set and a subgroup 
of*G  and H '  is a subgroup of *G while ° H  is a subgroup o f G. M oreover, 
if G satisfies the first axiom of countability then ° H  is closed.

We shall suppose from  now on th a t G is a H ausdorff space. This will be 
the case, in particular, if G is metric.

8.3.3 T h eo r em . ° H  is Abelian.

P r o o f .  Let be °H , ce°H , then there exists integers m  and n , finite or in­
finite, such th a t amEfi(b), ane/u(c). Hence am+n =a mane(.i(bc) and 
an+m = a nameii(cb). But am + n= a n + m and so fi(bc) n ju(c6)#=0. This proves
that bc — cb, since G is supposed to be a H ausdorff space.

Suppose now th a t a is infinitesimal. Then an is infinitesimal for all 
finite n. Let H = { a n} as before. We define a m apping from  H '  onto °H,  
<P:b-+c by the condition befi(c). I t is easy to verify tha t <P is a hom o­
m orphism. Let K '  be the kernel of this hom om orphism . Then K '  = H '  fi 

Also, ane K '  if  and only if a ~ neK' .  Let P  be the set o f natural num bers 
n such th a t a ±neK' .  Then P=>N. If  P=>*N, ° H  reduces to the identity.

8.3.4 T h e o r e m . Suppose P  is a segment (i.e., neP  and m < n  implies
meP).  Then ° H  is torsion-free.

P r o o f . Suppose P  is a  segment. Let b ^ e  be an element o f °H.  Then 
anefi(b) for some n such tha t \n \>m  for all meP.  Let k  be any finite 
positive integer. Then ankefi(bk). But |« /c |> |n |> m  for all meP.  Hence, 
ank$n(e), bkj=e. This proves the theorem .



It seems intuitive th a t the powers o f an infinitesimal element in some 
sense make up a one-param etric group. We shall make this idea precise 
under the following conditions.

Suppose th a t an open neighborhood U o f the identity e in G is m apped 
by a topological m apping (j) on an open neighborhood V  o f the origin 0 
in B  such th a t <j>(e) = 0 , as in section 8.2, and le t/ (x,y) be defined again 
by 8 .2.6,/ ( x ,y )  =  0 ( 0 ~ 1(x ) 0 _1(y)). Suppose m ore particularly th a t B  
is the /t-dimensional real Euclidean space, B —R n9 n >  1, so th a t x== 
( x \ x 2,...,x Q , y = ( y 1,y 2,...,y"), where the norm  is defined by ||x|| =  
|x 1| +  |x2| +  ... +  |x ',|. Then the function / (x,y) is given by a set o f n 
numerical functions o f In  real num bers , f l( x 19x 29.. .9x n9y 19y 29.. .9y n). L e ta  
be a positive real num ber such th a t the closed cube C which is given by 
\xJ\<oc9 7 =  1 ,2 ,...,/! is contained in V. (Observe th a t we are discussing 
certain standard structures so tha t in the present context we take it for 
granted tha t a is standard.) We shall suppose tha t the following condition 
is satisfied.

8.3.5 The functions / l(x 1, . . . ,x n,y 1,. . . ,y n) possess first and second deri­
vatives with respect to  the y J9 and these derivatives are continuous func­
tions o f their 2 n variables for \x j \ < ol9 \yj\<oc9j = l 9.. .9n.

8.3.5 is satisfied by any /i-param etric Lie group.
The condition implies tha t there exists a (standard) positive P such tha t

d2f
 "■

for all x and y  in C, i.e., for

| x y | < a ,  | y ; | < o c ,  ;  =  l , . . . , n .

By Taylor’s theorem  we have, for x  and y  in C,

8.3.6 0,...,0)+ X  y ( J L )  o

where the subscript (x,0) indicates tha t the derivatives in question are 
evaluated at (x 1,...,x " ,0 ,0 ,...,0 ) , while the subscripts (x90y) stand for 
(x 1,. . . ,x ',,0y1,...,0>’n) where O < 0 <  1 and 9 depends on x a n d y .
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Putting j 1= j 2 =  ... = j ” = 0 in 8 .3 .6 ,w e fin d th a t/‘(x 1).. . ,x " ,0 , . . . ,0 )= x ‘. 
Al s o , / ‘( 0 , . . . , 0 , T h i s  yields

' ' - 1 " •

Taking y l infinitesimal, but different from  zero, in these equations, while 
y J = 0  fory=M, in tu rn  for j =  1,...,tj, (or else, by a standard procedure) we 
conclude w ithout difficulty tha t

, j - ‘  -

F rom  these relations we derive the following basic auxiliary result.

8.3.8 T h e o r e m . Suppose condition 8.3.5 is satisfied. Then f o r  all x and
y  in p(0),

f  (x,y) = x  + y  + z ,

where ||z|| = r  ||j>|| for some non-negative infinitesimal r which depends 
on x  and y.

Thus, 8.3.5 implies condition 8.2.14, and its consequences, e.g., 8.2.25, 
whose assum ptions are now applicable.

P r o o f . We have, for all x  and y  in the m onad o f 0,

8.3.9 f i ( x \ . . . , x l' , y \ . . . , f ) = x t+ y i+

+ i i ( y J) 2( S Q  + i y Jy k( - f r p )  >2=1 \ ( d y Jr J (x,ey) j * k  \ d y Jdy
Now,

|W ;  J { ( d y y j u M  h  \ d y Jdy J(X,oy) 

p ( l i \ y J\2+ i \ y J\ \yk\ ) = m \ 2 -
\  j =  1 j * *  /



A t the same time,

Z Z  y ' f f j n )  - s j ) ^ n m a x ( r j )  ~ s j £  l3'Jl=»Hj'll .
i = l  7 = 1  V V ^ J 7 J ( x , 0)  /  i , j  \ d y  / ( * . 0 )  j =  1

where s is infinitesimal, since the d f l/dy j are continuous functions o f x. 
Hence,

\\z\\ = \ \ f ( x , y ) - x - y \ \  = f , \ f i ( x 19.. .9x n9y 19.. .9y n) - x i - y i\

<(s + nli\\y\\)\\y\\.

Since s + np\ \y || is infinitesimal, this proves 8.3.8.
W ithin this framework, we return to the consideration o f the subgroup 

H = { a m} o f *G, a infinitesimal, a^=e9 and o f the associated groups H '  
and °H.  Putting x - ( f ) (a m) for any m  such that am is infinitesimal and 
hence x ~ 0 ,  and putting y  = (j>(a)9 we obtain from  8.3.8,

cf>(am+')=/(<!> (a"), <{> (a)) =  (am) +  cj> (a) +  zm,

where ||zm|| =  rm||0 (a)||, rm non-negative and infinitesimal. Hence,

8.3.10 <t>(am+1)-( t)  (am) -0(a) = zw.

Now let k  be any positive integer, finite or infinite, such tha t amme  for 
/w = 0 ,l,...,fc—1. Adding the resulting equations 8.3.10 for these values 
o f n and bearing in mind th a t (j>(a°) = (f)(e)=09 we obtain

— ( a )=  Z  zm = wk ,
m = 0

where

IK || =  Z  Z  HZmll=(  Z  rmW (<0ll •
m = 0  j m —0  \ m =  0  /

But the set is g-finite and so it attains its maximum for
some j 9 0 < j < m - \ 9 which maximum is therefore infinitesimal. We 
conclude th a t

K i i  = i y  
\\k(j) (a) || k m= J m
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also is infinitesimal, in other words,

8.3.1!
m m

Now let A: be a negative integer such th a t fiT1^ -2 , . . . , ^  are all in ­
finitesimal. By adding the equations 8.3.10 for m =  — 1, — 2 ,. . .k 9 we see 
w ithout difficulty tha t 8.3.11 holds for such negative k  as well.

Let k  be any integer different from zero such tha t 8.3.11 is satisfied, and 
suppose tha t (j)(ak) ~ 0. Then k<j)(a)~0. For if \\k(j)(a)\\ is not infinitesimal 
then (l/\\k(j)(a)\\) cf)(ak) ~ 0, hence

8.3.12  kcj) (a) ~ ------------kcj) (a ) -------------- (j) (ak) .
\\k(j>(tf)|| \\k(j)(a)\\ \\k<j>(a)\rK

But according to  8.3.11 the right hand side o f 8.3.12 belongs to  ju(0) 
while the norm  of the left hand side is

   k(j)(a) = 1 .
11*0 (*) II

This contradiction proves k(j)(a)~ 0.
Conversely, if 8.3.11 holds for an integer k 4=0 and k(j)(a)cz0 then 

(j>(ak) ~ 0. F or 8.3.11 shows tha t \\<p(ak) — k(j)(a)\\~G\\k(})(a)\\ for in­
finitesimal a, hence \\(j)(ak) — k(f)(a)\\ ~ 0 , hence ||(f>(ak)|| ~ 0.

8.3.13 T h e o r e m . Condition 8.3.11 holds for all integers /r =4= 0 such 
th a t kc/)(a)^ 0.

P r o o f . Let A: be a positive integer which satisfies the assum ptions of 
8.3.13. Then we have to  show th a t for any standard  positive £,

U ( a k)-k<i>(a)\\
8.3.14    < £ .

ll*0(fl)ll

We know already th a t 8.3.11, and hence 8.3.14 holds for any finite 
positive integer k.  But the set of k  satisfying 8.3.14 is internal so if 
there is any positive integer for which 8.3.14 does no t hold for a given
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s > 0, then there m ust be a smallest positive integer k = X  o f this kind. We 
then have

) * ( a ) | | _

and so

8.3.15

Now if ||2</>(a)|| were infinitesimal then \\(X — 1 )4>(a)|| also would be in­
finitesimal. In  th a t case, the right hand side of 8.3.15 would be infinitesimal, 
hence ||0 (a A_1) — {X — \)cj)(d)\\ ^ 0 ,  hence ||</>(0A- '1)|| ~ 0 . Hence, 8.3.10 
would apply, for m = X  — 1, entailing

for infinitesimal g, and hence

8.3.16 ||4> (ax) -  4> {ax ~ 1) -  <f> 0011 <£ II</> 0011 •

But then, taking in to  account 8.3.15,

||<MaA) -!</> 0011 =  II<t> (aA) -  4> (ax~ l) -  4> (a) +  cj> {ax~ l ) - (X- 1) 4> 0011 <  
| ^ ( a A) - ^ ( ^ - 1) - ^ ( a ) | |  +  ||<A(flA- 1) - ( A - l ) < / . ( a ) | | < e | |^»(u)| | +  

« | | ( A - l ) * ( « ) | |= s |M ( a ) | | .

Hence, \\<f>(ax) —X<j>(a)|| <s\ /.(j>(a)[| which shows th a t 8.3.14 holds also for 
k  =  X, contrary to  the definition o f X. This proves our theorem  for positive 
k . A similar argum ent is available for negative k.

Let e be a standard positive num ber smaller than  1. Then 8.3.13 shows 
tha t 8.3.14 applies for all positive integers k  such th a t \\k<f)(a)\\ ^ 0 .  
Hence, by a fam iliar argum ent there exists a positive integer X such tha t 
\\X<j)(a)\\ is no t infinitesimal, and hence is greater than  some positive 
standard y and such th a t 8.3.14 holds for all positive integers k<X.  We 
observe that the existence o f such X and y can also be inferred more directly 
from  the argum ent used in the p roo f o f 8.3.13. We may choose y so tha t 
y<ioc,  where a was introduced on p. 217.

Let t be any standard num ber in the interval 0 < /< y .  Since \\(/)(a)\\ is 
infinitesimal, and \\X<j)(a)\\ =X\\(j)(a)\\ >y,  there exists a natural num ber k ,
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0 < k < k  such th a t °\\k<l)(a)\\ =t .  We now define a mapping \j/(t) from  the 
interval 0 < / < y  into the group G in the following way. F o r any t in the 
interval, we choose a natural num ber k , 0 < k < A  such tha t °\\k(j)(a)\\ =t .  
A nd we then pu t ip (t) = °(o*). In order to  show th a t this is a good definition 
we have to  verify (i) th a t °(ak) exists, i.e., tha t ak is near-standard, and
(ii) tha t °(ak) is independent o f the particular choice o f k  subject only to  
the condition °\\k(j)(a)\\ = t.

Evidently, (i) holds for k — 0 for in tha t case ° (a°)=°(e)=e . F o r k-1=0, 
we have, by 8.3.14,

|| <f> (ak) || <  || ct> (ak) -  k(J) (fl)|| +  || k<f> (a) || <  (e + 1 ) || k<t> (a) || <  2y < a .

Hence, \\(t>(ak)\\ is finite, and (j)(ak) is a finite point in ^-dimensional 
Euclidean space and accordingly, possesses a standard part °(<£(a*)). Also, 
(j)(ak) is in the S-interior o f the range o f the topological m apping 0 , so

°(0  (ak)) =  0  (V ) )  and m  =  </>~ 1 (°(* (a*))).

As for (ii), let j  and h be tw o natural num bers such th a t 0 < j < h < X 9 
0II j(p{a)II = '0IIhcj) (a)|| =  /, 0 <  / <  y. Then ||(h - j ) <£ {a)|| ^ 0. Hence, by 8.3.13, 
\\<f>(ah~J) — (h — j)<t>(a)\\ ~ 0 , and so \\(l)(cih~~J)\\ ^ 0 .  This shows tha t 
ahr J^ e fah~JEfi(e), and hence ah = a h~JaJeii{e)' j i(°(aj)) =  \ i and 
hence °(ah) = ° ( a J), as asserted.

We observe that for /=# 0 in the interval o f definition o f i//(t), we have 
ij/(t)^e.  F or let °\\k(j)(a)\\ = t , then  8.3.14 implies

||<Ka*)|| =  \\k<l>(a) — (k4>(a)—<t>(<J‘))\\ > \\k<f>(a)\\ -  \ \ ^ ) - k 4 > ( a ) \ \  
> ( l - £ )  \\k<j>(a)\\>i(l-e)t .

This shows th a t ||</>(a*)|| is no t infinitesimal and hence, th a t ak does not 
belong to the m onad o f e, \j/(t) = °(ak)+e.

8.3.17 T h eo r em . Let s and t be two non-negative real numbers such 
th a t 5, +  /< y . Then

ij/(s +  t) =  i l / ( s ) \ l / ( t ) .

P r o o f . Let j  and h be natural num bers such tha t °|| j<t>(a)\\=s, 
°\\h(j)(a)\\ = / ,  and so °\\(j+h)(t)(a)\\ = s + t .  Then il/(s)=°(aJ), \l/(t)=°(ah), 
i)j(s + t ) = 0(au  + h)) = 0(aj)0(ah) = \l/(s)\l/(t). This proves our assertion.

As an immediate consequence o f 8.3.17 we obtain



8.3.18 C o r o l l a r y . Let t be a standard real num ber, n a finite natural 
num ber, such tha t 0 < / < y  and nt<y.  Then =

A nother consequence o f 8.3.17 is

8.3.19 T h e o r e m . Let s  and t be standard real numbers such that 
0 < s < t < y .  Then 0 0 )4 = 0 (0 .

P r o o f . Put r = t —s, then = by 8.3.17. Assuming
0 ( 0 = 0 0 )  we should then obtain 0 ( r ) = e ,  0 < r < y  and we showed 
previously th a t this is impossible. This proves 8.3.19.

We now define a function W(t) whose dom ain is the set o f standard real 
num bers, and whose range is in G, in the following way.

For t > 0, we take any finite positive integer n such th a t 0< (1  f n ) t < y 9 
and we then define ¥ ( t )  = (0 (^0 )”* And f° r  ̂< 0 , we pu t P ( 0  =  (P (  —1))~1 • 

In order to  show tha t this is a valid definition, we have to verify that 
for t> 0 , the value of (0 (^0 )” is independent of the particular choice of n. 
This is evidently correct for t=0 .

Let k  and n be finite positive integers such tha t for a given standard 
positive t, 0 < ^ < y ,  0 < \ t < y .  Put s = ^ t .  By 8.3.18, 0({O =  (0C?))" and 
0 ( ^ ) == (0 (‘y))fc* Hence (0(^0)* =  (0  (*?))*” =  (0(^O )n> as required. Observe 
that, for 0 < /< y ,  P ( /  =  0 (r) .

8.3.20 T h e o r e m . W(t) is  a h o m o m o r p h is m .

P r o o f . We have to  show that, for any standard real s and /, 'F(s + t) = 
*F(s) P(t).  Suppose first tha t and t are both non-negative, and choose a 
finite positive integer n such tha t 0< ^(.s-M )<y . Then

by 8.3.17. Hence

4 " ( s + 0 )  “ ( K H )  ( * ( ; ; ' ) )  •

since 0  (~s) and 0  (\t)  commute, their product in either order being equal to 
0 ( ^  +  0)- This shows tha t W(s + t) =  *F(s) *F(t), proving the assertion in 
this case.
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I f  both s and t are negative, then, by definition, ¥(s)  = ( ¥ ( —s)) *, 
y ( t )  = ( ' F ( - i ) ) - \  y ( s + t )  = ( ' F ( - s - i ) ) - 1= { ' F ( - t - s ) Y 1 and, as we 
have shown already, W( — t — s) = y (  — t) W(—s). This shows tha t

ns+o=(n-«-s))_1=(^(-s)rl(n -o r1=ns)no,
and proves the assertion for negative s and t. The remaining possibilities 
can be disposed o f in a similar way.

8.3.20 shows tha t W(t) represents a hom om orphism  from  the standard 
real numbers onto a commutative subgroup of G, to be denoted by Ha.

Ha is a subgroup o f °H. For any t in the interval 0 < t < y  it follows in 
fact immediately from  the definition o f 0 ( 0  that 0 ( 0  belongs to °H. 
And any ¥{t )  is a finite (positive, negative, or zeroth) power o f such an 
element.

