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FOREWORD (1996)

The second edition of Abraham Robtinson’s monumental work, Non-
standard Analysis, has been out of print for some time. It gives me great
pleasure, as one of the earlier followers of Robinson, to have the opportunity
to welcome the reissuing of this unique mathematical work by Princeton
Untversity Press.

During this century the matematical community has witnessed the solu-
tion of a number of long-standing problems and conjectures. One of these
problems, attributed to W. G. Leibniz, concerns the foundation of the calcu-
lus. In the early history of the calculus, arguments involving infinitesimals
played a fundamental role in the derivation of the basic rules of Newton’s
method of fluxions. The notion of an infinttesimal, however, lacked a pre-
cise mathematical definition, and soon their widespread use came under
severe attack, notably by Bishop Berkeley in England, who disdainfully
referred to infinitesimals as the *ghosts of departed quantities.” To counter-
act the critics of the theory of infinitesimals, Leibniz proposed a program to
conceive of a system of numbers that would include infinitesimally small as
well as infinitely large numbers, The process to arrive at such a system of
numbers was to adjoin ideal objects to the existing finite quantities and to
define arithmetic rules of combining them in such a way that the new ideal
numbers and their reciprocals could be viewed as being either infinitesimally
small or infinitely large; yet, such that the entire system would have, in some
well-defined sense, the same properties as the system of real numbers. This
process was insptred by the manner in which the so-called imaginary num-
bers were introduced as ideal objects to solve equations. When Leibniz and
his followers failed in their attempts to create such a system, infinitesimal
reasoning gradually lost ground and survived only as a figure of speech. In
fact, infinitesimals were gradually replaced by the D’ Alembert-Cauchy con-
cept of a limit to provide a firm foundation for the calculus. The creatton of a
mathematical theory of infinitesimals, as envisaged by Leibniz, on which to
base the calculus remained an open problem.
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Despite the discovery of non-archimedean ordered field extensions of the
reals around the turn of the century, Leibniz’ problem remained unsolved
and lay dormant until the end of the 1950s. At that time the situation
changed dramatically. It then became clear that a rigorous mathematical
theory of infinitesimals as proposed by Leibniz was within the grasp of
mathernatics.

In 1958, the aerodynamicist C. Schmieden, in collaboration with D.
Laugwitz, constructed a partially ordered ring extension of the reals that
included elements that could be viewed to play the role of infinitesimals for
the purpose of representing the Dirac delta function by a function defined
point-wise on the ring which is infinitely small except at the origin where it
is infinitely large. Since their ring extension contained divisors of zero and
elements of indeterminate size that could not be classified, with respect to
the reals, as either infinitely small or infinitely large or finite, it did not lend
itself in a straightforward manner as a number system that could be used to
provide a satisfactory solution to Leibniz’ problem. Nevertheless their ap-
proach was the first step in the right direction.

At the end of the 1950s, however, unaware of the Schmieden-Laugwitz
approach, Abraham Robinson showed that the ordered fields that are non-
standard models of the theory of real numbers could be viewed in the meta-
mathematical or external sense as non-archimedean ordered field extensions
of the reals that externally contain numbers that behave like infinitesimals
with respect to the reals and whose reciprocals are infinitely large; that is,
larger in absolute value than any positive real number. As models of the
reals, these ordered fields had, in a precise formal manner, the same proper-
ties of the reals. As a consequence, these new number systems obtained by
using model theoretic methods, provided a complete, satisfactory solution of
Leibniz’ three-centuries-old problem.

Since the maodels employed are known as nonstandard models, Robinson
announced the creation of his theory of infinitesimals in a paper that ap-
peared in 1961 in the Proceedings of the Royal Academy of Sciences of
Amsterdam under the title Non-standard Analysis. Robinson introduced his
history-making paper by giving credit to the ideas of the world-renowned
logician T. Skolem. In a paper published in the Fundamenta Mathematicae
in 1934, Skolem showed that the system of natural numbers could not be
characterized by any set of its arithmetical properties that were formulated in
the lower predicate calculus. In view of the categorical nature of the Peano
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system of axioms of arithmetic, Skolem’s result came as a great surprise.
The proof given by Skolem consisted of a construction of a proper extension
of the system of natural numbers N that, under a precisely defined inter-
pretation of its symbols, satisfies all the properties of N that are formulated
in the lower predicate calculus in terms of a given set of arithmetic opera-
tions such as addition and multiplication. We may add here that Skolem’s
proper extension of N was the first explicit example of what are now referred
to as nonstandard models of arithmetic.