Let Ka be the kernel o f the hom om orphism  W(t). We have shown that 
Ka cannot contain any num bers t in the interval 0 < /< y .  It follows tha t 
Ka either reduces to {0} or tha t it consists of the integral multiples o f a 
standard positive num ber t . In  the form er case, Ha is isom orphic to  the 
additive group o f standard real numbers: in the latter case, it is isomorphic 
to the additive group o f standard real num bers m odulo t (or, which is the 
same up to  isom orphism , m odulo 1).

8.3.21 T h eo r em . The mapping W(t)  is continuous.

P r o o f .  In view of the fact tha t y ( t )  is a hom om orphism , we only have 
to prove that for every standard open neighborhood Q o f e there exists a 
standard <5>0 such tha t W(t)eQ for |/|<<5. Since W( — t) = {¥{ t ) )~1, we 
may confine ourselves to positive t (for the general case may be obtained 
from this by considering Q fl 2 " 1). A t the same time we may restrict our 
attention to sets Q which are contained in the dom ain U o f the mapping (j) 
into B , and on this assum ption, we only have to verify that for any 
standard rj>0, 110(^(0)11 <*1 for 0</<<3. Supposing (as we may) that 
S<y,  we see tha t this is equivalent to showing tha t 110(0 (0)11 <r1 f ° r 
0</<<5. But for / in the range under consideration, ^ ( t )  = °(ak) for a 
positive integer k  such that / =  °||A:0(tf)|| and at the same time 8.3.14 holds 
for the selected e, 0 < s <  1. Then 8.3.14 implies

II0  (ak) || <  ||0  (ak) -  k<f> (a)|| +  ||k0  (a) || < (1  +  s) ||fc0  (a)\\<2S.



8.4] THE LIE ALGEBRA OF A GROUP 225

Hence,
II 0  (0  (0 ) II =  II0  (°(fl*)) II =  ° II0  (0*) II <  3<5,

so tha t ||0  OHO) II <r1 is satisfied by putting S=lrj .  This proves the theorem.
8.3.21 shows tha t the group Ha is connected. It follows tha t Ha is a sub­

group of the com ponent o f the identity Ge o f G.
By way o f example, we may consider the group G o f non-singular 

square matrices o f order m > l ,  A = ( a Jk)9 = with real co­
efficients. The corresponding linear space B  is m2-dimensional. Denoting 
the coordinates of a point o f B  by x uk\  = , we see tha t an
appropriate m apping 0  from  a neighborhood o f the identity I= {Sk) in G, 
into B, is given by x Uk) =a{ — d{. Let AeG  and let rj be positive infinitesimal 
then the m atrix I+Ar\  is an infinitesimal element o f the group <7. I f  we pu t 
a =  Y j , k  = i \ a k\ then according to our previous definitions, || 0  ( /+  Arj) || =  arj. 
Then if t = °(k\\(l)(I+Arj)\\)=a0(kri) where k  is a (finite or infinite) natural 
num ber, we have for sufficiently small standard positive /, 0 ( 0  =  
°((I+Arj)k).

8.4 The Lie algebra of a group. In the classical theory of Lie groups, 
infinitesimal elements cannot occur directly. They are replaced, or re­
presented, by certain linear differential operators, the so-called infinitesi­
mal transformations of G. Taken as a linear vector space, and with the 
appropriate definition of the Lie product, the infinitesimal transform a­
tions of G constitute the Lie algebra o f the group. We are going to show 
how to correlate the infinitesimal transform ations o f G with the in­
finitesimal group element o f the present theory. Observe tha t there is 
nothing infinitesimal about an infinitesimal transform ation, in the original 
sense o f the w ord ‘infinitesimal’ (which is the sense in which this word is 
used in the present book). Rather, the term  ‘infinitesimal transform ation’ 
was chosen precisely for the intuitive reason which we are about to 
explicate.

We shall suppose th a t condition 8.3.5 is satisfied. Let g {x) = g ( x 1, . .. , x n) 
be a standard function which is defined on the cube C, i.e., for |j t ; |< a , 
i =  l , . . . ,n . Assume tha t g ( x 19...9x n) has continuous first and second 
derivatives on C.

Let b be any infinitesimal element o f *G,y = 4> (<b), and let x  be a standard 
interior point o f C, x  =  0 (a). Let rj be any infinitesimal num ber such that



\\<t>(b)\\/rj is finite. We consider the ratio

8.4.1 -  (g(<f>(ab)) -  g((f>(a)))= - ( g ( f ( x , y ) )  -  g(x)).
n r\

By 8.3.6,

g ( f ( x , y ) ) - g ( x ) = g f x 1+ £  y Jf ^ ||y ||2,...,
V  J = i  \ 8 y  ) (x ,o )

Xn+  +p„ !!y||2^  —^ ( x 1...... x"),

where 0 < |/? f|< /? , z =  l , . . . ,« , ft being the standard positive bound on the 
functions \(d2f l)/(dyJdyk)\ which was introduced in section 8.3. Applying 
Taylor’s theorem  to g, we obtain further

8.4.2

In  this equation, the rem ainder term  r is given by

where the second derivatives o f g which appear upon evaluating the right 
hand side are taken at a point

for a num berx satisfying 0 < t < 1 .  Since the second derivatives o f  g are 
continuous, hence bounded, on C we conclude th a t there exists a standard 
positive num ber y such th a t | r | <  y || y  ||2 for all x  and y  under consideration. 
Going back to  8.4.2, taking into account th a t the first derivatives o f g are 
continuous, hence bounded, on C and putting

W V (* ,0 ) ,

we obtain

8.4.3 g ( f  ( x , y ) ) - g ( x ) =  £  ^ £  y Jt ij ( x ) ^ ^ - t+s
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where |^| <  <51| y  ||2 fo r a standard positive b which is the same for all x  and y  
under consideration. Now ||0(6)|IA/=  II yllA? *s finite, by assum ption. 
Hence, from  8.4.1 and 8.4.3,

8.4.4 (^(g(<t>(ab))-g((l>(a )))j =  £  ^ >

where Xj = ° (y j/rj)9 j  = \ 9... ,n.  Defining the infinitesimal transform ation 
Y by " /  n . . \  d
8.4.5 Y = W  -

i = l \ j = l  J O X i

we therefore see from  8.4.4 tha t Y  can be expressed in terms o f the in­
finitesimal group element b by

8.4.6 Y g =  ^ - ( g  (<£ (ab))-g(<j> (a)))^.

Since Y  is determined by the vector (A1, A2, . .. ,2 ”) we can evidently get 
the same Y  fo r num erous choices o f ti ,y1, y 2, . . . , yn. I f  we choose rj as a 
positive infinitesimal num ber, which is kept fixed throughout the dis­
cussion, then  the infinitesimal elements o f *G which give rise to  an in ­
finitesimal transform ation as in 8.4.6 are precisely those for which 
\\y\\/rj = \\(l)(b)\\/fj =Q(b9e)/t] is finite, i.e., they are the elements o f the 
group J0(v) introduced in 8.2 above. Two elements o f J0(rj)9 b1 and b2 
determine the same infinitesimal transform ation Y  if  ^(b^/rjc^  
0 (62)/^ or, which is the same, if bx and b2 belong to the same coset 
with respect to  (rj). Again, if  beJ0(rj) determines Y then b ~ 1 determines 
— 7, and if b^Joirj)  and b2eJ0(rj) determine the infinitesimal transfor­
m ations Y x and Y2 respectively, then bi b2 determines Y t + Y2.

Finally, we have to consider how to obtain the Lie product o f two in­
finitesimal transform ations within this setting. For this purpose, we 
strengthen our differentiability conditions on the com position functions 
by assuming th a t the f l have first, second, and th ird  continuous partial 
derivatives on the cube C. It then follows from  Taylor’s theorem  th a t 
these functions can be written in the form

8.4.7 f i(x1,...,xn, y 1,...,y")—x i+ y i+ £  +  \\y\\

+ s ( IN  \\y\\2 ,
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where r( and are uniformly bounded by a standard positive num ber, for 
all points in the cube.

Now let and b2 be two infinitesimal elements o f *G and let 
yi=(yu--;yT)=<l>(l>1) , y 2 = ( y l2 , . . . ,yn2 )=<l>(b2). Then a straightforw ard 
com putation (which occurs also in the classical theory) shows tha t

8.4.8 ^ { b l b2b-l l b~2 l) ^ i  I  c 1Jky jy 2 + e l lb, II2 II ̂  II
\ j , k  =  1

Z c^yiyl + eAyXWyzW
j , k  = 1

+ f f j* i l l  IW I2) ,

where the and are finite and c)k —ajk — alkj. This shows tha t if 
||yiW/rj and H^IIA? are finite then

\<!>(bib2b i l b2 l) ^ - 2(  Z c)ky { y k2,..., £  cnJky { y 2\
*1 *1 \ j , k =  1 J \k =  1 J

Put c = b ib1b i 1b 2 l and let a be any element of the group G such tha t 
(j)(a)=(x1, . . . , x n) belongs to the interior of the cube C. For any function 
g ( x l , . . . , x n) as above, we consider (1 M2)(g((j>(ac)) — g((j)(a))). Still as­
suming tha t \\yi H/17 and lb 2ll/^ are finite and taking into account 8.4.8, 
we obtain (com pare the evaluation o f 8.4.1)

1 1 " " " da
-2(g(4>(at-))-g(4>(a) ))~-2 Z Z Z
YJ i = 1  m  =  1 j \ k  = 1 O X

Hence, putting A- =°(y{ / r i ) , j=l , . . . ,n ,  i = 1,2,

° / i  \  n n n

8.4.9 - 2( f f ( 0 ( « c ) ) - ff( ^ ( « ) ) ) F Z  Z
\ r j  /  i =  1 rn =  1 y.A: =  1

We recall th a t a t the same time

°/l \ " " . . da
8.4.10 l - ( g m a b l) ) - 9 ( H a ) ) ) ) = ' L  Z W * ) A  /==1>2 -

\> 7  /  i =  1 y =  1 OX



Reference to 8.4.5 and 8.4.6 now shows tha t 8.4.10 and 8.4.9 are equivalent 
to

8.4.11 Y,g= | i ( 9 ( ^ ( a i :) ) - S (^ (a ) ) ) J ,  1= 1 ,2 .

and

8.4.12 [ Y l ,Y2']g=

respectively. We have thus correlated the com m utator o f two infinitesimal 
elements o f the group *G directly with the Lie product o f the correspond­
ing infinitesimal transform ations.

8.5 Remarks and references. For the classical background to this 
chapter, the reader may consult p o n t r j a g in  [1946] and c o h n  [1957].
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C H A P T E R  IX

SELECTED TOPICS

9.1 Variations. In the first three sections of this chapter, we shall 
consider several variational problems and m ethods from the point o f view 
of N on-standard Analysis. We begin with an informal discussion of the 
basic notions of the Calculus of Variations. W orking at first in the 
standard system of real numbers R , let F  be a family of curves in n- 
dimensional Euclidean space R n, n >  1, all given in param etric form 
x ‘ = x '( /) , /'=  1 ,...,« , a < t < b .  The functions x l(t) shall be continuous with 
continuous first derivatives in the closed interval a < t < b , except that the 
derivatives may have discontinuities of the first kind at a finite num ber of 
points. The distance between two curves may be given either by

9.1.1 f?(x,,x2) =  sup ||x, ( f ) - x 2(/)|| =  sup v/{(-'f ' ( 0 --V2( t))2 +  --  +
a < t  < b a < 1 < b

(x" ( f ) - x 2(0 )2}
or by

9.1.2 g (x , ,x2) =  e ( x u x 2) +  e (x't ,x2) ,

where q is defined by 9.1.1 and x - = ( x ? x " ' ( r ) ) ,  / =  1,2. Let*/? be a 
higher order non-standard model of Analysis so that, in particular, *R 
may be an enlargement of R.

Let y [x ] be a functional which is defined on F, that is to say, a function 
from E in to  the real numbers. As we pass from R  to *R, F i s extended to a 
set *F and / [ x ]  is then defined on *F. Let x and y  be two curves which 
belong to *F such that x is standard and £ (x ,y )^ 0 , or, alternatively, 
g(x ,y)cz0. We put Sx = y  — x  = ( y l {t) — x l (t),..., y n(t) — x n(t)) and 
&J =J\_y]-J[_x \  = J\_x + 5 x ] - J [ x } .  SJ  will be called the first variation 
of J . The vector function (0,...,0) will be denoted simply by 0.

Suppose in particular that 7 [x ]  is given as an integral of the form
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b

J  W  =  j  g ( t , x ( t ) , x ' ( t ) ) d t
a

such that x(a ) and x(b)  are the same for all elements x of the family F. 
Suppose further that g possesses continuous and uniformly bounded first 
and second derivatives for all sets o f argum ents (f ,x (t),x '(f)) which occur 
for curves o f the family F  and let z(t) = (z1( t) , . . . ,zn(t)) be an internal 
function such th a t x(t ) + Xz(t) belongs to  *F for all X in the interval 
0 < A < 1 , so tha t z (a)=z(b)  = 0. Following the standard procedure 
o f the calculus of variations, we com pute J [ x  + z \ —J\_x\. Supposing in 
particular tha t q ( x  + z , x )  = q ( z ,0) is infinitesimal, we obtain

a i = l

where m  is finite. Thus, writing Sx  for z,

b n

"“j I  { r A , $ ) ) Sx'd ' mod o(SKz'0))!)'
a i ~  1

where the symbol O is as defined at the beginning o f section 3.6. The 
symbol o also was defined there.

We shall say tha t J  is stationary at x if

9.1.4 SJ ̂  0 m od o (q ( S x , o ) )  .

Then 9.1.3 shows that in tha t case

b n 

a i= 1

I t  is now not difficult to obtain the equations o f Euler-Lagrange from 
9.1.5. Generally speaking, our m ethod parallels the classical procedure
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quite closely. The main difference compared with the standard theory is 
tha t here we define the notion o f the first variation directly and that the 
stationary values of J  are then given by 9 .1.4. Classically, the first variation 
is defined by an expression which coincides formally with 9.1.5 and whose 
vanishing determines the stationary values of J.

O ur definition can be generalized immediately so as to refer to any real 
valued function x which is defined in a metric space T . / (x) will be said to 
be stationary a t a point x 0 which belongs to the S-interior o f the dom ain 
o f definition o f / (x) if

/ ( * ) - /  Oo) m o d o ( s O x o ) )  

for all points x in the m onad of x 0.

9.2 Riemann’s mapping theorem. The use of N on-standard Analysis in 
connection with direct variational methods can be of considerable interest. 
As a first example we consider R iem ann’s fundam ental theorem  in con- 
formal m apping.

Let D be a simply connected dom ain in the standard plane of complex 
num bers such tha t D possesses at least two boundary points. R iem ann’s 
theorem  states tha t there exists an analytic function w = f ( z )  which is 
univalent (schlicht) on D  and which maps D  on the interior of a circle.

A standard p roo f o f the theorem  proceeds as follows.
(i) One chooses an arbitrary point z 0 in D and one shows by means of 

a simple irra tional function tha t there exist functions g(z )  which are 
analytic, bounded, and univalent on D such tha t g ( z 0) = 0  and g ' ( z 0) =  1. 
Let the class o f these functions be denoted by r .

(ii) For any g e T  let m [g ] be the least upper bound of the values of 
\g(z)\ in D. m  is finite since g is bounded. Let q be the greatest lower 
bound of all m\jg]9 geT.  Thus, £ > 0 . One proves tha t this bound is 
attained in r ,  in more detail,

9.2.1 T heorem  (Standard). There exists a function / ( z ) e F  such that

(iii) Finally, one proves tha t /  (z ) maps D o n a  circle. I f  this were not 
the case then (as can be shown by another construction) there would exist 
an /zeFsuch th a t m [H] < m [ / ]  = g , and this contradicts the definition of g.



9.3] d i r i c h l e t ’s p r i n c i p l e 233

9.2.1 is usually proved by means o f Vitali’s theorem or by some related 
method. Using internal analytic functions in *R we may proceed as follows. 
Since q is the greatest lower bound of the set of numbers m\_g], geF,  the 
following statem ent holds in R.

9.2.2 ‘F o r every positive 3 there exists a function G(z) in r  such that 
m [G ] < q + 3 \

9.2.2 can be formalized as a sentence X  o f K  where q appears in X  
explicitly as a constant while 3 and G are represented by quantified 
variables. Let 3' be any positive infinitesimal number. Interpreting X  in 
*/?, we find th a t there exists a function F (z)e* F su ch  that m\_F~\ < q + 3'. 
Since D is open, it is a subset of the S -interior B  o f *D. F(z) is defined and 
analytic in *D and ra [F ]  is the lowest upper bound o f the values of F(a) 
for ze*D.  Thus, F(z) is bounded in *D by q + 5' and hence, is ^-contin­
uous on B , by 6.2.1. L e t/(z )  =  °F(z), th e n /(z )  is analytic in D by 6.2.3 
and is bounded in £>, e.g., by q -f 1. Also, / (z0) —°F(z0) = 0  and / ' ( zo) — 
(°F(z))'z=Zo =  1 since Fe*F  and so / ( z )  is not constant. H e n c e ,/(z )  is 
univalent in D, by 6.2.10, and, accordingly, is an element o f r .  Finally, 
for any z^eD,  |F (zx)| < £  +  <5' and | / ( z j )  — F (z x)| is infinitesimal. Itfo llow s 
th a t I / ( z i ) | <{? +  *? for some infinitesimal rj. But f ( z x) is a standard 
num ber and so, more precisely, \ f ( z^ ) \<Q.  This implies th a t m\_f~\<Q 
and so / » [ / ]  ={?, since f e T .  The p roof o f 9.2.1 is complete.

9.3 Dirichiet’s principle. As a second example for the use of N on­
standard  Analysis in connection with a direct variational m ethod we 
consider the solution o f the first boundary value problem  of Potential 
Theory (D irichlet’s problem) by means of Dirichlet’s principle. We shall 
require the following result which is of independent interest.

Let D be a dom ain (open connected set) in R 2 and let (f)(x,y) be a 
function which is defined on *T>.

9.3.1 T h eo r em . Suppose (l>{x,y) is finite and harmonic (possesses 
continuous second derivatives and satisfies Laplace’s equation) every­
where in *D. Then the function °(t>(x,y) exists and is harm onic everywhere 
in D.

We prove this theorem  in several stages. As a first step, we wish to show 
th a t (j>(x,y) is S-continuous in the 5-interior o f *D. Let p = ( x 0,y 0) be a



point in *D and let C be a circle with center p  and standard  positive radius 
R 0 such th a t C  and its interior belong to  *D. Since 0  is harm onic in *D, 
we have Poisson’s integral

n

1 f  (Ro ~  r 2) 0  (*o +  R 0 cos co, y 0 +  R 0 sin co)
9.3.2 0(x,y) = — ----------- =---- =--------------------------------- dco

2n J Pq +  r — 2R 0r cos (co — 0)
— 7t

where q = ( x , y )  is a point in the interior o f the circular disk bounded by 
C, (x,y) = (x0 + r cos 9, y 0+ r  sin 9), r < R 0 . Now

9 3 3 _________  R l ~ r 2________________ r (2 R 0 c o s ( a j - 0 ) ~ 2 r )
R l  + r2 — 2R0r cos (co — 9) R l  + r 2 — 2R 0r cos (co — 9)

Suppose r < \ R  then the denom inator on the right hand side o f 9.3.3 cannot 
be smaller than  ^Po- It follows tha t 9.3.3 is smaller than, o r equal to, 
4 r |2  P 0 cos (co — 0) —2 r |/P o , which in tu rn  is smaller than  or equal to 
16 r / R 0. On the o ther hand, 0 (x o +  P o cos co, .Vo +  Po s*n <°) attains its 
maximum somewhere on the circle C, for co=co0 say, and since 
|0 (x o +  P o cos co0, y 0 + R 0 sin co0)| < m  for some standard  positive m  we 
may write

7t

l<H€)-0Q>)l =  A- J <f>(x0 + R 0cos(o,
— n

n
/  Po — r 2 \  I f  16r 16mr

y0 +  P 0 sinco) —=-----=----------------- -1 dco < — m —  dco = -------------------
\ R 0 + r — 2 P 0r cos (co — 9) J  2n j  R 0 R 0

— 71

where (f)(q) and 0(/?) stand for 0 (x ,y ) and 0 (x o,^ o) respectively. It 
follows tha t if q is in the m onad o f p  so tha t r is infinitesimal, then 
10(0) — 0(/?)| —0 and hence 0 (# )^ 0 ( /? ) . This shows tha t 0(x,jO  is 5- 
continuous at p. “But p  may be any point in the 5-interior B of *D and so 0  
is 5-continuous at all points o f P.

Accordingly, we may define o0 ( x , / )  =  o0(/?) for all standard  points 
P = (*>y) which belong to  °B and in particular for all points o f D (which is 
subset o f °B) as the jo in t value o f °(0(^)) at points q which belong to the 
intersection of the m onad of p, g(p),  with B. M oreover (in agreement with
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a general conclusion reached earlier) °</> is continuous in D. For, given 
p = ( x 9y)eD9 and given a standard £> 0 , there is a standard 3 > 0  such that 
any standard q which satisfies g (p 9q)<S  is in the interior o f D and 
satisfies also \<j>(q) — 0 (f)I  < ie .  But \°4>(p) -</>(/?)! and |°<H#) —0(tf)| are 
infinitesimal and so

\°<j>(q)-° {̂p)\<\0(i>(q)-<t>{q)\ + \<j>{q)- {̂p)\ + \^(p)-0(j>{p)\<£.
This shows th a t °4> is continuous in D.

Let C be a circle which is contained in D , with center (x0,y 0) and 
radius R 0. We may now conclude tha t °0  — (j) is infinitesimal on C. We 
may conclude further tha t there exists a positive infinitesimal £ such that

9.3.4 |°(j) (x 0 +  R 0 cos co, y 0 +  R 0 sin co) — cf) (x0 -F R 0 cos co,
y 0 +  p o s n̂ oo)\<c

for — n < c o < n 9 i.e., everywhere on C. This is true since |°</> — </>| is 
continuous on C and so possesses an absolute maximum on the circle. 
However, we may deduce the existence o f such an e also w ithout taking 
into account th a t |°</> — c/>| is continuous. For since |°0  — (j)\ is an internal 
function which is infinitesimal everywhere on C, we have |°</> — 4>\ < \/n 
on C, for all finite positive integers n9 and we may then conclude in the 
usual way th a t this inequality is true also for some infinite n.

In order to  prove th a t °</>(x,y) is harm onic in D , it is sufficient to show 
that for every point p  o f  D there is an open circular disk E  which is 
contained in D9 and bounded by a circle C about p  as center, such tha t 
Poisson’s form ulae holds for °</> in E. T hat is to say, we have to prove that
9.3.2 holds in E  with °</> for 0 , where p = ( x 09y 0) and R 0 is the radius of the 
circle C. Now for any poin t q = ( x 9y) in E , the difference °</>(x,y) — 0 (x ,y ) 
is infinitesimal. Thus, in order to  show tha t °0 satisfies Poisson’s form ulae 
o f  q we only have to verify tha t the difference

71

i r 0
9.3.5 A — — H ( R 09co9r96) 0 ( x o +  R o cos co, y 0 + R 0 sin co)dco

2n
V
— 71

7T

1 f
— — \ H  (R 0,a>,r,9) <j) (x 0 +  R 0 cos co, y 0 + R 0 sin co) dco 

2nJ
-  71
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also is infinitesimal, where H  is the Poisson Kernel, / / ( P o,co,r,0) =  
(Rl  — r 2)l(Rl  + r 2 — 2 P orcos(<u — 0)), and where we observe tha t 
H ( R 0, co, r, 6) is strictly positive in the range o f integration. Then

n

\H ( R 0,(D,r,6)\ \°(l>(x0 + R 0 cos a>,y0 + R 0 s in c o )-

— n
n

£ f
<j)(x0 + R 0 cos co,y0 +  K0 sin a>)|dco<—  I H ( R 0,co,r,0)da) = c ,

2 71J
-  K

where we have taken into account 9.3.4. This completes the p roof o f 9.3.1, 
since £ is infinitesimal.

Going back to  the standard plane R 2 for the time being, let D be a 
bounded dom ain (open and connected set) whose boundary C consists o f 
a finite num ber o f Jordan arcs, and consider Dirichlet’s integral

9.3.6

D

for functions 0 (x ,y ) which are defined on D and satisfy the following 
conditions, (i) 0 (x ,>>) is continuous on D U C, and takes specified boundary 
values on C. (ii) 0 (x ,y ) possesses continuous first derivatives on D except 
possibly at a finite num ber o f circular arcs and straight segments C, 
where it may have discontinuities of the first kind. T hat is, if P  is a point 
on one of the C t then the limits o f d(j)/dx and d(p/dy exist on approaching 
C t from  either side.

Let 0  be a set o f functions 4>(x9y) for which ^ [ 0 ]  exists either as a 
proper or as an im proper integral. We shall suppose th a t 0  is not empty. 
Then the set o f numbers A [0 ]  for 0 e #  possesses a greatest lower bound 
(infimum) d>  0. Given any positive c, there exists a function 0e£> such 
that d < A [ 0 ] < d - \ - £ .

We pass to  *P, take £ positive infinitesimal, and choose a function 
0e*cP, 0 o (x9y) say, such tha t d < A  [ 0 O] < d+£.  Then 0 O satisfies condi­
tions (i) and (ii) above in the sense of*R.  Thus the num ber o f circular arcs 
at which the derivatives o f 0 O are discontinuous may now be infinite in the 
absolute sense although it is Q-finite.
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Now let D' be any closed subdom ain o f D in R 2. Since D is bounded, D' 
is bounded. Hence, by the theorem of Heine-Borel, we may cover D' with 
a finite num ber of circular disks all o f which are contained in D , together 
with their circumferences. Let y be one of these disks and let F  be its 
circumference.

Passing to */?, let 0 7 be the harmonic function in *y which takes the 
same values as 0 O on *F. 0 7 may be determined by means of Poisson’s 
integral. Putting

V

we claim that

9.3.7

and we prove 9.3.7 by a familiar application of G reen’s theorem.
Now let 0 ! be the function which is obtained from 0 O by setting 0 t = 0 O 

on * D u * C —*y and 0 i = 0 7 on *y. Then 0 t also belongs to * 0  and 
^  [ 0 i ]  [ 0 O]. Hence, </<zl [ 0 j ]  <d+r,.  Beginning with 0 O, we may
apply this procedure to all circular disks o f the selected finite covering of 
Df in turn. In this way, we finally obtain a function 0  which has a Dirichlet 
integral satisfying d < A  [0 ]  < d + z  and which is harm onic in D' except 
possibly at a finite (finite in the absolute sense) number of circular arcs 
across which the function 0  is still continuous, but its first derivatives may 
have discontinuities o f the first kind, in the sense explained. Such dis­
continuities may occur only across the circumferences of the disks which 
constitute the selected finite covering of D'. For although the derivatives 
of the original 0 O may have had discontinuities o f this kind also across 
additional circular arcs or straight segments, all these were eliminated in 
the course of the successive modifications of the function.

One shows next that 0  is finite in D. It then follows from  9.3.1 that 
°0(x ,> ’) exists and is harmonic in the interior of D' except possibly on the 
circumferences o f the disks just mentioned. However, adapting classical 
methods, one can show that in actual fact no discontinuities occur on 
these circumferences within D'. Finally, one approxim ates D by a 
sequence of closed subdomains D\ a  D2 c= c=... such that ( jD 'n = D 
and one shows that the functions 0„(x,y) = °0 (x ,> ) determined in the way 
just m entioned in the interior o f the respective regions D'n coincide in their
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jo in t dom ains of definition (i.e., (j)j(x,y)=(l)n(x,y)  in the interior o f Dn for 
j>ri).  The function \j/(x,y) which is defined at any po in t/; =  (x ,y)eD  as the 
jo in t value o f the cj)n(x,y)  for the D'n which contain p  in their interior, is 
then harm onic in D. \l/(x,y) can be shown to satisfy the specified boundary 
conditions.

We have detailed only the steps which m ark the salient difference 
between the approach of N on-standard Analysis and the classical method. 
Whereas in the classical procedure il/(x,y) is obtain in terms o f limits of 
minimizing sequences, we arrive at ij/(x,y) by taking the standard parts of 
functions whose Dirichlet integral is infinitely close to the greatest lower 
bound d.

9.4 Sources and doublets. In the theory of continuous media, the 
language o f infinitesimals has a long tradition. This tradition remained 
unbroken even though infinitesimals had been abandoned in pure Analysis. 
For example, the derivation of Euler’s equations o f m otion is frequently 
based on the consideration of the balance of forces acting on a very small 
cube and several laws of Fluid Mechanics are expressed in terms of f luid 
particles whose dimensions are supposed to be infinitely small. Again, a 
doublet is defined by letting two sources o f equal and opposite strength 
move infinitely close to each other while the strength o f the sources varies 
in a suitable manner. It is usually taken for granted, and sometimes 
shown explicitly, tha t the use of infinitesimal language can be avoided. 
Naturally, this is not what we shall do here.

Consider, for example, the derivation o f the form ula for a doublet in an 
incompressible fluid. The velocity potential of a source located at a point 

(-Wo>Zo) is

a 1
9.4.1 (b (x ,y , z ) =  — • - j - -----------=-------------- =-----------------=

x /( (x —x o) + ( y —y o y + (z  —z0) }

<7
~ 0 ( x , y , z ; x o,yo,z 0),
4 n

where a is the strength o f the source. The velocity potential due to a 
source o f strength —a at {x0,y Q, z Q) together with a source o f strength a 
located at (x0 +Hr,y0 + p r , z 0 + vr), where (A,/i,v) is a unit vector, is



O
9 .4 .2  ip (x,y,z) = — ( 0  ( x , y , z ; x 0 +  / j \ y 0 +  pr , z0 +  vr) -

471

0 ( x , y , z ; x o,>’o, z o) ) .

W orking in */? and supposing r positive but infinitesimal, we obtain for 
(x9y 9z) outside the monad of ( x 0, y 0, z 0),

9 .4 .3  0  ( x 9y 9z ; x 0 +  X r , y 0 +  p r 9z 0 +  v r )  -  0  ( x 9y 9z ; .v0,y 0^ o )  -

/  5 0  50 5 0 \
n  2  b u  f v—  m °d  o ( r ) .

V dx0 dy0 dz0J

Multiplying 9.4.3 by a/4n, where o may be finite or infinite and putting 
ar — x we obtain, taking into account 9.4.2,

t /  50 50 5 0 \
\p(x9y 9z) zz - -  a —  + / i — +  v—  mod o (t) .

471V 5x0 5y0 dz0J

A ssum ing! to be standard, we conclude that °\p(x9y 9z) exists for all 
standard points ( x , y , z )  other than ( x 0 , j ’0, z 0) and

n T /  50 50 5 0 \
9 .4 .4  0 ( x , y , z )  =  — - j.

471 \  c x 0 c>’0 5 z 0y

Thus, ° 0 ( x , y , z )  is the velocity potential of a doublet.
So far, we have been dealing with sources and doublets in incompressible 

flow, i.e., with solutions of Laplace’s equation. Next, we consider the 
corresponding notions for linearized supersonic flow. The appropriate 
partial differential equation now is, formally, a wave equation,

, 520
 520 520

and the corresponding (induced) velocity potential o f a source located at a 
point (x 0,y 0,Zo) is <l>(x,y, z)=(cl2n)0(x,y, z;xo, y o, z o) where

9.4.6 0 { x , y , z ; x o,yQ,zo) =

iv [(* - *o )2 - P2 {O' - ^o )2 + (z - Zo)2}]
j  fo r(x  — x0)2 > P2 {O' — >'0)2 +  (z — z0)2}, * > x 0
(0 elsewhere.
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Except for the fact tha t this makes <P = 0  in the fore-cone o f (x0,y 0, z0), 0  
is a fundam ental solution of 9.4.5.

From  9.4.6, we may now obtain the equation of a doublet as before. In 
particular, if the axis o f the doublet is parallel to the x-axis, so that 2 =  1, 
p = v=0,  the velocity potential of the doublet is given by

0 ° ( G9A.1 £(x ,y ,z )=  ij / (x,y ,z)=  — 3>(x,y,z;x0 +  r,y 0,z0)
\2 n  v

-< P (x , y , z ; x0,y0, z0) \ ,

where 0  is as in 9.4.6 and x —or is standard, while r is positive infinitesimal.
9.4.7 applies everywhere except for points o f the M ach cone

(x -  x 0)2 -  p 2 {{ y—y 0)2 +  (z -  Z0)2} =°> x > x 0.
Consider the surface integral d v d r  where S  is an area in the plane 

x = a ,  a any constant > x 0, and consists o f the points o f that plane which 
satisfy a — x0 >j5x/{ ( y — y0)2 +  (z — z0)2}. Thus S  is the intersection o f the 
plane x = a  with the M ach cone em anating from (x0,y 0,z0). Putting 
y  — y 0 + Q cos 9, z = z0 + q sin 9, we then have, with g0 =(<x — x 0)/p9

Qo 2 itJ*(W ;Wo,z0)d,dz - Jda
s  0 0

eo

27tf  \/{(a-*o ) 2 - P 2e 2}
0

= - 2 k  [ ^ / K a - Xq) 2 - P 2e 2} ' \ o ~* a)l11 =  2 n ( a - x 0) .

It follows tha t

9.4.8 j*j* i//d yd z=  ^ J J (< P (x ,y ,z ;x 0 +  r,y0,z0)

s s

- 0 ( x , y , z ; x o,yo,zo))d y d z  = a ( ( a - ( x 0 +  r ) ) - ( a - x 0))=  - o r =  - t .

On the other hand, the surface integral tha t we set out to calculate 
originally, i.e., JJ5(d y d z  = JJs°^ d y d z  actually diverges since

0 x d x x — x 0
V (x ,y , t )  2 n [ ( x - x 0)2~ p 2 { ( y - y ’o f + i z - z o f  f y
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Hence,
Oo 2n

f f  T f  f  (a —x o)£>d09.4.9 £ d y d z  =  L jq   =
J. 2?r J J [(a-x0) -ft Q )]*
.S’ 0 0

OO

f  (a  —.x0)(?cl£>

~ TJ
0

t T a —x 0 T °

~ A 7 i 4 Z e rU o '

and this expression is properly divergent. However, 9.4.8 yields precisely 
the finite part of this divergent integral, i.e .,-  t , which is obtained classically 
by neglecting the contribution of the upper limit o f integration on the right 
hand side o f 9.4.9.

9.5 Local perturbations. Let W  be a large vessel whose solid walls are 
at rest and which is provided with a num ber o f small orifices,
The vessel is filled with an irro tational and incompressible fluid (water, 
say) which flows in and out o f the orifices. Then it appears intuitively 
likely that the field o f flow o f the fluid inside the vessel in regions far 
removed from  the orifices depends essentially only on the to ta l flow across 
each of the orifices and is sensibly independent o f the distribution o f the 
flow across each orifice. The same idea may be expressed by the assertion 
that any modification of the flow across that orifice can produce only local 
effects in the sense that the effects produced by it in regions far removed 
from the orifice are negligible.