After recalling Skolem’s result, Robinson continued by applying the same
idea to the set K, of all sentences of the lower predicate calculus in terms of
the operations of the reals expressing properties of the real number system.
The new number systems were then defined as nonstandard models of K. It
followed that, in the meta-mathematical sense, the new number systems
were non-archimedean ordered field extensions of the reals and thus, in the
meta-mathematical sense, contained numbers that could serve the role of
infinitesimals and their reciprocals that could serve as infinitely large num-
bers. After making these observations and using his new and rigorous theory
of infinitesimals, Robinson derived the fundamental properties of the theory
of limits, and more generally of the calculus, and in doing so, presented a
completely satisfactory solution of Leibniz’ problem.

Robinson did not stop there, however. He continued to test—success-
fully-—his new methods in such fields as classical differential geometry, the
classical theory of Lie groups, the theory of differential equations, and the
theory of distributions that includes an improved version of the Schmieden-
Laugwitz representation of the Dirac delta distribution. From the area of
classical applied mathematics, Robinson discussed briefly the way in which
the theory of infinitesimals could be used in the theory of boundary layers
and concluded by stating that the probability that the nonstandard reals may
provide a better explanation of certain observable phenomena than the stan-
dard reals should be borne in mind.

Abraham Robinson is considered to be one of the prominent mathemati-
cians of this century for his ground-breaking work in logic and various fields
of mathematics and applied mathematics, but above all for his discovery of
nonstandard analysis, which he used to unite ideas of mathematical logic
with mathematics proper. He was born in 1918 in Waldenburg, Lower
Silesia and spent the larger part of his childhood in Breslan. In 1933, his
family fled Nazi Germany and settled in Palestine. He studied mathematics
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at the Hebrew University under the wing of the famous mathematician
Abraham Fraenkel. In June of 1940, after a brief stay in Paris studying at the
Sorbonne, he barely escaped to England. During World War 11, Robinson
worked at the Royal Aircraft Establishment in Farnborough analyzing the
design of supersonic airfoils. In a short amount of time, this work made him
a specialist in aerodynamtics. After the war, he continued his work in mathe-
matical logic begun with Fraenkel and in 1949 he received his Ph.D. at the
University of London. His thesis appeared later in book form under the title
The Meta-Marhematics of Algebra. During those years he also continued his
aeronautical research as a staff member of the Cranfield College of Aeronau-
tics. In 1951, he joined the Department of Applied Mathematics of the
University of Toronto, where 1 met him for the first time in the fall of 1956.
Robinson succeeded his mentor, Abraham Fraenkel, in 1957 as Professor of
Pure Mathematics at the Hebrew University. The creation of the theory of
infinitesimals happened during the academic year 1959—1960, while he was
visiting the Institute for Advanced Study in Princeton. During his years as
Professor of Mathematics and Phitosophy at the University of Califomia,
Los Angeles (from 1962 through 1967), Robinson worked full force
at developing nonstandard techniques for applications to various other
branches of mathematics. He also wrote this book, the first edition of which
appeared in 1966, and the second in 1973. From 1967 until his untimely
death on April 11, 1974, Robinson was Professor of Mathematics at Yale.
During those years he had started to collaborate with P. Roquette from the
University of Heidelberg on a program analyzing problems of algebraic
number theory with nonstandard methods.

This most welcome reissuing of Robinson's Non-standard Analysis fol-
lows on the heels of the recent publication of Robinson’s biography by
the renowned historian of mathematics, Joseph Warren Dauben, entitled
Abraham Robinson, The creation of nonstandard analysis, a personal and
mathematical odyssey, with a forward by Benoit B. Mandelbrojt (Princeton
University Press, 1993). These two books present a most valuable documen-
tation of the history and the meaning of the creation of nonstandard analysis.