It is our purpose in the present section to make this intuitive principle 
precise.

For a given system of rectangular coordinates relative to which the 
vessel is at rest, let u9v9 w be the velocity com ponents o f a specified field of 
flow within the vessel, as usual, and let 0(x,>>,z) be the corresponding 
velocity potential, so tha t

8<fi d(f> c<j>
9.5.1 u — ------- , v = ------- , vv = --------,

dx dy dz

or, in vector notation, q =  —grad 0  where q = ( u , v 9\v). If  we suppose, for 
convenience, tha t the density o f the fluid, g, is equal to 2, then the kinetic
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energy of  the fluid in a given volume V coincides with the Dirichlet integral 
of 0  over tha t volume, L V [0] =  j K(g rad 0 )2d i.

We shall require some simple relations involving Dirichlet integrals. 
Let V be a finite volume which is bounded by a simply connected surface 
S.  Suppose that V is divided into two volumes Vi and V2 by a surface 5 3. 
Suppose further that S 3 is bounded by a simple curve C on 5  which divides 
S  into two surfaces S x and S 2, such that 5 , together with A bounds Vi and 
S 2 together with S  bounds V2. Let 0 , 0 i , 0 2 be three functions which are 
defined and harm onic in V, Vl9 V2 respectively, and which are continuous 
in the closures o f the respective volumes. Suppose that (grad 0 0 ,,=  
(g rad0 )/J on S t and (g rad 0 2)„ on S2, and (g rad0 l)n =  (grad 0 2)„ on 5 3 
where the subscript n indicates the com ponent norm al to the surface under 
consideration (the same direction being taken for grad 0 l5 and grad 0 2 in 
the case o f 5 3). Using the notation

D y [<!>'] =  j  (g ra d  0 ) 2 d t ,  £>K| [ > , ]  =  J ( g r a d  <t»t ) 2 d z ,

V V i

£ V 2 M  =  J ( g r a d  (j>2) 2 d z ,

V 2
as above, we propose to  show that

9 .5 .2  D y W ^ D y S ^  +  D y ^ - ] .

P r o o f  of 9.5.2. Put 0 i = 0 i  — 0  in Vl9 0 2 = 0 2 — 0 in V2. Applying the 
divergence theorem  to  the function 0  grad 0 j in Vx and similarly to 0  
grad 0 2 in V2 we obtain

9.5.3 J  0  g ra d  d<r =  J d i v ( 0  g rad  0 t ) d t

S3 \ j S  1 K,

and

9.5 .4  — J  0  g rad  0 2 d(r =  J d i v ( 0  g rad  0 2) d r ,

s3us2 v2

where we assume tha t the norm al to  S 3 points from Vx to  V2. Adding 9.5.3 
and 9.5.4 and bearing in mind that grad 0 jn  = g ra d 0 2n where n is the unit
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norm al to S 3 at any point of this surface, we obtain

9.5.5 D , , [ ^ 1] +  DK2[ ^ 2] =  0

In this equation, we have made use o f the general notation  D v \_(p,\l/~] =  
jV grad <p grad ipdr.

Now cpx =  0  +  *A1, 0 2 =  0  +  ^ 2- Hence

V̂, M  + V̂, [ ,Ai] +  2DK] [0,1/^] ,

Dy2 [^2] ~ [̂ 1 "f" ^ 2  [^2] + 2Dy2 [</>,^2] •
Adding the last two equations and taking into account 9.5.5, we obtain

^Vi [^1] + ̂ V2 [$2] = fV [$] + ^Ki [*Ai] + £V2 [^2] •
This implies 9.5.2 since D y ^ i p ^ ^ O ,  T>K2[i//2] > 0 .

Suppose now tha t S x is divided into two parts, S 0 and 0 . Let qn be a
real valued function which is defined on Q such tha t §Qqnd(T = 0 . Consider
the problem  of determining a harm onic function (p in V  (which is con­
tinuous in V  up to and at the boundary o f V) and such that the outw ard
norm al derivative 8(p/dn satisfies

d(j) dcp
9.5.6 — — qn o n Q , —  =  0 on S — Q.

dn dn

This is a boundary value problem  o f potential theory, o f the second kind, 
and subject to  certain conditions o f regularity, which we do no t discuss 
here, it possesses a solution which is uniquely determined except for the 
possible addition o f an arb itra ry  constant. We select such a solution, 
cp=<p(x,y,z). Since (p is harm onic in V2 and d(p/dn=0 at all points o f S 2 
we m ust have \ S3{d(pldn)du = 0  in other words the flow due to  <p a c ro s s ^  
vanishes.

Furtherm ore, let ij/i be defined and harm onic in VY such tha t 
(d\j/1/d n )= q n on Q and (3 ^ 1/5«) =  0 over the rem ainder o f the boundary 
o f V1; and let \j/2 be defined and harm onic in Vt such th a t (d\p2/dn) = 0 
on S x and (dil/2jdn) =(d<p/dn) on S 3. The problem  o f finding such a ip2 has a 
solution since §S3(d(p/dn)d(r =0, as shown above. Then ipi+ip2 has the 
same norm al derivatives on the boundary of Vx as (p and so grad (p =  
g rad ^ j-b g rad t/^  th roughout Vx. Hence,

DVl [<£] = D y ,[  1A1 + 1/̂ 2] =  DVl C«At] +  DV{ [> 2] +  2DKl [ ^ 2] .



Now let X be an arbitrary constant, and consider the function 
(1 + A )^ 2 +  iAi which is defined and harm onic in Vu  together with the 
function (I +  2 )0  as defined in V2. Then (1 +  2 )0  has the same norm al 
derivatives on S 2 as 0  (i.e., both  vanish at points o f S 2) and (1 +  X) 0 2 +  0 i 
has the same norm al derivatives on as 0 . A t the same time, (1 +  2 )0  
and (1 + 2 )0 2  +  0 ! have the same norm al derivatives across S 3. A ccord­
ingly, the inequality 9.5.2 applies, with 0 , (1 + 2 )0 , (1 +  2 )0 2 +  0 t for 
0 , 0 i , 0 2 respectively, so -

9.5.7 [(1 +  'O02 +  *Ai ] +  £V2[O +  ^ )0 ]  •

Expanding on the right hand side, we obtain

[0 ]  ^  O i  +  02] + 2XDVi [i/^1 +  0 2,0 2] +  [ ^ 2]

"b *>k2 [<A] +  2XDVl [0 ]  +  22Z)K2 [0 ]  .

Hence, taking into account tha t DVx [1\tx + 0 2] = D Vl [0 ] ,

9.5.8 0 < 2 2 (£ V I [ 0 t +  0 2,02] +  ^ k 2[<A]) +  ^2(£Vi [ ^ 2] +  ^  W ) -

But this inequality can hold for all real 2 only if the coefficient o f X on 
the right hand side vanishes, i.e.,

9.5.9 DV] [0 , +  0 2,0 2] +  £V2 [0 ]  =  O.

Hence,

9.5.10 D ^ [0 ]  =  DKl [ 0 i +  0 2,0 i + 0 2] +  £V2[0 ]  =  JV, [ ^ i  +  ^ 2 ^ i ]

= ^k, [*A 1 ] "b̂ Vi [iPu1!'2] — Dv{ [0i]~£V, 2] 2 W] •
This shows th a t

9.5.11

At the same time, from  9.5.9 and 9.5.10,

®V2 [<A] =  ““  ^V, [)l/ l ’llJ2] ~ D v l [^ 2 ]  =  Dvi  [*Al] “ ^V [ 0]  “  ^V, [^ 2 ]  5 

and so

9 .5 .1 2  ^ 2M < 0 Ki [(Ai ] - ^ W .

Observe that the right hand side of 9.5.12 is non-negative, in view of 
9.5.11.
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Consider now a one-param etric family of vessels W (t), defined for 
t > 0, such th a t W (tt) is part o f  W (t2) for t 1< t 2, and such th a t all the 
vessels have an orifice, Q, in common. F o r example, the W(t) may be 
cylindrical, with generators parallel to the x-axis, extending from  x =  0 to 
x — t, open at x =  0 and closed a t x  =  t. Thus, Q is precisely the base o f the 
vessel a t x = 0 , and the norm al com ponent o f the flow at Q is, except for 
the sign, the x-com ponent u. Supposing th a t u is specified on Q, so tha t 
jw dydz= 0 , we denote the resulting velocity potential in the vessel >  (/) 
by (j)t. Then the kinetic energy o f the fluid within the vessel, assuming 
q = 2  for the density, is precisely D w(t) [ 0 f], i.e., the Dirichlet integral o f (j> 
taken over the volume of the vessel. Putting D ( t ) = D W(t)[(j)t], we find 
tha t D{t) is a decreasing (i.e., non-increasing) function o f t. For if t x < t 2 
then by 9.5.11, with (j>tl,(l>t2 for \j/l and (j) respectively, D ( tx) > D ( t 2). Also 
Denoting by D ( tu t2) the Dirichlet integral o f 4>(t2) over the excess volume 
of W (t2) over W (t1), so th a t D ( t l , t 2) is defined for 0 < t 1< t 2, we obtain 
from  9.5.12,

9 . 5 . 1 3  for 0 < t 1< t 2 .

But D ( t ) > 0, and so l im ^ ^ / ) ^ )  = d exists, and d > 0 . Passing to *jR, we 
conclude th a t D ( t ) ~ d  for all infinite t , and so

9 . 5 . 1 4  D ( tu t2) ~  0

for all infinite t x and 2̂ — 1̂ *
From  this result, we may draw the following conclusions. Suppose that 

the vessel W  is a cylindrical pipe with generators parallel to the x-axis, 
with a base which is given by a standard equation in the yz  plane (e.g., 
circular, with standard radius r), and extending from  x = 0  to  x =  t, t 
positive infinite. Suppose th a t W  is open at both ends, and denote the two 
bases by Q0 and Qt respectively. Suppose further th a t the x-com ponents of 
the norm al velocity across Q0 and Qt are specified as standard functions 
of y  and z, so th a t JQow dxdy = J Qrw dxdy =  UA, say, where A  is the cross 
sectional area o f the cylinder, and hence \ q0{u — U )d xd y  = \ Qt(u — U) 
d x d y = 0 . Then the integral J((w— U)2 + v24-w2)d x d y d z  is infinitesimal 
when taken over any volume of fluid in the pipe which is infinitely far 
removed from  both  ends.



To take another simple example, W(t)  may have the shape o f a cone 
whose base is in the y,z-plane while its apex is on the positive x-axis. 
Suppose th a t the vessel is open a t the base o f the cone. Then for any 
standard distribution of norm al velocities across the  base, D ( t l9t2) — 0 for 
infinite t 1< t 2. We conclude th a t if  the height o f the cone, t2, is infinite, 
then the kinetic energy o f the fluid at the part o f the vessel for which 

infinite, is infinitesimal.
We now wish to  estimate the magnitude o f the velocity at a point of the 

vessel which is far removed from  the specified orifice or orifices. For this 
purpose, we make use of the mean value theorem  of potential theory 
which states th a t if  a sphere S  together with its interior belong to a 
dom ain in which a function (j) is harm onic, then

1 f
9.5.15 (/>o = ------9 (bdcr.

4tzR 20)
s

In  this form ula, R 0 is the radius of the sphere and </>0 is the value o f cf) 
at its center. F rom  9.5.15 one obtains w ithout difficulty the less familiar

9.5.16 (j)0 = - E \ (f)<iT:,
47li<oJ

V

where the volume o f integration V  is the interior o f the sphere. Hence, by 
the Cauchy-Schwarz inequality,

9.5.17 (j)o =  — % - k( T 0 ^ ------- j —6 (f)2dt = -------r f ^ d t .
1671 Rq yj J  1671 Rq. . 4nRl)

V  V  V  V

Replacing (j) in 9.5.17 in tu rn  by the partial derivatives d(j)/dx, dcp/dy, 
dcfr/dz, and adding, we obtain

( © • • © ' • O V i M * © ' * ® ) ' ) ' "
V

where the subscript 0 indicates again that the value o f the expression in
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parentheses is taken at the center o f the sphere. Thus, briefly,

9.5.18 ((grad <t>)2)o^ ^ 3 D v O] •

We conclude tha t grad (j) is infinitesimal at any point P  which belongs 
to the 5-interior o f a volume for which £)[</>] is infinitesimal. For in this 
case, we may surround P  with a sphere 5  o f standard radius R 0 >  0 such 
tha t 5  and its interior belong to the volume in question. Then the right 
hand side o f 9.5.18 is infinitesimal and the same therefore applies to  the 
left hand side. Thus, if q is the velocity vector o f the flow through a long 
cylindrical pipe considered above then q~ (U ,0 ,Q )  at all points which 
belong to the 5-interior o f the pipe and are infinitely far from  both  en d s; 
while in the case o f a conical vessel considered later, q is infinitesimal in 
the 5-interior o f the vessel at all points which are infinitely far from  its 
open base.

The restriction of our conclusion to the 5-interior of the vessel is un­
avoidable. A t a sharp corner which projects into the vessel, the flow 
through a single orifice, however far, may produce an infinite velocity. 
On the other hand, it should be possible to establish our results even for 
infinite vessels which do not belong to  a standard one-param etric family 
of vessels, although our present m ethod depended on th a t condition.

9.6 Boundary layer theory. In this section we propose to show how our 
notions can be used in order to  discuss boundary layers in viscous fluid 
flow.

Consider two-dimensional flow along a semi-infinite flat plate which 
extends from  x = 0  along the positive x-axis. The external flow may be 
non-uniform . Let it be given by a velocity vector (u,v) which, on the 
positive x-axis, reduces to u = U (x ) ,  v —0.

Passing to  *R, we now suppose tha t the field o f flow («, v) is given by 
u =  w, v =  v a t all points (x 9y ) except those for which *  >  0, °y = 0 . Thus, we 
still have to determine (w, v) at all points which are infinitely close to the 
positive x-axis. For this purpose, we proceed as follows. We suppose that 
the dynamic viscosity, v —fi/g, is a definite positive infinitesimal num ber. 
We introduce another positive infinitesimal num ber <5, which will be 
circumscribed more closely in due course.



The flow is governed by the equations o f Navier-Stokes, 

du du 1 dp (8  2u d2u \
“ r x +

v T y = - ^ + ' { s ? + e 7 ) '
dv dv 1 dp ( d2v d2v \

u 6 i + % ’ - i r , + ' ' { i ? + s p ) -

together with the equation o f continuity,

du dv
9 . 6 . 2  T - + ^ r = ° -dx dy

The boundary conditions at the plate are

9.6.3 u = v = 0 for x > 0 ,y  =  0 .

Putting vf =v/S  and taking x and y '  = y /<5 as independent variables in 
place of x and y  we obtain from  9.6.1, 9.6.2, and 9.6.3,

du f du 1 dp ( d 2u 1 d2u \
9 J U

 “ s x + ’ v - - ^ + , ( a ? + ? v V
/  dv d v \  1 dp (  d2v 1 d2v ' \  du dv'

\ u k + v w r ~ e 6 W + v \ d ? + sd7~2) ’ a I + 7 = ° ’

and

9.6.5 u = v' = 0 for x > 0 ,  y  — 0 .

We now suppose tha t p , p  and, v' are standard functions of x  and y'  for 
finite positive x and for finite y'  and we try to satisfy 9.6.4 for such x and y'  
modulo infinitesimal quantities. Thus, we neglect v(d2u/dx2) on the right 
hand side of the first equation of 9.6.4. Next, we introduce the usual 
assum ption th a t the inertia forces which are given by the left hand side of 
the first equation o f 9.6.4 multiplied by g are o f  the same order o f  magnitude 
as the viscous forces which, after the discarding o f gv(d2u!dx2), are given 
by (gv/S2) (d2u/dy ' 2). The appropriate interpretation o f this assum ption 
within our fram ework leads us to postulate tha t the ratio  v/<52 is a finite and
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non-infinitesimal num ber v', so tha t v =  v'<52. M aking use o f this relation 
in the second equation o f 9.6.4, we find tha t

1 dp
9.6.6 — — — ~ 0 .

go dy

Since p  is a standard function o f x and / ,  9.6.6 implies that dp/dy' = 0 , 
p  is independent o fy'. Thus, the equations governing the flow in the region 
under consideration reduce to

du du 1 dp d2u
9.6.1 U~K~ + V ;=  ~ ^— l"v o Tidx dy q dx dy

dp

dy
du dv'
—  +  —  =  0 , 
dx dy

in the second system of coordinates, i.e., to

du du 1 dp d2u
9.6.8 u —  + v ~  = ------ — +  v—^  ,

ox dy q dx dy
dp
/  = 0 ’ dy

du dv

Fx + dy = ° ’

in the original system. These are the boundary layer equations. Since all 
other quantities in the first equation of 9.6.7 are standard, we conclude 
th a tv ' must be assumed standard. (Strictly speaking, this argum ent 
depends on the assum ption th a t d2u/dy'2 is not identically zero.)

At the plate, u = vf = 0 . In  addition we have to link u \  v with the external 
flow com ponents u and v. We shall consider conditions above the plate. 
Corresponding arguments hold below the plate.