Since Robinson’s death in 1974, nonstandard analysis has continued to
attract the attention of the mathematical community. Recently, these meth-
ods have been applied, with great success, in probability theory, notably in
the theory of stochastic processes. At regular intervals conferences and
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workshops devoted to nonstandard analysis have been organized. Proceed-
ings of some of them have appeared in print.

For the interested reader we mention here the following publications:
Nonstandard Analysis, Recent Developments, Proceedings of the Second
Victoria Symposium on Non-standard Analysis, edited by A. E. Hurd;
Nonstandard Analysis and Its Applications, Lecture Notes in Mathematics
983 (Springer Verlag, 1983); Proceedings of a Conference and Workshop
held at the University of Hull in 1986, edited by Nigel Cutland, London
Mathematical Society Student Texts 10 (Cambridge University Press, 1988);
and Advances in Analysis, Probability and Mathematical Physics; Contribu-
tions of Nonstandard Analysis, Proceedings of a 1992 International Confer-
ence honoring D. Laugwitz on the Occasion of his Sixtieth Birthday, edited
by S. A. Albeverio, W.A.J. Luxemburg, and M.P.H. Wolff, Mathematics
and its Application Series 314 (Kluwer Academic Publishers, 1995).

In addition, a number of textbooks on nonstandard analysis at various
levels have appeared, each with its own flavor. Nevertheless, paraphrasing
the advice Lagrange is aileged to have given his students about reading
Euler, I conclude by stating, “Read Robinson; he is the master of us all.”

WILHELMUS A. J. LUXEMBURG






PREFACE

Je vois plus que jamais qu'il ne faur
juger de rien sur sa grandeur apparente.
O Dieu! qui avez donné une intelligence
a des substances qui paraissent si
meéprisables, Uinfiniment petit vous
colite autant que U'infiniment grand,
VOLTAIRE, Micromégas

In the fall of 1960 it occurred to me that the concepts and methods of
contemporary Mathematical Logic are capable of providing a suitable
framework for the development of the Differential and Integral Calculus
by means of infinitely small and infinitely large numbers. [ first reported
my ideas in a seminar talk at Princeton University (November 1960} and,
later, in an address at the annual meeting of the Association for Symbolic
Logic (January 1961) and in a paper published in the Proceedings of the
Royal Academy of Sciences of Amsterdam (roBinsoN [1961]). The re-
sulting subject was called by me Non-standard Analysis since it involves
and was, in part, inspired by the so-called Non-standard models of
Arithmetic whose existence was first pointed out by T. Skolem.

In the intervening years, Non-standard Analysis has developed con-
siderably in several directions. Since many of the results have been
reported so far only in courses or lectures, and in mimeographed reports,
it was thought that a book dedicated entirely to this subject would be
in order.

Over the years, my thinking in this area has been enlivened by dis-
cussions with several colleagues, among whom 1 venture to mention here
R. Arens, C. C. Chang, A. Erdelyi, A. Horn, G. Kreisel, I. Lakatos, and
J. B. Rosser. Special thanks are due to W. A. J. Luxemburg, whose lectures
and lecture potes on Non-standard Analysis have done much to make
the subject known among mathematicians,
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[ acknowledge with thanks the support received from the National
Science Foundation (Grants GP-1812 and GP-4038) in connection with
much of the research incorporated in the present book. [ also wish to
mention that Chapter vi is based on research sponsored in part by the
Air Force Office of Scientific Research and published previously in report
form (ROBINSON [1962]). Finally, I wish to put on record my indebtedness
to M. Machover who read the book at the proof stage and suggested
various improvements.

ABRAHAM ROBINSON

Universiry of California, Los Angeles
April, 1965



PREFACE TO THE SECOND EDITION

Seven years have passed since the publication of the first edition of this
book and almost twice as long since the inception of its subject. The fact
that a new edition has become necessary indicates that the ideas described
here attracted a measure of attention. The least that can be said is that
the intrinsic interest of the subject and its historical relevance are, by
now, widely appreciated. Beyond this, numerous articles in the recent
mathematical literature contain applications of non-standard analysis
to contemporary problems in areas as widely apart as algebraic number
theory and mathematical economics. In particular, the interested reader
may wish to consult the proceedings of several symposia in this area
which were held in recent years. They are contained in: Applications of
Model Theory to Algebra, Analysis and Probability, edited by W. A. J.
Luxemburg (Holt, Rinehart and Winston, Toronto 1969); Contribu-
tions to Non-standard Analysis, edited by W. A. J. Luxemburg and A.
Robinson, in: Studies in Logic and the Foundations of Mathematics, Vol. 69
(North-Holland, Amsterdam 1972); and the proceedings of a conference
on Non-standard Analysis which was held in the spring of 1972 at the
University of Victoria, B.C., Canada, to be published in the Lecture Note
series of the Springer-Verlag.

Although the situation may change some day, the non-standard meth-
ods that have been proposed to date are comservative relative to the
commonly accepted principles of mathematics {e.g., the axioms of
Zermelo-Fraenkel, including the axiom of choice). This signifies that a
non-standard proof can always be replaced by a standard one, even though
the latter may be more complicated and less intuitive. Thus, the present
writer holds to the view that the application of non-standard analysis
to a particular mathematical discipline is a matter of choice and that it is
natural for the actual decision of an individual to depend on his early
training.

A more definite opinion has been expressed in a statement which was
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made by Kurt Gddel after a talk that I gave in March 1973 at the In-
stitute for Advanced Study, Princeton. The statement is reproduced here
with Professor Godel’s kind permission.

‘I would like to point out a fact that was not explicitly mentioned by
Professor Robinson, but seems quite imporfant to me; namely that non-
standard analysis frequently simplifies substantially the proofs, not only
of elementary theorems, but also of deep results. This is true, e.g., also
for the proof of the existence of invariant subspaces for compact operators,
disregarding the improvement of the result; and it is true in an even higher
degree in other cases. This state of affairs should prevent a rather com-
mon misinterpretation of non-standard analysis, namely the idea that
it is some kind of extravagance or fad of mathematical logicians. Noth-
ing could be farther from the truth. Rather there are good reasons to
believe that non-standard analysis, in some version or other, will be the
analysis of the future.

One reason is the just mentioned simplification of proofs, since sim-
plification facilitates discovery. Another, even more convincing reason,
is the following: Arithmetic starts with the integers and proceeds by
successively enlarging the number system by rational and negative num-
bers, irrational numbers, etc. But the next quite natural step after the
reals, namely the introduction of infinitesimals, has simply been omitted. |
think, in coming centuries it will be considered a great oddity in the histo-
ry of mathematics that the first exact theory of infinitesimals was devel-
oped 300 years after the invention of the differential calculus. I am in-
clined to beligve that this oddity has something to do with another od-
dity relating to the same span of time, namely the fact that such problems
as Fermat’s, which can be written down in ten symbols of elementary
arithmetic, are still unsolved 300 years after they have been posed. Per-
haps the omission mentioned is largely responsible for the fact that,
compared to the enormous development of abstract mathematics, the
solution of concrete numerical problems was left far behind.’

I am greatly indebted to Peter Winkler for correcting a considerable
number of printing errors which appeared in the first edition of this book
and for closing a gap in the original statement of Theorem 8.1.12, page
206.