As y  tends to infinity through the standard real positive numbers, 
y  =y'S  remains infinitesimal and bounded, for example by the infinitesimal 
num ber 8 . Nevertheless, we shall assume that

9.6.9 lim u ( x ,y f) = u (x ,0 ) .
y'~*  o o



T hat is to say, we assume tha t u(x 9 y)  realizes its external flow value al­
ready in the interior of the m onad o f y =  0. Correspondingly, we may 
amend our earlier definition of the domain o f validity of the expressions 
for the external flow by supposing that

9.6.10 u ( x 9y)  =  u (x ,y ) , v (x,y) =  v (x9y)

above the plate for all y  such th a t y/5 is infinite.
In order to complete the set o f boundary conditions, we add

9.6.11 l i m u ( x 9y ' ) =  w(0,0).
xjO

In terms o f the original system, 9.6.9 and 9.6.11 are equivalent to

9.6.12 lim u ( x 9y) = u ( x 90)
y /5 - *  oo

and

9.6.13 lim u ( x 9y)  =  w (0,0).
x 10

A lthough 9.6.13 is a commonly accepted condition for the leading edge, 
the validity o f 9.6.13, and hence 9.6.12 warrants further investigation.

Suppose the functions u9v'p provide a solution for 9.6.7 with the
boundary conditions 9.6.9 and 9.6.11. Since the functions on the left hand
side o f the equations in 9.6.7 are standard, we conclude that, for x > 0 ,

u ( * , / ) “  w(x,0)

for all in f in i te / .  Transform ing back to  the original system, we conclude 
th a t

9.6.14 u (x 9y)  ̂  u (x,0)

for infinite y/8.
In  the standard procedure, one replaces 9.6.12 by

9.6.15 lim u (x,y) =  u (x,0)
y~*oo
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and one may then expect 9.6.14 to be satisfied approximately for infinite 
y/S. There is a conceptual difficulty in using boundary conditions such as 
9.6.15, which refer to very large y, in order to determine the field o f flow as 
a solution o f equations which apply only for very small y . Since it is known 
that in practice acceptable solutions are obtained by the use o f such 
boundary conditions, the difficulty has long since become a grain de 
beaute o f boundary layer theory.

However, we may equally well continue to work with 9.6.7 where this 
difficulty does no t occur since y remains infinitesimal although y ' becomes 
infinite. Actually, the problem  o f solving 9.6.7 with the boundary condi­
tion 9.6.9 and u = v '  = 0  at the plate is formally equivalent to the problem  
o f solving 9.6.8 for the boundary conditions 9.6.9 and u — v — 0 at the 
plate (for v read v'). For example, for the case o f zero external pressure 
gradient

9.6.16 p =  co n st., u =  const =  U

we may find the solution by a well known procedure, which depends on 
the in troduction o f the variable

9.6.17 =  i  / - ^ y ' .
V v x

We introduce a modified stream  function ij/' which is linked to  u and v' 
b y u  = dil/'/dyf, v , ==-(dil/,ldx).  Assuming if/' =^/(Uv'x)f(t])  we find from  
the first equation o f 9.6.7 tha t

d 3/  d 2/
9.6.18 _ L + /  '  o , 0 < y <  oo .

dt/ drj

The appropriate boundary conditions are / = d / / d * / = 0  for *7=0 and 
d / / d *7 = 2  for *;-> oo, and several m ethods o f integration are available for 
this problem.

The expression for the shear stress at the plate is

/ du dv \
 f f l  du c3iA"l
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Hence

s - "
- 0 ’i < l .

■ • '■ ' ( .I ) , - .

But, for the case under consideration,

du d2\j/' I U  „
r - 7 = r 7  =  W J — /  (7), dy dy  V v x

and so

Hence, from  9.6.20,

[ u  , „ 2/ ' ( 0 )- t c z I q U  — j— .
V v

For a plate o f length c, this leads to the following expression for the 
drag D , taking into account both top and bottom  surfaces,

9.6.21 D =  2 y  y  j  t  dx *  Vc J U2 f- ~  d x = QU 2c f " (0 ) .

0 0

Introducing the Reynolds num ber R e = Uc/v on the left hand side of 
9.6.21, so th a t R e is infinite, we obtain

9.6.22 j R eD ^ Q U 2cf"{0)

F or practical purposes, 9.6.22 may be interpreted as stating th a t for 
large R eynold’s numbers, J R eD is approximately equal to  QU2cf"(0)  and 
this is in fact a well-known conclusion of boundary layer theory. We have 
gone through the calculation in order to show th a t it can be carried out 
consistently within our fram ework. It is significant tha t the particular 
choice o f S, which serves as a sort o f unit o f m easurement for theinfinitesi-
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mal region in which we are interested, does not affect the final result 
obtained for the drag. N or does it affect the results obtained for other 
physical quantities such as the displacement thickness.

This conclusion applies also in the general case. For let S =yjv,  which is 
a permissible choice for S since yjv is infinitesimal. Then v' =v/32 =  1. Let 
the corresponding solution o f 9.6.7 for the stated boundary conditions be 
given by u0(x ,y ' )9 v'0(x,y').  A simple argum ent shows tha t for any other 
choice o f 3, a solution is then provided by u (x , y f) = u 0(x ,y ' / ^/v '), 
v ' (x9y f)=v'0(x9y ' f j v ' ) .  The equations for the shear stress, 9.6.19 and
9.6.20 are still applicable and so

t  , ( d u \  / / duo\  f duo \

where u0 =w0 ( * , / ') ,  y ” =y'/yjv'  = / \ / v- But Q(du0/dy")y" = 0 is precisely the 
corresponding expression obtained for <5 =-N/v, v' =  1. This shows that our 
particular choice o f 3 does not affect the result, so long as <5 is positive 
infinitesimal and v' is finite and, moreover, standard.

9.7 Saint-Venant’s principle. The hydrodynamic problem of section 9.5 
has an older counterpart in the Theory o f Elasticity. We recall the fol­
lowing facts and com m on notation of that theory.

The com ponents of the strain tensor will be denoted by exx,exy,exz9 etc. 
so tha t exy=eyx9 etc. The strain energy function W  is a positive quadratic 
form of the six distinct com ponents o f the strain tensor. The com ponents 
of the stress tensor, X r9X y9X z9 etc., are given by

8W dW
9.7.1 ^ = ^ = — , etc.

dexx dexy

Also, in the absence o f body forces,

dXx dXv dXz
9-7-2 T ^  +  I T  +  I T * 0 ’dx cy dz

n
dx dy dz

dZx dZ y dZ z ̂

dx dy dz
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Throughout the discussion, we shall adopt the assum ptions of the 
classical Theory of Elasticity, and we shall confine ourselves to isotropic 
and homogeneous solids.

Let the volumes V, Vl9 V2 and the surfaces S 9S l9S 29S 3 be subject to the 
conditions stated at the beginning of section 9.5, so that V is divided by S 3 
into Vx and Vl9 etc. For any volume A , we define

9.7.3 D ^ F ^ j w  d t ,
A

where F i s a  symbol which stands for a particular field of strain in A or, if 
we wish, for the strain tensor, and W  =  IF [F ] is the corresponding strain 
energy function. Thus, DA[F/\ is the strain  energy stored in a m aterial 
volume A  which is subject to  a strain F. Given two fields o f strain in A 9F  
and F ', we define a scalar function t / [ F ,F ']  with dom ain A  by

u  [ C C ]  =  i  [Xxe’xx + Yxexy+ Z xe’xz +  •••],

where X x9... are the stress com ponents of the field F  and e'XX9... are the 
com ponents of strain given by F \  Then £ /[F ',F ]  =  £ /[F ,F ']  and 
F [ F ,F ]  =  JF [F ]. Put

9.7.4 Da [F ,F ']  ~  j  U (F ,F ') d r .
A

Now let F ,F 1?F2 be three fields o f strain which are defined in V9 Vl9V2. 
respectively, and are continuous in the closures of the respective volumes. 
Suppose also tha t the stresses given by Fx and F  respectively are the same 
across ; tha t the stresses given by F2 and F  respectively, are the same 
across S 2 and tha t the stresses given by F2 and F3 respectively, are the 
same across S 3. By this we mean, for example, that if d<r is an element 
of 5 3, then the stresses on da  which are due to F2 and F3, coincide. U nder 
these conditions, we propose to show (compare 9.5.2) th a t

9.7.5 Dv {F-\<DVli F l '\ + Dy2{F2\ .

For this purpose, we verify first th a t

9.7.6 DKi [F ,F 1- F ]  +  DK2[F ,F 2- F ]  =  0 ,
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where Fl —F  and F2 — F  are the fields obtained by subtracting the corre­
sponding strain tensors. Thus, the stresses due to F1—F  and F2 — F  vanish 
on S x and S 2 respectively, and are the same across S 3. Hence, if (w, v, w) is 
the displacement vector due to F, and (Xn9 Yn9 Z„) is the stress vector on 
S 3 due to both  Fx — F  and F2 — F, then the first and second terms on the 
left hand side of 9.7.6 are different in sign but are both equal in magnitude 
to

J (Xnu +  Ynv +  Z nw) d a . 

s3

This proves 9.7.6. Referring back to 9.5 we see tha t 9.7.6 is analogous to 
9.5.5. Proceeding as in tha t section we arrive at

DVi [ ^ ]  +  DVl [F2] =  Dv [0 ]  +  DVl [F, - F ]  + DVl [F2 -  F] .

This proves 9.7.5 since DVl\_Fl —F']>09 D V2[F2 — F ] > 0 .
Suppose tha t S t is divided into two parts, S 0 and Q and let 0  be a 

system of external forces, or stresses, acting on Q and in static equilibrium 
(i.e., with zero resultant force and moment). We make the assum ption 
(which is usually taken for granted in the Theory of Elasticity) that 0  
determines a unique field of strain in any material volume which will be 
considered here. Thus, let F  be the field of strain produced by 0  in V, and 
Gx the field o f strain produced by 0  in Vl9 no other tractions across the 
boundaries o f  V  and Vx being present, respectively.

The stresses due to F  across S 3 m ust be in static equilibrium, since there 
are no other surface tractions on the boundary of V2. Thus, there exists 
a field o f strain G2 in Vt which is free o f stresses across S x and whose 
stresses across S 3 coincide with those due to F. Then F = G 1 + G2 in Vt 
since the stresses due to F  across the boundary o f Vx coincide with those 
due to Gl + G1. Hence,

[F] = DV 1 [G x +  G2] =  DKl \_G1] + DVl \_G2] + 2DVi [G l 9G2] .

Introducing the fields (1 + 2 )G 2 +  G1 where X is a real variable and 
taking into account 9.7.5 we obtain, exactly as in section 9.5 (see 9.5.11 
and 9.5.12),
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9.7.7

and

9.7.8 D y t i n ^ D y A G j - D y l F ] ,

where the right hand side of 9.7.8 is evidently non-negative.
Continuing as in 9.5, we consider a one-param etric family o f finite 

elastic bodies B(t)  defined for 7> 0 such that B ( t x) is part o f B ( t2) for 
t i < t 2 and such tha t there is an area, Q, which is com m on to the surfaces 
of all the B(t).  For example, B(t)  may be a prism atic bar whose generators 
are parallel to the x-axis with bases at x = 0  and x  = t, while Q is the base 
at x = 0 . Let 0  be a system of forces, or stresses, acting on Q and in static 
equilibrium. 0  will be kept fixed throughout the discussion. Let Ft be 
the field of strain produced by the given loading in B(t)  so th a t D(t) = 
IX b (r) [Ft] IS th e corresponding strain energy in B(t). For t2 > t x let D ( t l9t2) 
be the strain energy due to the loading 0  o f B ( t2), and stored in the excess 
volume of B ( t2) over B ( t x). Then (compare 9.5.13),

9.7.9 D ( t i , t 2) < D ( t 1) — D ( t2) for 0 < t x < t 2 .

Passing to *7?, we conclude, as in 9.5, that

9.7.10 D ( t l9t2) *  0

for all infinite t x and h > * i.
Again, we wish to deduce from  9.7.10 tha t the strain com ponents them ­

selves are infinitesimal at all points which belong to the 5-interior o f 
B{t2) — B ( t x). This can be proved by elementary m ethods and it will be 
sufficient to indicate the main steps.

We first write the strain energy function W  in the form

9.7.11 W  =  \X  (exx + eyy +  ezz)2 +  p (exx +  eyy +  ezz +  \ e 2yz +  \ e 2zx +  \ e 2xy),

where X and p  now are the elastic constants of the material. 9.7.11 shows 
that the dilatation A =exx-\-eyy + ezz satisfies the inequality j 2 < 4  W 2IX2. 
Hence, for any volume A,
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9.7.12 | z f 2d t < l ^ [ F ] ,

A

where F  is the field o f flow whose strain  energy function is W. Thus, 
\ AA 2dx is infinitesimal if  A * [F ] is infinitesimal. But A is known to be a 
solution o f Laplace’s equation. Using the mean value theorem  of potential 
theory we conclude as in  9.5 th a t A is infinitesimal at any point which 
belongs to  the 5-interior o f B (t2) -  B ( t x)9 i-e-> which can be surrounded by 
a sphere o f standard  radius whose interior belongs entirely to B(t2) — B ( t x). 
M oreover, using Poisson’s integral, we may then show tha t the first and 
second (and higher) derivatives o f A also are infinitesimal in the 5-interior 
of * ( /a) - !> ( / ,) .

Now the equations o f elastic equilibrium,

dA
9.7.13 (A + p )  h/zV u = 0 ,  etc.,

dx

show th a t the com ponents o f strain, exx=du/dx9 exy = dv/dx + duldy9 etc., 
are solutions o f Poisson’s equation.

9.7.14 V2/  (x ,y ,z )=  - c r ,  

where
/  X \ d 2A

for f - ‘ -
and

/  X\ d2A

for f ~ e” '

with similar expressions for the rem aining com ponents. Thus, a is in­
finitesimal in the 5-interior o f B( t2) — B ( t x). A t the same time, 9.7.12 shows 
tha t the integral \ Af 2dr is infinitesimal for A = B ( t 2)  — B ( t l ). Using 
particular solutions o f 9.7.14, of the form j (a f4nr)dx9 it is then n o t 
difficult to  prove th a t f ( x 9y 9z) is itself infinitesimal in the 5-interior of 
B(t^) — F (g ) . Hence, finally, the components o f  strain and hence, the 
components o f  stress, are infinitesimal in the S-interior o f  B ( t 2) — B(ti) .  In
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particular, if  P  is an infinite point which belongs to the S-interior of 
B(h)> t 2 infinite, then we can find an infinite t t < t2 such th a t P  belongs to 
the iS-interior of — Hence,

9.7.15 T h eo r em . If B(t)  defines a family of bodies as detailed, and P is 
any infinite point in the S-interior o f some body B (t0) for infinite t0 then 
the strains and stresses at P  due to a standard self-equilibrating load 
distribution on Q , are infinitesimal.

We may ‘translate’ 9.7.15 into a standard theorem  by a procedure which 
has been used many times previously. The result is

9.7.16 T heorem  (Standard). Let B(t)  be a family of elastic bodies as 
detailed, and let 0  be a specified load distribution on Q , which is in static 
equilibrium. For any e > 0  and <5>0 there exists a positive R 0 = R 0(e9<5) 
such tha t for any member B ( t0) of the family, and any point P  whose 
distance from  the surface o f B (t0) is greater than  s, and whose distance 
from  Q is greater than R 0, the stresses at P  are smaller in m agnitude 
than S. There is a corresponding result for strains.

Saint-Venant’s original principle, which was verified by him experiment­
ally in certain cases, asserts tha t the stresses due to a local distribution of 
loads which are in static equilibrium are negligible at any distance from 
the loaded region which is sufficiently large compared with the dimensions 
of the region. Theorem 9.7.16 establishes this principle not only for 
cylindrical bars, but also e.g., for bars with variable cross section. The 
restriction to  regions which are at some distance e from  the surface of 
the body is inevitable, since the principle may actually fail at the surface. 
On the other hand, 9.7.16 applies to loads which are distributed over the 
entire base of a bar, as required, for example, for the classical applications 
of the principle to  problem s of torsions and flexure. As proved here, there 
is a certain uniform ity in the conclusion since R 0(e,5) is actually in­
dependent of the particular choice of B (t0). However, it should be possible 
to  go further and to  prove tha t the same R 0 is suitable for a wide variety 
of load distributions and o f elastic bodies.

9.8 Remarks and references. For the classical p roof o f R iem ann’s 
m apping theorem  whose adaptation to  N on-standard Analysis is sketched 
in 9.2, com pare d ie n e s  [1931]. A related m ethod is given in hille  [1962].
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A standard text on D irichlet’s principle is c o u r a n t  [1950]. The hydro- 
dynamical principle of section 9.5 has been form ulated by analogy with 
Saint-Venant’s principle (9.7). I have no t seen it stated elsewhere. The 
m ethods used in 9.5 and 9.7 were inspired in part by energy arguments due 
to  O. Zanaboni ( z a n a b o n i  [1937]), but our results are more precise. 
A nother relatively recent attem pt to  endow Saint-Venant’s principle with 
a definite meaning is due to E. Sternberg, who used a G reen’s function 
m ethod ( s t e r n b e r g  [1954]). However, it appears tha t Sternberg’s results 
are not applicable to external forces which are distributed over a finite 
area, although it is for such cases tha t Saint-V enant’s principle is m ost 
im portant in practice. While carrying out the analysis o f 9.7, I had the 
benefit o f stimulating discussions with R. A. Toupin. M ore recently, 
Toupin has obtained some interesting quantitative form ulations of Saint- 
V enant’s principle for cylindrical bars.

The reader is referred to  s c h l i c h t i n g  [1955] or t h w a it e s  [1960] for 
inform ation on boundary layer theory; and to w a r d  [1955] or r o b in s o n  

and l a u r m a n n  [1956] for an introduction to the theory of linearized 
supersonic flow.