Yale University, New Haven ABRAHAM ROBINSON
October 1973
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CHAPTER I

GENERAL INTRODUCTION

1.1 Purpose of this book. Underlying the fundamental notions of the
branch of mathematics known as Analysis is the concept of a limit.
Derivatives and integrals, the sum of an infinite series and the continuity
of a function all are defined in terms of limits. For example, let f{x) be a
real-valued function which is defined for all x in the open interval (0,1) and
let x, be a number which belongs to that interval. Then the real number a
is the derivative of f(x) at x4, in symbols

1.1.1 f’(,\'o)z(d—f> =a
dx/,
if

=Xa

-1 (x°)=a '

1.1.2 130z,
X -XO

Suppose we ask a well-trained mathematician for the meaning of 1.1.2.
Then we may rely on it that, except for inessential variations and termino-
logical differences (such as the use of certain topological notions), his
explanation will be thus:

For any positive number ¢ there exists a positive number é such that

f(x)-f ("‘o)_

x*-‘xo

a|<e

for all x in (0,1) for which 0<|x — x4} <4,

Let us now ask our mathematician whether he would not accept the
following more direct interpretation of 1.1.1 and 1.1.2.

For any x in the interval of definition of f(x) such that dx=x—x, is
infinitely close to 0 but not equatl to 0, the ratio df/dx, where

df =f(x)—f(xo),

is infinitely close to a.
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To this question we may expect the answer that our definition may be
simpler in appearance but unfortunately it is also meaningiess. If we then
try to explatn that two numbers are infinitely close to one another if their
distance (the modulus of their difference) is infinitely small, i.e., smaller
than any positive number, we shall probably be faced with the rejoinder
that this ts possible only if the numbers coincide. And, so we may be told
charitably, this obviously is not what we meant since it wouid make our
explanation trivially wrong.

However, in spite of this shattering rebuttai, the idea of infinitely small
or infinitesimal quantities seems to appeal naturally to our intuition. At
any rate, the use of infinitesimals was widespread during the formative
stages of the Differential and Integral Calculus. As for the objection quoted
above, that the distance between two distinct real numbers cannot be
infinitely small, G. W. Leibniz argued that the theory of infinitesimals
implies the introduction of ideal numbers which might be infinitely small
or infinitely large compared. with the real numbers but which were 1o
possess the same properties as the larter. However, neither he nor his
disciples and successors were able to give a rational development leading
up to a system of this sort. As a result, the theory of infinitesimals gradu-
ally fell into disrepute and was replaced eventually by the classical theory
of limits.

it is shown in this book that Leibniz’ ideas can be fully vindicated and
that they lead to a novel and fruitful approach to classical Analysis and to
many other branches of mathematics. The key to our method is provided
by the detailed analysis of the relation between mathematical languages
and mathematical structures which lies at the bottom of contemporary
model theory.

1.2 Summary of contents. The plan of this book is as follows. In
Chapter 1f we describe the formal tools from mathematical logic which are
required for subsequent developments. Our discussion deals with first and
higher order theories and includes a proof of the finiteness principle
(compactness theorem), which js of central imporiance for our purpose.

In Chapter 111 we detail the basic properties of the mathematical
structures which serve as frameworks for Non-standard Arithmetic and
Non-standard Analysis. We show that these structures provide an ade-
quate foundation for a theory of infinitesimals, and we develop the ele-
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ments of the Differential and Integral Calculus by means of that theory.
Next we introduce first and higher order differentials and give applications
to some simple problems of classical Differential Geometry. Naturally,
these differentials are infinitely small, as they were taken to be, naively, in
the earliest texts on the Calculus published in continental Europe, such as
the Traité des infiniment petits of de I’Hospital. It turns out that after the
removal of some glaring and frequently attacked inconsistencies, the
method used in these texts can be put on a firm foundation.

In Chapter vi we show that the theory of infinitesimals possesses a
generalization which is applicable to (non-metric) topological spaces.
Within this theory, we reformulate various basic notions of Topology. In
particular, we obtain a striking characterization of compact spaces, which
has several applications.

Chapter v deals with functions of a real variable. The Lebesgue measure
is defined in terms of Non-standard Analysis and several standard theorems
are proved within this framework. Next, we discuss the theory of Schwartz
distributions. Qur approach supplies a concrete realization of these
generalized functions and, in particular, provides effective means for the
discussion of the notion of the local value of a distribution.