C H A P T E R  X

CONCERNING THE HISTORY OF THE 
CALCULUS

10.1 Introduction. The history o f a subject usually is written in the light 
o f later developments. For over half a century now, accounts o f the history 
of the Differential and Integral Calculus have been based on the belief tha t 
even though the idea o f a num ber system containing infinitely small and 
infinitely large elements might be consistent, it is useless for the develop­
ment of M athem atical Analysis. In consequence, there is in the writings o f 
this period a noticeable contrast between the severity with which the ideas 
of Leibniz and his successors are treated and the leniency accorded to the 
lapses o f the early proponents of the doctrine o f limits. We do no t propose 
here to subject any of these works to  a detailed criticism. However, it 
will serve as a starting point for our discussion to try  and give a fair 
summary o f the contem porary impression of the history of the Calculus, 
as follows.

‘A fter a long development which involved the determ ination o f areas, 
volumes, and tangents in special cases, the general theory o f differentiation 
and integration was pu t forward in the second half o f the seventeenth 
century by N ewton and, somewhat later but independently, by Leibniz. As 
far as the foundations o f the new subject were concerned, Newton 
vacillated, referring sometimes to  infinitesimals, sometimes to limits, and 
sometimes to basic physical intuition, and his immediate successors gave 
preference to  the last-m entioned approach. On the other hand, Leibniz 
and his followers based the development o f the theory on infinitely small 
differentials o f  first and higher orders. The technical advantages of the 
differential no tation  at first helped to produce rapid progress in the 
Calculus and its applications on the continent o f Europe, where it was 
adopted. However, after a while the glaring internal contradictions of the 
theory led to the realization tha t alternative foundations were required. 
Lagrange believed tha t he had discovered a suitable approach by taking 
the Taylor expansion o f a function as fundam ental. However the satis­
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factory solution to the problem  was provided by Cauchy who gave the 
first rigorous development o f M athem atical Analysis. Cauchy based his 
theory on the concept of the limit, which, after Newton, had been advo­
cated again by d ’Alembert. Cauchy’s m ethod was subsequently given a 
more form al guise by W eierstrass, who had been anticipated to  some 
extent by Bolzano. As the theory o f limits became firmly established, the 
use o f infinitely small and infinitely large quantities in Analysis became 
discredited and survived only as a m anner of speaking, e.g., in the state­
ment tha t a variable tends to  infinity. The significance of subsequent 
developments in the theory o f non-archim edean fields was confined 
entirely to A lgebra.’

Since (as we believe) we have shown tha t the theory of certain types of 
non-archim edean fields can indeed make a positive contribution to 
classical Analysis, it seems appropriate to  conclude our work with a 
num ber of rem arks which attem pt to  indicate in what ways the picture 
sketched above should be supplemented or even redrawn. Our comments 
will by necessity be fragm entary since a complete history o f the Calculus 
would be beyond the scope of this book.

10.2 Leibniz. In spite o f occasional slight inconsistencies, Leibniz’ 
attitude tow ards infinitely small and infinitely large quantities in the 
Calculus rem ained basically unchanged during the last two decades of his 
life. He approved entirely of their introduction, bu t thought o f them  as 
ideal elements, rather like the imaginary numbers. These ideal elements 
are governed by the same laws as the ordinary numbers. However, they 
are only a useful fiction, adopted in order to  shorten the argum ent and to 
facilitate m athem atical invention (or, discovery). And if  one so desires, 
one can always dispense with infinitely small or infinitely large numbers 
and revert to  the style of the m athem aticians o f antiquity by arguing in 
terms of quantities which are large enough or small enough to make the 
error smaller than any given number.

All this is stated clearly and repeatedly in Leibniz’ writings. We proceed 
to  quote some passages which are representative o f his point o f view.

‘... on n’a pas besoin de prendre l’infini ici a la rigueur, mais seulement 
comme lorsqu’on dit dans l’optique, que les rayons du soleil viennent d ’un 
point infiniment eloigne et ainsi sont estimes paralleles. Et quant il y a 
plusieurs degres d ’infini ou infiniment petits, c ’est comme le globe de la
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terre est estime un point a regard  de la distance des fixes, et une boule 
que nous m anions est encore un point en com paraison du semidiametre 
du globe de la terre, de sorte que la distance des fixes est un infiniment 
infini ou infini de l’infini par rapport au diam etre de la boule. C ar au lieu 
de l’infini ou de l’infiniment petit, on prend des quantites aussi grandes et 
aussi petites qu ’il faut pour que l’erreur soit moindre que l’erreur donnee, 
de sorte qu’on ne differe du style d ’Archimede que dans les expressions, 
qui sont plus directes dans notre m ethode et plus conformes a Fart 
d ’inventer.’ ( l e ib n iz  [1701]).

‘... D ’ou il s’ensuit, que si quelqu’un n ’adm et point des lignes infinies 
et infiniment petites a la rigueur m etaphysique et comme des choses 
reelles, il peut s’en servir surement comme des notions ideales qui 
abregent le raisonnem ent, semblable a ce qu’on appelle racines imaginaires 
dans l’analyse commune (comme par exemple yj — 2)... C’est encore de la 
meme fagon qu ’on congoit des dimensions au dela de trois ..., le tou t pour 
etablir des idees propres a abreger les raisonnements et fondees en 
realites.

Cependant il ne faut point s’imaginer que la science de l’infini est 
degradee par cette explication et reduite a des fictions; car il reste toujours 
un infini syncategorematique, comme parle l’ecole, et il demeure vrai par 
exemple que 2 est autant que +  + ^ 2, etc., ce qui est une
serie infinie dans laquelle toute les fractions dans les num erateurs sont 1 
et les denom inateurs de progression geometrique double, sont comprises 
a la fois, quoiqu’on n ’y emploie toujours que des nom bres ordinaires et 
quoiqu’on n ’y fasse point entrer aucune m ention infiniment petite, ou dont 
le denom inateur soit un nom bre infini ...
... et il se trouve que les regies du fini reussissent dans l’infini comme s’il y 
avait des atomes (c’est a dire des elements assignables de la nature), 
quoiqu’il n ’y en ait point la m atiere etant actuellement sousdivisee sans 
fin; et que vice versa les regies de l’infini reussissent dans le fini, comme 
s’il y’avait des infiniment petits metaphysiques, quoiqu’on n ’en n ’ait point 
besoin; et que la division de la m atiere ne parvienne jam ais a des parcelles 
infiniment petites: c’est parce que tou t se gouverne par raison, et qu’- 
autrem ent il n ’aurait point de science ni regie, ce qui ne serait point con- 
forme avec la nature du souverain principe.’ ( l e ib n iz  [1701]).

‘Entre nous je crois que M. de Fontenelle, qui a l’esprit galant et beau, 
en a voulu railler, lorsqu’il a dit qu ’il voulait faire des elements m eta­



1 0 .2 ] LEIBNIZ 263

physiques de notre calcul. P o u r dire le vrai, je ne suis pas trop  persuade 
moi-meme q u ’il faut considerer nos infinis et infiniment petits autrem ent 
que comme des choses ideales et comme des fictions bien fondees. Je crois 
qu’il n ’y a point de creature au dessous de laquelle n ’ait une infinite de 
creatures, cependant je ne crois point qu’il y en ait, ni meme qu’il en 
puisse avoir d ’infiniment petites et c’est ce que je crois pouvoir dem ontrer.’ 
(LEIBNIZ [1702a]).

Finally we quote from  a letter which was w ritten tow ards the end of 
Leibniz’ life.

‘n. P our ce qui est du calcul des infinitesimales, je ne suis pas tou t a fait 
content des expressions de M onsieur H erm an dans sa reponse a M onsieur 
Nieuwentijt, ni de nos autres amis. E t M. N aude a raison d ’y faire des 
oppositions. Q uand ils se disputerent en France avec l’Abbe Gallois, le 
Pere Gouge et d ’autres, je leur temoignai, que je ne croyais point qu’il y 
eut des grandeurs veritablement infinies ni veritablem ent infinitesimales, 
que ce n ’etaient que des fictions mais des fictions utiles pour abreger et pour 
parler universellement... Mais comme M. le M arquis de l’H ospital 
croyait que par la je trahissais la cause, ils me prierent de n ’en rien dire, 
outre ce que j ’en avais dit dans un endroit des actes de Leipsic, et il me fut 
aise de deferer a leur priere.’ ( l e ib n iz  [1716]).

The last sentence provides a reason for a certain lack o f decisiveness in 
some o f the statem ents quoted earlier. (F or the passage m entioned as 
having been published in the Actes de Leipsic, see l e ib n iz  [1689].)

However, although Leibniz assures us tha t the infinitely small and in­
finitely large num bers are ideal elements which are only introduced for 
convenience, and tha t argum ents involving them  are equivalent to  the 
m ethod o f Archimedes (i.e., the so-called m ethod o f exhaustion), there is 
no attem pt to  justify this claim except for the appeal to the ‘sovereign 
principle’. The same principle is supposed to serve as a justification for 
the assum ption th a t the infinitely small and infinitely large num bers obey 
the same laws as the ordinary (real) numbers. Elsewhere, Leibniz appeals 
to  his principle o f continuity to  justify this assum ption.

We note th a t although Leibniz wishes to  make it clear th a t he can 
dispense with infinitely small and infinitely large num bers and at any rate 
does no t ascribe to  them  any absolute reality, he accepts the idea of 
potential (‘syncategorem atic’) infinity and finds it in the totality o f terms 
o f a geometrical progression.
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We shall make no further reference to  Nieuwentijt and Fontenelle, 
beyond mentioning that Nieuwentijt was the author o f two works 
( n ie u w e n t ijt  [1694, 1695]) in which among other things he rejected the 
notion of higher order differentials, while Fontenelle became famous by 
giving full reign to the tendencies criticized here ( fo n t e n e l l e  [1727]). 
Leibniz replied to  Nieuwentijt in the Acta Eruditorum  of Leipzig ( l eib n iz  

[1695]).

10.3 De l’Hospital. The marquis de PHospital was the author of the 
first textbook of the Differential Calculus, ‘Analyse des infiniment petits 
pour l’intelligence des lignes com bes’, whose first edition was published in 
1696. De PHospital was a loyal disciple o f Leibniz, and adhered con­
sistently to his methods. In the preface to his book de PHospital acknow­
ledges his indebtedness to Leibniz and to the Bernoulli brothers w ithout 
mentioning details. However, in the present discussion we shall not be 
concerned with the problem of assigning priorities but with the evolution 
of the fundam ental notions of the calculus.

De PHospital begins his work with the statem ent of two definitions and 
a corollary followed by two axioms. The essential parts of these definitions 
and axioms are as follows ( de l ’h o sp it a l  [1715]).

‘Definition i. On appelle quantites variables celles qui augm entent ou 
diminuent continuellement; et au contraire quantites constantes celles qui 
demeurent les memes pendant que les autres changent. . . . ’

‘Definition ii . La portion infiniment petite dont une quantite variable 
augmente ou diminue continuellement, en est appelee la difference . . . ’

For difference read differential. The sentence just quoted is followed by 
examples of differences (i.e., differentials) of the coordinates and of the 
arc of a curve, and of the area under a curve.

‘i. Dem ande ou supposition. On demande qu’on puisse prendre in- 
differemment Pune pour Pautre deux quantites qui ne different en tr’elles 
que d ’une quantite infiniment petite: ou (ce qui est la meme chose) qu’une 
quantite qui n ’est augmentee ou diminuee que d’une autre quantite infini­
m ent m oindre qu’elle, puisse etre consideree comme dem eurant la 
m em e...’

‘i i . D em ande ou supposition. On demande qu’une ligne courbe puisse 
etre consideree comme l’assemblage d ’une infinite de lignes droites, 
chacune infiniment petite: ou (ce qui est la meme chose) comme un
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polygone d ’un nom bre infini de cotes, chacun infiniment petit, lesquels 
determ inent par les angles qu’ils font en tr’eux, la co u rb u re ...’

Here again, we have omitted the examples, which refer to a diagram.
In laying down definitions and axioms as the point of departure of his 

theory, de THospital of course, merely followed the classical examples of 
Euclid and Archimedes. We may recall tha t a short time earlier, in 1687, 
Newton had adopted a similar scheme with regard to the physical notions 
and assum ptions of his M athematical Principles of N atural Philosophy. 
We may also point out that in the approach of Euclid and Archimedes, 
which is also the approach of de l’Hospital, a definition frequently is an 
explication o f a previously given and intuitively understood concept, and 
an axiom is a true statem ent from which later results are obtained de­
ductively. Thus, the axiomatic approach implied a belief in the reality of 
the objects mentioned (e.g., differentials), which, as we have seen, Leibniz 
was unwilling to concede. It is interesting to contrast this with our present 
attitude according to which an axiom implies no ontological commitment 
(except possibly in set theory).

Coming next to  the details o f the two axioms, they were both contained 
in the works of Leibniz as permissible assumptions. The assum ption given 
as the second axiom, in particular, has a long history and has been traced 
back to antiquity. The first axiom is o f greater importance since it attem pts 
to  provide a basis for the justification of the fundam ental rules of the 
differential calculus. Additional interest is lent to the axiom by the fact 
tha t it implies, clearly and immediately, a glaring contradiction, i.e., that 
the (infinitesimal) difference between two quantities may, at the same time, 
be bo th  equal to, and different from, zero. In this connection it is of 
interest to read Leibniz’ form ulation o f the same principle in a letter to de 
THospital.

‘... et je com pte pour egales les quantites dont la difference leur est in­
com parable. J ’appelle grandeurs incomparables dont Tune multipliee par 
quelque nom bre fini que ce soit, ne saurait exceder Tautre, de la meme 
fagon qu’Euclide Ta pris dans sa cinquieme definition du cinquieme livre.’ 
( le ib n iz  [1695a]). The definition mentioned here is actually the fourth  
definition o f the fifth book of Euclid according to the version presently 
accepted ( e u c l id ).

Berkeley pointed out some forty years later (Ber k eley  [1734]) tha t the 
same weakness was present in the m ethod of fluxions. This is true although
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the absence o f a clear basis for that method made it harder to argue 
against. It m ust also be said th a t the lore o f the m ethod o f fluxions 
provided a better starting point for the ideas o f d ’Alembert and Cauchy 
(see below). However, there can be little doubt th a t the inconsistency in 
question contributed to the eventual eclipse o f the method o f infinitely 
small and infinitely large num bers at the beginning of the nineteenth 
century. In N on-standard Analysis, the inconsistency does not arise since 
two numbers a and b which differ only by an infinitesimal quantity are 
equivalent, but not necessarily equal. It is true tha t this leads to a 
formalism which is in some ways more complicated than that introduced 
by Leibniz. Thus, for infinitesimal dx  and corresponding dy  we only have 
d y / d x ~  f f(x), so th a t °(dy/dx) = / '(* )>  while d y /d x  = f ' ( x )  directly, 
according to Leibniz. However, this is a small price to pay for the removal 
of an inconsistency.

A nother weakness o f Leibniz’ theory was tha t neither he nor his 
successors were able to  state with sufficient precision just what rules were 
supposed to govern their extended num ber system. Leibniz did say, in one 
of the passages quoted above, that what succeeds for the finite numbers 
succeeds also for the infinite num bers and vice versa, and this is rem ark­
ably close to our transfer of statements from R  to  *R and in the opposite 
direction. But to what sort of laws was this principle supposed to  apply? 
To take a non-trivial example, why did not Archimedes’ axiom apply to 
the extended num ber system? The possible answer might have been that 
the principle was supposed to apply only to the algebraic laws of the 
system but this perm its the application o f the idea only in the simplest 
cases. In fact, what was lacking at the time was a form al language which 
would have made it possible to give a precise expression of, and delimita­
tion  to, the laws which were supposed to apply equally to the finite 
num bers and to the extended system including infinitely small and in­
finitely large num bers as well. In  our own theory the answer to the question 
whether Archim edes’ axiom is true no t only in R  but also in *R is, yes and 
no! If  by ‘Archimedes’ axiom ’ we mean the sentence of K  which formalizes 
the statem ent ‘For every pair o f real numbers a and b such th a t 0 < a < b  
there exists a natural num ber n for which b< na  then this sentence holds 
in R  and hence also in *R. In the latter system n may then be realized by 
an infinite natural number. However, if  we mean the postulate tha t for 
any pair o f real num bers a and b ,Q < a < b  there exists a natural num ber n
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in the ordinary sense such that

b < a  + a + a-\ b a (n times)

then this postulate is not true for *R.

10.4 Lagrange and d’Alembert. For over fifty years Leibniz’ method 
ruled supreme on the European continent. However, in the second half of 
the eighteenth century the doubts regarding the soundness of the theory, 
or rather its evident lack of soundness, led to the call for alternative 
foundations. Lagrange proposed to base the entire theory on the sup­
posed existence of a Taylor expansion for any (continuous) function 
( l a g r a n g e  [1797]). He thought that in this way the calculus could be 
developed independently of ‘any consideration o f infinitely small or 
vanishing num bers, or of limits, or of fluxions.’ One might try to justify 
the procedure by choosing to regard it as a precursor to the m ethod of 
formal power series, but this would be erroneous since Lagrange is con­
cerned with the values of a function and of its expansion.

Nevertheless the episode is interesting. The fact that a man of La­
grange’s stature could propound such a method, and that for a time it was 
quite widely accepted (compare l a c r o i x  [1797]), serves to illustrate the 
point tha t the m athem aticians of tha t age were worried about the 
basic nature of the concepts of the Calculus and not, primarily, about 
the deductive inadequacy o f their methods (see 10.7 below).

D ’Alem bert’s contribution is more relevant to our discussion. It is ex­
pounded in several articles o f the Encyclopedic M ethodique(M athe- 
matiques).

D ’Alembert based the Calculus on the notion of limit. We quote some 
passages from  the article under th a t heading.

‘On dit qu’une grandeur est la limite d ’une autre grandeur, quand la 
seconde peut approcher de la premiere plus pres que d ’une grandeur 
donnee, si petite qu’on la puisse supposer, sans pourtan t que la grandeur 
qui approche, puisse jam ais surpasser la grandeur dont elle approche; en 
sorte que la difference d ’une pareille quantite a sa limite est absolum ent 
inassignable...’

‘La theorie des limites est a la base de la vraie M etaphysique du calcul 
differentiel... A proprem ent parler, la  limite ne coincide jam ais, ou ne 
devient jam ais egale, &la quantite dont elle est la limite; mais celle-ci s’en
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approche toujours de plus en plus et peut en differer aussi peu q u ’on 
v o u d ra ...’

D ’Alembert then proceeds to discuss the sum of a geometrical p ro ­
gression as an example o f a limit.

The following passage is taken from the article Differentiel.
4... il ne s’agit point, com m e on le dit encore ordinairem ent, de quantites 

infiniment petites dans le calcul differentiel, il s’agit uniquem ent de limites 
de quantites finies. Ainsi la metaphysique de l’infini et des quantites in­
finiment petites plus grandes ou plus petites les unes que les autres est 
totalem ent inutile au calcul differentiel. On ne se sert du terme d ’infiniment 
petit , que pour abreger les expressions. Nous ne dirons done pas avec 
bien des geometres qu ’une quantite est infiniment petite non avant qu ’elle 
s’evanouisse, non apres qu’elle est evanouie, mais dans l’instant meme ou 
elle s’evanouit; car que veut dire une definition si fausse, cent fois plus 
obscure que ce qu ’on veut definir. Nous dirons qu’il n ’y a point dans le 
calcul differentiel de quantites infiniment pe tites...’

We notice th a t the definition of the limit reads, at first sight, like an 
acceptable though informal statem ent of our present viewpoint, except 
for d ’A lem bert’s insistence on the condition tha t a quantity which tends 
to a limit does not ever become equal to that limit. This condition is not 
only unnecessary but would prove extremely inconvenient in practice. 
For example, with d ’A lem bert’s definition it would be incorrect to say 
that x sin (1/v) tends to zero as x tends to zero, since this function has this 
value also on a set o f argum ent values different from  zero bu t with zero as 
limit. The in troduction of the restriction may well have been m otivated 
by the feeling tha t if a quantity tends towards a limit it cannot get there 
beforehand.

The idea of a limit went back to  Newton and had since been discussed 
repeatedly in England. The assum ption of ‘many geometers’ tha t a 
quantity is infinitely small neither before nor after it vanishes but just at 
the m om ent o f its vanishing, which is sharply criticized in the last of the 
passages quoted above, also is in the Newtonian tradition. On the other 
hand, Leibniz’ rem arks on the ‘style o f Archimedes’ which was quoted 
earlier, while intended as a description of the method of exhaustion, also 
is fairly close to  our contem porary notions on limits, and indeed there are 
related form ulations antedating both New ton and Leibniz. A t any rate, 
from  a historical point o f view, d ’A lem bert’s intervention was im portant
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because it helped to  turn  continental M athem atics towards the notion of 
limit as the central concept of Analysis.

10.5 Cauchy. The quotations and comments given so far have amended 
the picture drawn in section 10.1 chiefly by showing that Leibniz’ theory 
of infinitely small and infinitely large num bers was a serious attem pt to 
provide foundations for the Calculus which avoided the com plication in­
herent in the Greek method of exhaustion and that, in spite of its in­
consistencies, it may be regarded as a genuine precursor of the theory of 
the present book. The description in 10.1 would now lead us to expect 
that, following the rejection of Leibniz’ theory by Lagrange and D ’Alem­
bert, infinitely small and infinitely large quantities would have no place 
among the ideas of Cauchy, who is generally regarded as the founder of 
the modern approach, or tha t they might, at most, arise as figures of 
speech, as in ‘x tends to infinity’. However, this expectation is mistaken. 
We proceed to  give a number of relevant quotations from Cauchy’s Cours 
d ’Analyse (Analyse Algebrique) ( c a u c h y  [1821]).

‘En parlant de la continuite des fonctions je n ’ai pu me dispenser de 
faire connaitre les proprietes principales des quantites infiniment petites, 
proprietes qui servent de base au calcul infinitesim al...’

‘Q uant aux methodes, j ’ai cherche a leur donner tou te  la rigueur qu’on 
exige en geometrie, de maniere a ne jam ais recourir aux raisons tirees de la 
generalite de l’algebre. Les raisons de cette espece, quoique assez com- 
m unem ent admises surtout dans le passage des series convergentes aux 
series divergentes, et des quantites reelles aux expressions imaginaires, ne 
peuvent etre consideres, ce me semble, que comme des inductions propres 
a faire pressentir quelquefois la verite, mais qui s’accordent peu avec 
l’exactitude si vantee des sciences m athem atiques.’

‘On nomme quantite variable celle que l’on considere comme devant 
recevoir successivement plusieurs valeurs differentes les unes des autres... 
Lorsque les valeurs successivement attributes a une meme variable 
s’approchent indefiniment d ’une valeur fixe, de maniere a finir par en 
differer aussi peu que Ton voudra, cette derniere est appelee la limite de 
toutes les au tres.’

There follow two familiar examples, one being tha t of the circle as the 
limit of inscribed polygons. Cauchy then continues:

‘Lorsque les valeurs numeriques successives d ’une meme variable de-
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croissent indefiniment, de maniere a s’abaisser au’dessous de tou t nom bre 
donne, cette variable devient ce qu ’on nomme un infiniment petit ou une 
quantite infiniment petite. Une variable de cette espece a zero pour limite.’ 

‘Lorsque les valeurs numeriques d ’une meme variable croissent de plus 
en plus, de maniere a s’elever au dessus de tou t nom bre donne, on dit que 
cette variable a pour limite l’infini positif...’

Chapter n of the same book begins with a detailed discussion of the 
orders of the infinitely small and infinitely large quantities. Continuity is 
considered next. We quote,

‘. . . l a  fonction / ( x )  sera, entre les deux limites assignees a la variable x, 
fonction continue de cette variable, si, pour chaque valeur de x inter­
m ed ia te  entre ces limites, la valeur numerique de la d ifference/(x -ba) — 
/  (x) decroit indefiniment avec celle de a. En d ’autres termes, la fonction 
f  (x) restera continue par rapport a x  entre les limites donnees, si, entre ces 
limites, un accroissement infiniment petit de la variable produit toujours un 
accroissement infiniment petit de la fonction elle-meme'

We gather from  the above passages th a t infinitely small quantities are 
fundam ental in Cauchy’s approach to Analysis. However, these quantities 
are no t num bers bu t variables, or rather, states of variables whose limit is 
zero. As for variables in general they are not symbols (i.e., elements of the 
form al language which describes the system under consideration) but are 
regarded as basic entities as a special kind. If  one tries to  make this notion 
precise in contem porary terms one might perhaps describe a variable as a 
function whose range is numerical while its dom ain may be any ordered 
set w ithout last element. However, Cauchy evidently does no t wish to  base 
the notion o f a variable on the notion o f a function; indeed, in a passage 
which is no t quoted here he defines the notion o f a function in terms which 
involve the notion of a variable. A t the same time it should be mentioned 
th a t elsewhere Cauchy treats fu n c tio n s /(x )  such tha t limx-*o/ ( x ) = 0  as 
infinitely small quantities, implying that functions may be regarded also as 
variables.

W hatever the precise picture o f an infinitely small quantity may have 
been in Cauchy’s mind, we may examine his subsequent definitions and 
see what they am ount to if we interpret the infinitely small and infinitely 
large quantities m entioned in them  in the sense o f N on-standard Analysis. 
F or the notion o f continuity, Cauchy’s definition may thus be interpreted 
as stating tha t f o r / ( x )  defined in the interval a < x  < b, / ( x )  is continuous
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in tha t interval if, fo r infinitesimal a, the difference / ( x  +  a) —/ ( x )  is 
always (toujours) infinitesimal. I f  now we interpret ‘always’ as meaning 
‘for all standard x ’ then we obtain ordinary continuity in the interval 
but if by ‘always’ we mean ‘for all x ’ then we obtain uniform  continuity.

Cauchy regarded his theory of infinitely small quantities as a satis­
factory foundation for the theory o f limits and (d’A lem bert’s suggestion 
notwithstanding) he did not introduce the latter in order to  replace the 
former. His p roo f procedures thus involved both infinitely small (and in­
finitely large) quantities and limits. In spite of his own warning against 
argum ents relying on the generality of Algebra, which was quoted above, 
and which may have been directed against Leibniz’ principle o f continuity 
he did not hesitate to  add infinitely small quantities to  one another and 
even to divide them by one another. The e-technique does appear in his 
writings but we may take it, for example, th a t the condition that 
| / ( x  +  a ) — / ( x ) |< e f o r  |a| <<5 would have been regarded by him as a 
criterion for continuity and not as a definition.

We proceed to consider a famous error o f Cauchy’s, which has been 
discussed repeatedly in the literature. Cauchy introduces a series of 
functions

10.5.1 u0 (x) +  u x (x) +  u 2 (x) -\—

a n d  sta tes  th e  fo l lo w in g  th e o r em  ( c a u c h y  [1821]).

10.5.2 ‘Lorsque les differents termes de la serie (1) (i.e., in our numbering 
10.5.1) sont des fonctions d ’une meme variable x, continues par rapport a 
cette variable dans le voisinage d’une valeur particuliere pour laquelle la 
serie est convergente, la somme s de la serie est aussi, dans le voisinage de 
cette valeur particuliere, fonction continue de x .’

The assertion is tha t if all the functions un(x) are continuous in an 
interval a < x < b  (which includes a particular x 0) and if the series 10.5.1 
converges in tha t interval to a sum s(x) then s(x) also is continuous. For 
the proof, Cauchy introduces the partial sums sn (x) =  u0 (x) +  ux (x) +  
...+w „(x) and the remainders rn(x )= s(x )  —sn(x) and then argues as fol­
lows.

‘Cela pose, considerons les accroissements que regoivent ces trois 
fonctions (i.e., rn9sn and .s), lorsqu’on fait croitre x  d ’une quantite in-
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finiment petite. L’acroissement de sn sera, pour toutes les valeurs possibles 
de rn une quantite infiniment p e tite ; et celui de rn deviendra insensible en 
meme temps que r„, si Ton attribue a n une valeur tres considerable. Par 
suite, l’accroissement de la fonction * ne pourra  etre qu’une quantite 
infiniment petite.’

According to  Cauchy this leads immediately to the theorem  stated 
above. Interpreted in terms o f N on-standard Analysis, the argum ent runs 
as follows. Let x x be a standard num ber such that a < x x <b. In order to 
prove tha t s (x) is continuous at x x we attem pt to show tha t s ( x x +  a) — s ( x x) 
is infinitesimal for all infinitesimal a. Now

10.5.3 s (x 1+ a ) - s ( x 1) =  (s„(x1+ a ) - s „ ( x 1)) + (r„(x1+ a ) - r „ ( x 1))

Following Cauchy’s argum ent we might be inclined to claim tha t the left 
hand side is infinitesimal since sn( x x + a )  — is infinitesimal for all n 
and rn( x x +  a) and rn( x x) are infinitesimal for all infinite n. However, this 
argum ent is erroneous. For although rn(x x) is indeed infinitesimal for all 
infinite n (since x x is standard), rn( x x + a) m ust needs be infinitesimal only 
for sufficiently high infinite n ; while sn ( x x + ot) — sn (xx) is infinitesimal for all 
finite n, and hence, by one of our basic lemmas (3.3.20), for sufficiently small 
infinite n. In order to prove that the left hand side of 10.5.3 is infinitesimal 
we have to ensure that there exists an n for which r„ (* i+ a )  and the 
difference ^(-x^ 4-a) — sn( x x) are infinitesimal simultaneously. Two natural 
alternatives offer themselves, (i; to  assume that 10.5.1 is uniformly con­
vergent in the interval a < x < b , so that ^ (X i +  a) is infinitesimal for all 
infinite n , or (ii) to assume th a t the family {^(.x)} is equicontinuous in the 
interval, so tha t 5n(x x + a )  — ̂ ( x j  is infinitesimal for all infinite n.

The classical example of a convergent series o f continuous functions 
whose sum is not continuous everywhere is ( a bel  [1826])

10.5.4 sin x  +  i  sin 2x -1- J  sin 3x -i—

Indeed, 10.5.4. has the sum — \{n  +  x)  for — n < x  < 0, the sum 0 for * = 0  
and the sum K n — x)  for 0 < x < 7 i. The sum is thus discontinuous at the 
point x = 0 .

Over thirty years after the publication o f Theorem 10.5.2 above, Cauchy 
returned to  the problem  ( c a u c h y  [1853]). It appears from  the text o f his
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paper tha t he made a careful study of the counterexam ple 10.5.4. This led 
him to the following revised version of 10.5.2.

10.5.5 ‘Si les differents termes de la serie

(1) U 0 i U i , U 2 , ' - - , U n, U n + l 9 . . .

sont des fonctions de la variable reelle x, continue, par rapport a cette 
variable, entre des limites donnees; si d ’ailleurs, la somme

(3) un + un+1-\----- 1-u n' - i

devient toujours infiniment petite pour des valeurs infiniment grandes des 
nombres entiers n e t r i>  n , la serie (1) sera convergente, et la somme s de la 
serie (1) sera entre les limites donnees, fonction continue de la variable x .’ 

If  we interpret this theorem  in the sense o f N on-standard  Analysis, so 
tha t ‘infiniment petite’ is taken to  mean ‘infinitesimal’ and translate 
‘toujours’ by ‘for all x ’ (and not only ‘for all standard x ’), then the condi­
tion introduced by Cauchy in 10.5.5 am ounts precisely to uniform  conver­
gence in accordance with (i) above. We should add that the problem  had 
in  the meantime been considered by other m athem aticians, who in tro ­
duced similar conditions (Com pare h a r d y  [1914]).

Let us nowconsider Cauchy’s definition of thederivative (Cauchy [1823]). 
‘Lorsque la fonction y  =  / ( x )  reste continue entre deux limites donnees 

de la variable x, et que l’on assigne a cette variable une valeur comprise 
entre les deux limites dont il s’agit, un accroissement infiniment petit, 
attribue a la variable, produit un accroissement infiniment petit de la 
fonction elle-meme. Par consequent, si l’onpose alors A x  =  z, les deux termes 
du rapport aux differences

(i) Ay _ f  (x + i) - f ( x)
A x i

seront des quantites infiniment petites. M ais tandis que ces deux termes 
s’approcheront indefiniment et sim ultanem ent de la limite zero, le rapport 
lui-meme pourra  converger vers une autre limite, soit positive, soit 
negative. Cette limite, lorsqu’elle existe, a une valeur determinee pour 
chaque valeur particuliere de x ; . . . ’

-  and this value is the derivative of the function o f the point under 
consideration.
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Later generations have overlooked the fact tha t in this definition A x  
and A y  were explicitly supposed to be infinitely small. Indeed according 
to  our present standard ideas, we take f ’(x) to be the limit A y /A x  as A x  
tends to  zero, whenever that limit exists, w ithout any m ention o f infinitely 
small quantities. Thus, as soon as we consider limits, the assum ption tha t 
Ax  and A y  are infinitesimal is completely redundant. It is therefore the 
more interesting that the assum ption is there, and, indeed, appears again 
and again also in Cauchy’s later expositions of the same topic ( c a u c h y  

[1829, 1844]). We are forced to conclude tha t Cauchy’s mental picture o f 
the situation was significantly different from the picture adopted today, in 
the W eierstrass tradition. Thus, for f { x ) —x m, Cauchy states tha t 
f ' { x ) —m x m~ l is the limit of

(x + i)m — x m m x m ( m - l )  2 .
:------ ----------= +  V 2i + ••• +  !•"! i ,

i 1*2

where /, and hence (x  +  /)m — x m is infinitely small. He also calls the deriva­
tive o f a given point ‘la derniere raison des differences infiniment petites 
A y  et A x ’, where the term ‘derniere raison’ (ultimate ratio) is taken from 
the Newtonian terminology. It seems reasonable to conclude from all this 
tha t in Cauchy’s mind a function did no t approach its limit directly, but 
only via expressions involving infinitesimals. In fact, a non-standard 
analyst would be tempted to equate the expression ‘limit o f A y/A x '  for 
infinitely small A x  and A y  with ‘standard part o f A y /A x , i.e., °(A y/A xy  
and this would indeed give the right a n sw e r,/ '(x ) , whenever f ' ( x )  exists. 
However, Cauchy would m ost probably have rejected this suggestion 
since he regarded A x  and A y  as variables, i.e., as ‘quantities taking a 
succession o f values’.

A t any rate, Cauchy used infinitely small or large quantities freely in 
both definitions and proofs. An interesting example is provided by the 
p roo f of the theorem  that if /  =  f ' ( x 0) is positive then f ( x )  increases in 
the neighborhood of x 0 ( c a u c h y  [1829]). Cauchy argues th a t since 
A y /A x  has the limit f ( x 0) for infinitesimal A x  and A y  — f ( x 0 + Ax) — 
f  (x0), and since f ' ( x 0) is positive, it follows that A y /A x  must be positive 
also for sufficiently small ‘num erical’ values o f Ax, where the adjective 
‘num erical’ means that A x  is an ordinary num ber, i.e., in the terminology 
o f N on-standard Analysis, that A x  is standard. This passage from a ratio 
o f infinitely small numbers to a ratio of sufficiently small standard numbers



is legitimate in N on-standard Analysis, because it can be justified there by 
a rigorous proof. In Cauchy’s theory however, it is a logical non sequitur 
and may be said to  involve an unconscious use o f  the ‘principle o f con­
tinuity’, whose application had been criticized by Cauchy himself.

W hat has been said so far concerning differentiation applies equally 
well to  Cauchy’s theory of integration. The following quotation  is typical 
( c a u c h y  [1823]).