In Chapter vI, we develop the non-standard theory of functions of a
complex variable. Fields of application considered in detail are (i} the
analytic theory of polynomuials, which deals with the location of zeros of
polynomials in the complex domain, and (ii) the theory of exceptional
values of entire functions, including Picard’s theorems and Julia’s di-
rections. However, it is even more significant that the theory of normal
families is replaced by certain generalized functions provided in a natural
way by our approach.

Chapter vil brings us to the theory of normed linear spaces. The Non-
standard theory of compact operators is developed in several directions,
In particular, it is shown that a linear operator in Hilbert space which has
a compact square, possesses a non-trivial invariant subspace. 1t is note-
worthy that the analysis given here provided the first proof of this result,
which settles a problem raised by K. T. Smith and P. R. Halmos (see
BERNSTEIN and ROBINSON [1966]). Another application of the theory deals
with spectral analysis.

In Chapter viil we consider topological groups and, more particularly,
Lie groups. In our theory, the infinitesimal neighborhood of the unit
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clement of a group actually exists and constitutes a group. This group
realizes the intuitive notion of the infinitesimal group for a given topo-
logical group or Lie group. It can be related to the standard concepts of
the theory.

Chapter 1X contains applications of variational principles to several
mathematical problems within the framework of Non-standard Analysis.
In particular, we give adaptations of a classical proof of Riemann’s
mapping theorem and of the Dirichlet integral method in Potential
Theory. Next we consider several topics from Hydrodynamics, We ex-
pound the basic notions of boundary layer theory by means of infinitesi-
mals, and we give a counterpart of de Saint-Venant’s principle in the
Theory of Elasticity. Finally de Saint-Venant’s principle itself is inter-
preted rationally within the framework of Non-standard Analysis,

The last chapter contains a review of certain stages in the history of the
Differential and Integral Calculus that had to do with the theory of
infinitesimals. The fact that the more recent writers in this field were
convinced that no such theory can be developed effectively, colored their
historical judgment. Thus, a revision has now become necessary.

It is natural to ask whether a non-standard method (in the technical
sense in which the term non-standard is used here, i.e., a method of Non-
standard Analysis) can always be replaced by a standard mathematical
proof. This question presumes that the methods of Mathematical Logic
are set apart from ordinary Mathematics, and we may agree for our
present purposes that the distinction is meaningful in practice. The
answer to the question then is that the method of ultrapowers provides a
ready means for translating a non-standard proof into a standard
mathematical proof in each particular case. However, in the course of
doing so we may complicate the proof considerably, so that frequently
the resulting procedure will be less desirable from a heuristic point of
view. At the same time there may well exist a shorter mathematical proof
which can be obtained independently.

The development of the theory of infinitesimals has very nearly stood
still during the last one hundred and fifty years. During the same period
an enormous amount of effort and ingenuity has been poured into the
classical methods. Nevertheless, we believe to have shown that even at this
late stage non-standard methods can supplement standard methods
effectively, both in throwing new light on old theories and in order to find
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new results. We hope that some of the experts, in the subjects touched
upon in this book or in subjects not touched upon here, will consider the
application of non-standard methods to their field. They may find that in
some cases the appropriate non-standard interpretation of a classical
theory is not discovered without effort, But once it has been found the
subsequent reformutation and development of the theory can be a
rewarding experience.

One might express the hope that some branches of modern Theoretical
Physics, in particular those that are afflicted with divergence problems,
might be treated with profit by Non-standard Analysis. The fact that the
present book contains only applications to classical Applied Mathematics
most probably is a testimony to the limitations of the author and not of
the method.



CHAPTER II

TOOLS FROM LOGIC

2.1 The Lower Predicate Calculus. In this chapter we introduce the
reader to some formalisms whose appreciation is essential for the sequel.
The text is written in such a way that it can be understood by anyone with
a rudimentary knowledge of Mathematical Logic and of the elements of
Abstract Set Theory.

We proceed to describe the language of the Lower, or First Order,
Predicate Calculus. Disregarding variations of minor importance, this
may be said to be the basic formalism of Mathematical Logic.

A first order language L is defined in the following way.