‘D ’apres ce qui a ete dit dans la derniere legon, si Ton divise X — x 0 en 
elements infiniment petits x x — x 0, x 2 — x l , ..., X — x n_ x la somme

(1) S = ( x 1—x 0) f  (x0) +  (x 2—x 1) / ( x 1)H------\-(X — xn^ 1) f  (*„_!)

convergera vers une limite representee par l’integrale definie
x

(2) J/(x) dx.’
*0

Even questions concerning the (Cauchy) principal value o f a singular 
integral are discussed in the same setting.

On the other hand, although his definition o f the derivative involved 
infinitely small increments, Cauchy introduced differentials in the way 
generally accepted in classical analysis. That is to  say, for dx  = b where 
6 #  0, otherwise arbitrary, he defined dy by d y  — f ' ( x ) b  = f ( x ) d x  so 
th a t the relation d y /d x  = f ' ( x )  is exact.

It appears th a t Cauchy never abandoned the techniques described above 
although the following quotation, which is taken from  a paper published 
in 1844 may indicate a slight shift in his position.

‘Pour ecarter completement l’idee que les formules employees dans le 
calcul differentiel sont des formules approximatives, et non des formules 
rigoureusem ent exactes, il me parait im portant de considerer les differen- 
tielles comme des quantites finies, en les distinguant soigneusement des 
accroissements infiniment petits des variables. La consideration de ces 
derniers accroissements peut et doit etre employee comme moyen de de- 
couverte ou de dem onstration dans la recherche des formules ou dans 
l’etablissement des theoremes. Mais alors le calculateur se sert des in ­
finiment petits comme d ’intermediaires qui doivent le conduire a la con- 
naissance des relations qui subsistent entre des quantites finies; et jam ais, 
a m on avis, des quantites infiniment petites ne doivent etre admises dans
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les equations finales, ou leur presence deviendrait sans objet et sans 
u tilite ...’ ( c a u c h y  [1844]).

The rem ark in this passage that it is im portant to consider differentials 
as finite quantities, may be contrasted with the fact that, fifteen years 
earlier, Cauchy had stated tha t d x —b is arbitrary and might even be in­
finitesimal ( c a u c h y  [1829]).

Thus, Cauchy stands in the history of the Calculus not as a man who 
broke with tradition  and swept away old and rotten foundations to  make 
room  for new and sound ones but rather as a link between the past and the 
future. The elements o f his theory can be traced back to N ew ton and to 
Leibniz (and beyond) bu t he provided a synthesis o f the doctrine of limits 
on one hand and o f the doctrine o f infinitely small and large quantities on 
the other by assigning a central role to the notion o f a variable which tends 
to a limit, in particular to the limit zero. A nd although his basic approach 
was actually superseded half a century later, the immense care with which 
he handled his tools and the great scope and detail o f his work in Analysis 
constituted a giant step in the direction o f the final (or, presently accepted) 
solution.

10.6 Bolzano, Weierstrass, and after. ‘... if, for every e >  0, there exists a 
<5>0...’, ‘...if, for every e > 0  there exists a natural num ber « .. .’ -  it is by 
means o f these phrases th a t we now define limits, continuity, differentia­
tion, and related notions, in an approach which is universally accepted 
and which needs no introduction here. The credit for the general adoption 
o f this approach goes to  W eierstrass, although the absence o f adequate 
records makes it hard  to  determine when exactly W eierstrass began to  
make his ideas public. (Com pare h e in e  [1872]). It is certain that, in 
essence, the m ethod was conceived already by Bolzano, who was a 
contem porary o f Cauchy’s ( b o l z a n o ) .  Bolzano’s lack o f standing in the 
m athem atical world may have been one o f the reasons why he did no t 
succeed in spreading his ideas. However, as m entioned, there are traces of 
the ‘e, <5-approach’ already in Cauchy and an interesting example o f an 
interm ediate attitude is to  be found in the following (originally unpub­
lished) rem ark o f R iem ann’s.

‘Unter dem Ausdruck: die Grosse w andert sich stetig mit z zwischen 
den Grenzen z = a  und z = b  verstehen wir: in diesem Intervall entspricht 
jeder unendlich kleinen Anderung von z  eine unendlich kleine Anderung
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von w oder, greiflicher ausgedrtickt: fur eine beliebig gegebene Grosse e 
lasst sich stets die Grosse a so annehmen, dass innerhalb eines Intervalls 
fur z, welches kleiner als a ist, der Unterschied zweier W erthe von w nie 
grosser als s ist. Die Stetigkeit einer Function fiihrt hiernach, auch wenn 
dies nicht besonders hervorgehoben ist, ihre bestandige Endlichkeit mit 
sich’ ( r ie m a n n ).

Thus, Riem ann asserted the identity o f Cauchy’s notion of continuity 
in an interval and of the ‘W eierstrassian’ notion of uniform continuity, 
but stated tha t the W eierstrassian notion is more concrete (greiflicher). it 
is hard to say in what sense this could be regarded as a precise statement 
at the time when it was made. However, with the spread of W eierstrass’ 
ideas, arguments involving infinitesimal increments, which survived, 
particularly in differential geometry and in several branches o f applied 
m athem atics began to be taken automatically as a kind of shorthand for 
corresponding developments by means of the e, ^-approach (or, later on, 
for some m ore sophisticated method). Usually, this assumption has 
turned out to be correct although in several cases its justification was 
complicated and hard to achieve. However, it may well have been this 
attitude which gave rise to the impression that Cauchy’s theory was al­
ready basically the same as W eierstrass’, and that the form er used in­
finitesimals really as a kind o f shorthand. The question remains whether 
Cauchy himself also held this opinion. As we have seen he did in fact 
regard them  (at least toward the end of his life) as in some way provisional 
but there seems to be no indication that he wished to, or would have been 
able to, eliminate them  altogether. A t the same time, we may recall tha t 
Leibniz already claimed that his m ention o f infinitely small or infinitely 
large num bers merely provided an abbreviation o f 4Archimedes’ m ethod’. 
And it m ust be said that in certain respects the Greek m ethod o f ex­
haustion is much closer to the m ethod o f Weierstrass than to those of 
Newton, Leibniz, or Cauchy.

The introduction of the W eierstrass approach in Analysis, the arith- 
metization o f the system o f real numbers, and the discovery o f set theory 
by C antor all occurred within the same short time span and were in fact 
interrelated. The same period also saw the first attem pts to develop a 
theory of infinitely small and infinitely large quantities in accordance with 
the newly adopted standards o f rigor. Following Cauchy’s idea tha t an 
infinitely small or infinitely large quantity is associated with the behavior
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of a function f ( x ), as * tends to a finite value or to infinity, du Bois- 
Reymond produced an elaborate theory of orders of m agnitude for the 
asymptotic behavior of functions (d u  bo is-r e y m o n d  [1875]). Stolz tried 
to develop also a theory of arithm etical operations for such entities, but 
conceded that his results were inadequate as far as their practical appli­
cability is concerned (st o l z  [1885]). However, the custom of regarding 
functions/(.x ) such that l im / ( x ) = 0  as infinitely small quantities and to 
make correct, though modest, use of this idea in Analysis has been re­
tained in several standard texts (e.g., k h in c h in  [1953]).

Beginning with the turn  of the century, interest in non-archim edean 
fields was restricted more and more to their algebraic aspects. This period 
culminated in  the development o f the beautiful theory o f formally-real 
fields of A rtin and Schreier. A lthough purely algebraic, this concept plays 
a part in the more recent theory of hyperreal fields ( h e w it t  [1948]), which, 
as we have observed, can serve as non-standard models of analysis. It 
seems likely tha t Skolem’s idea to  represent infinitely large natural 
numbers by num ber-theoretic functions which tend to infinity (skolem  

[1934]), also is related to the earlier ideas o f Cauchy and du Bois-Rey- 
mond. It is a fact tha t much o f Skolem’s work in N um ber Theory was 
concerned with rational points on algebraic curves and involved a detailed 
discussion of the asymptotic properties o f such curves. Finally, we should 
record that, as far as these m atters can be ascertained at all, Skolem’s 
works on non-standard models o f Arithmetic was the greatest single 
factor in the creation of N on-standard Analysis.

We may complete the picture o f recent developments by m entioning 
th a t during the period under consideration attem pts were still made to 
define or justify the use of infinitesimals in Analysis (e.g., g eissler  [1904], 
n a t o r p  [1923]). The m ost successful am ong these is the theory o f 
Schmieden and Laugwitz (sc h m ie d e n  and l a u g w it z  [1958], l a u g w it z  

[1961, 1961a]). The starting point of the Schmieden-Laugwitz theory is, 
once again, the identification of infinitely small or infinitely large numbers 
withfunctions, with particular reference to their asymptotic behavior, except 
tha t these functions now are m appings from  the natural into the rational 
or real num bers, i.e., sequences. The resulting system is no t an ordered 
field but a ring with zero divisors. Nevertheless, the reader who consults 
the original papers will find tha t the theory is o f considerable interest. 
Am ong other things, it includes a substitute for the theory o f distributions.
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It m ight be thought tha t the introduction and development of the 
theory o f transfinite cardinal and ordinal numbers also led to an upswing 
in the theory of infinitesimals. This is true indirectly since abstract set 
theory forms a historical background to the free and easy handling of 
infinite sets tha t is required in N on-standard Analysis. However, the dis­
coverer of Set Theory, G. C antor, actually went so far as to claim that he 
could prove the impossibility o f infinitely small numbers by means of that 
theory ( c a n t o r  [1887/1888]). And we may quote, w ithout comment, the 
words of one o f the forem ost authorities on Set Theory, A. H. Fraenkel, 
in a classical textbook on the subject ( f r a e n k e l  [1928]). Fraenkel men­
tions, with approval, the opinion that the test for the efficacity o f in­
finitely small numbers is their applicability to the Differential and Integral 
Calculus, and then goes on:

‘Bei dieser Probe hat aber das Unendlichkleine restlos versagt. 
Die bisher in Betracht gezogenen und teilweise sorgfaltig begriindeten 
Arten unendlichkleiner Grossen haben sich zur Bewaltigung auch nur der 
einfachsten und  grundlegendsten Probleme der Infinitesimalrechnung 
(etwa zum Beweis des M ittelwertsatzes der Differentialrechnung oder zur 
Definition des bestimmten Integrals) als vollig unbrauchbar erwiesen... 
es besteht auch kein G rund zu der Erwartung, dass sich hierin kiinftig 
etwas andern werde. Gewiss ware es an sich denkbar (wenn auch aus guten 
Griinden ausserst unwahrscheinlich und jedenfalls beim heutigen Stand 
der W issenschaft in ungreifbarer Ferne liegend), dass ein zweiter C antor 
dereinst eine einwandfreie arithmetische Begrundung neuer unendlich­
kleiner Zahlen gabe, die sich als mathem atisch brauchbar erweisen und 
ihrerseits vielleicht einen einfachen Zugang zur Infinitesimalrechnung er- 
offnen konnten. Solange das aber nicht der Fall ist, wird m an weder die 
(in vieler H insicht interessanten) Veroneseschen noch andere unendlich­
kleine Zahlen in Parallele zu den Cantorschen setzen diirfen, sondern sich 
auf den Standpunkt stellen miissen, dass von der mathematischen und 
dam it logischen Existenz des Unendlichkleinen in einem gleichen oder 
ahnlichen Sinn wie beim Unendlichgrossen in keiner Weise gesprochen 
werden kann .’

10.7 Infinitely small and large numbers and the infinite. So far, we have 
concentrated on the purely mathematical aspects o f the development o f 
Analysis. However, the history of the subject cannot be fully understood if
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we disregard its philosophical background. Nowadays the Philosophy of 
M athematics is considered in connection with more general notions such 
as consistency, predicativity, or constructivity. So it might seem to us that 
the evolution o f the foundations o f the calculus am ounts merely to the 
development o f certain m athem atical techniques, and the rejection or 
m odification o f such techniques on grounds o f obvious inconsistency. 
This picture is incomplete. It ignores the fact that, from the seventeenth 
to the nineteenth century, the history of the Philosophy of M athematics is 
largely identical with the history o f the foundations o f the Calculus.

The gingerly way in which the Greek mathematicians, Eudoxus, Euclid, 
and Archimedes, handled problems o f quadrature and related questions, 
was not a sign of the uncertainty of a nascent science, but was due to a 
profound and abiding distrust o f the notion o f infinity. The most famous 
expression to this uneasiness is given by some of Zeno’s paradoxes. 
Aristotle discussed the m atter in several o f his writings and rejected the 
actual infinite while accepting the notion o f a potential, or growing infinite 
(a r isto tle ). The discussion of the problem  continued in the Middle Ages, 
but we shall not deal with this phase. W riting in 1689, Locke stated a 
position on infinity which is close to  A ristotle’s ( lo c k e  [1690]).

Against this background, we have to understand Leibniz’ position in 
the following way. Leibniz did not reject the actual infinite in general, but, 
at least in his later years, he considered tha t it has no place in the Calculus. 
M oreover, while in his mind the terms o f an infinite series constituted only 
a potentially (‘syncategorematically’)infinite assemblage, the infinitely large 
and small num bers were thought to belong to the actual infinite. He there­
fore regarded the latter as ideal or fictitious while accepting the form er as 
real. The opinion tha t infinitely large or small numbers were forms of the 
actual infinite seems to have been com m on ground at that time and for 
some time after. Thus the curiously ambivalent and shifting explanations 
of Newton and his followers can be explained, at least in part, by their 
reluctance to  adm it the existence of such entities. The vigorous attack 
directed by Berkeley against the foundations of the Calculus in the forms 
then proposed is, in the first place, a brilliant exposure o f their logical in­
consistencies. But in criticizing infinitesimals of all kinds, English or 
continental, Berkeley also quotes with approval a passage in which Locke 
rejects the actual infinite (Ber keley  [1734, 1735, - ] ) .  It is in fact not 
surprising tha t a philosopher in whose system perception plays the
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central role, should have been unwilling to  accept infinitary entities 
(compare s t r o n g  [1957]).

As the Calculus continued to develop and thrive, the logical and philo­
sophical weaknesses of the system were overlooked for a period. Indeed, 
the great success of the theory was ascribed by some to  the acceptance of 
the reality of the infinitely small and large, by contrast with its rejection 
by Archimedes and his predecessors. But when Cauchy constructed his 
edifice in response to renewed doubts he quite probably chose the notion 
of a variable as basic since, by its very nature, the idea of a variable seems 
to  express potentiality and not actuality. (Com pare c a n t o r  [1885], 
c a r r u c io  [1957].) In this respect the shift from  Cauchy’s outlook to the 
views commonly held at present is crucial, since the e, (5-conditions are 
interpreted naturally in terms o f actual infinite totalities, e.g., the real 
numbers.

Thus, the problem  of infinity which, in the view of many, is still one of 
the chief concerns of the Philosophy of M athematics, although with a 
widened scope and with changed emphasis, is basically the same problem  
that worried the founders of m athem atical Analysis. Having produced a 
theory of infinite sets o f rem arkable coherence and beauty, C antor and his 
followers thought that they had finally caught the actual infinite, just as 
de l’H ospital had believed, nearly two hundred years earlier, to have 
found it in the Calculus of Infinitesimals. On the other hand, the outlook 
of the intuitionists and other constructivists may be com pared with that 
o f Cauchy; while the spirit o f Form alism , or at least o f one version of it, 
in its assessment of wide portions of contem porary M athem atics (e.g., the 
theory of transfinite cardinal and ordinal numbers) is close to Leibniz’ as 
expressed in his pronouncem ent (on infinitely small and large numbers), 
‘que ce n ’etaient que des fictions, mais des fictions u tiles...’

A t the m om ent C an to r’s point o f view is tha t held by the m ajority of 
m athematicians. But perhaps our historical review suggests that just as 
the Calculus o f infinitesimals, which was trium phant in the middle o f the 
eighteenth century was still pu t on completely different foundations within 
the next one hundred years, so future generations o f mathematicians, 
while accepting the form al results o f Set Theory, may reject the platonistic 
claims commonly associated with it.

We should add that, to a logical positivist, a discussion of the onto­
logical significance of infinitary notions o f any kind is meaningless. H ow ­
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ever, presum ably even a positivist would concede the historical im portance 
of expressions involving the term  ‘infinity’ and o f the (possibly, subjective) 
ideas associated with such terms.

Returning now to  the theory o f this book, we observe tha t it is presented, 
naturally, within the fram ework of contem porary M athem atics, and thus 
appears to affirm the existence o f all sorts o f infinitary entities. However, 
from  a form alist point o f view we may look at our theory syntactically and 
may consider tha t what we have done is to introduce new deductive 
procedures rather than new m athem atical entities. W hatever our outlook 
and in spite o f Leibniz’ position, it appears to us today tha t the infinitely 
small and infinitely large numbers o f a non-standard model of Analysis 
are neither more nor less real than, for example, the standard irrational 
numbers. This is obvious if we introduce such num bers axiom atically; 
while in the genetic approach both  standard irrational num bers and non­
standard num bers are introduced by certain infinitary processes. This 
rem ark is equally true if we approach the problem  from  the po in t o f view 
of the empirical scientist. For all measurements are recorded in terms of 
integers or rational numbers, and if  our theoretical fram ework goes 
beyond these then there is no compelling reason why we should stay 
within an Archimedean num ber system. For, repeating a quotation  given 
earlier in this chapter, ‘on ne differe du style d ’Archimede que dans les 
expressions qui sont plus directes dans notre m ethode et plus conformes 
a l’art d ’inventer’.
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C auchy’s condition, 63
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cluster point, 97
com pact operator, 178
com pactness, 93
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completely continuous operator, 179
com ponent of the identity, 206
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