The atomic symbols of L are:

(i} Individual object symbols, or individual constants, usually small
italics, with or without subscripts or primes, such as a,b’, ¢, or occasion-
ally, to conform with common usage, other symbols such as the numerals
0,1,2,... The set of individual constants is arbitrary but fixed (and is
usvally transfinite).

(i} (Individual) variables, x,)’,z,, (ltalics from the end of the alphabet,
with or without subscripts, etc.). Their number is supposed to be infinite
but countable.

(iii) Relation symbols of order a,n> 1, S{ ), R( , , ), where n denotes
the number of places in the parentheses. The set of relation symbols is
arbitrary but fixed and may be transfinite. (Relation symbols of order
n=0 are not required and, for ease of understanding, will be excluded
here.)

{iv) The connectives, 71 {negation), v (disjunction), A {conjunction),
> (implication), = (equivalence).

(v) The quantifiers, (3 ) - existential, and (V ) - universal.

(vi) The brackets, [, and ] .

Atomicformulae are obtained from the atomic symbols by filling the empty
places of relative symbols with either individual constants or variables,
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e.g., S(a), S{x,), R(x.a,y). From these, well-formed formulae (wfT) are
obtained in successive stages, beginning with the atomic formulae, by
applying connectives and quantifiers in the appropriate manner to well-
formed formulae obtained already. At the same time brackets are intro-
duced in such a way that the mode of construction of a well-formed
formula can be determined unambiguously from its form. In more
detail ~

If X is an atomic formula, [ X] is a well-formed formula;if X and Y are
wif, then [1X), [Xv YL [XA Y], [XoY],[X=Y]arewfl;and if Xisa
wif then [(3y) X] and [ (¥y) X] are wif (where y stands for an arbitrary
variable) provided y does not already appear in X under the sign of a
quantifier,i.e., provided X does not already contain {3y} or (¥y). X is said
to be the scope of the quantifier under consideration in {(3y) X Jor [(¥Yy) X ]
and in any wif which is obtained from these by the further (repeated)
application of connectives or quantifiers,

An occurrence of a variable, e.g. y, in a wif X is free if y is not in (3y)
or (Vy) or in their scope in X. The wif X is called a sentence if it
does not contain a free occurrence of a variable, otherwise it is called a
predicate.

It is usual to omit brackets if this does not lead to any ambiguity, or if
any ambiguity which is introduced thereby is irrelevant, Thus, we write
[X, v X, v X;] indiscriminately for [[X,v X,]v X,] and for [X,v
[X; v X3]), since (as we shall see} it is irrelevant which of the two latter
expressions is meant.

We say that the first order language L’ is an extension of the first order
lantguage L if the set of atomic symbols of L is a subset of the set of
atomic symbols of L.

A first order structure, M, consists of a non-empty set of individuals, A,
in which a set P of n-ary relations e.g., S( , , ...) are defined in the
following sense. If S( , ,...,) is an n-ary relation which belongs to P and
(a,,...,a,) is an ordered n-tuple of elements of A4 then it is determinate
whether or not S{a,,...,a,) holds in M. (In set theoretic versions of the
notion of a structure, a relation is actually identified with the set of
n-tuples which hold for it.) For example, we may consider that an
algebraic field is given by its set of individuals and by the three
relations E( , ), S(,, ), P(,, ), where E is binary and S and P are
ternary and where E(a,b) stands for a=5 (equality), and S(a,b,c) and
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P(a,b,c) stand for a+b=c and ab=c (addition and multiplication)
respectively.

2.2 Interpretation. Now let M be a first order structure and let L be a
first order language. Suppose that we are given a one-to-one mapping C
between the set of individuals of M and a subset of the set of individual
constants of L and between the relations of M and a subset of the set of
relation symbols of L in such a way that n-ary relations correspond to
n-ary relation symbols. We shall say that a well-formed formula X of L is
defined in M (with respect to the mapping C) if all the individual constants
and relation symbols which occur in X correspond to individuals and
relations of M under C.

For any sentence X which is defined in M we shall now define what it
signifies that X holds in M or is true in M, or that M is satisfied by X, by
means of the following conditions. If X is defined, but does not hold in M
we shall say also that X is false in M.

(i) Let X={Y] be defined in M where Y is an atomic formula. Thus
Y=R(a,,...,a,) where R is an n-ary relation symbol and a,,...,a, are
individual constants such that Y, under C, R corresponds to a relation R’
in M and ay, ...,a, correspond to individuals a3, ..., a, respectively. Then X
holds in M (under C) by definition, if and only if R (a], ...,a,) holds in M.

(i1) Suppose that the sentence X =[ 71 ¥] is defined in M. Thus, Y also
is defined in M. Then X holds in M if and only if ¥ does not hold in M.
Again, suppose that the sentence X which is defined in M is given by
X=[YvZ] Then X holds in M if and only if at least one of the two
sentences Y or Z holds in M. For the remaining connectives, supposing
the sentence X to be defined in MM, the rules which decide whetherornot X
holds in M are as follows.

If X=[YAZ], X holds in M if and only if both Y and Z hold in M. If
X=[Y>2Z], X holds in M provided Z holds in M, and also if neither Y
nor Z hold in M; X does not hold in M if ¥ holds in M but Z does not
hold in M. If X=[Y=Z], X holds in M if and only if both ¥ and Z hold
in M or neither ¥ nor Z holds in M,

(iii) Suppose now that X has been obtained by existential quanti-
fication. Thus, X is of the form X=[(3y} Z(y)]. Then X holds in M if and
only if there exists an individual constant a such that Z{a) holds in M.
(This implies that @ corresponds to some individual of A under C). We
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have used the notation Z(y),Z (@) in order to indicate that Z{a) is ob-
tained from the scope of (3y) by substituting a for (every occurrence of} y.

If y does not occur in Z the correct interpretation of our rule is that X
holds in M if and only if Z holds in M.

Finally, suppose that X is of the form X=[(¥y}Z())]. Then X holds in
M if for every individual constant @ of L which corresponds to an in-
dividual of M under C, the sentence Z(a) holds in M.

One shows by induction following the construction of a well-formed
formula (or, more concretely, following the number of square brackets in
a formula) that conditions (i), (ii), and (iii) jointly decide unambiguously
for every X which is defined in M whether or not X holds in M, for the
given C. The question whether or not a sentence X holds in a structure A/
depends only on the mapping Cy between the individual constants and
relation symbols which actually occur in X and the appropriate individuals
and relations of M, provided there are enough individual constants and
relation symbols available in L to extend Cy to a mapping C in which all
individuals and relations of A are mapped on corresponding entities in L.
For a given M, we may at any rate extend L to a language L in which this
condition is satisfied. In order to avoid tsivial but tiresome exceptions, we
shall suppose from now on that such an extension of the given language
has been carried out tacitly where necessary. That is to say, when stating
that X holds in a structure M for a one-to-one mapping C between the
individual constants and relation symbols which occur in X and certain
individuals and relations in M, we shall imply that this is the case,
according to our original definition, in an extension ' of L in which Cy
can be extended to a mapping C as above.

Similarty, let X be a set of sentences in a first order language L and let
there be given a oné-to-one mapping C, between the individual constants
and relation symbols that occur in K and individuals and relations of a
(first order) structure M, so that individual constants correspond to
individuals and, for each n2> 1, n-ary relation symbols correspond to n-ary
relations. Then we shall say that K holds in M (is true in M, is satisfied
by M or, that M is a model of K) for the given mapping Cy if in some
extension I of L, Cx can be extended to a mapping C as above, which
ranges over all individuals and relations of M, such that all sentences of X
hold in M under this mapping, in the sense explained previously. Here
again, the answer to the question whether or not X holds in M depends
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only on Cy in the sense that if C=C, and C=C, are two extensions of Cy
which range over all of M then the sentences of X hold in M under C, if
and only if they hold in M under C,.

2.3 Uliraproducts. Let Q={M,} be a set of first order structures,
where v varies over a non-empty index set /. Suppose that the M, are
similar, that is to say that the same relations are defined in all of them.
(Notice that this concept of similarity is very wide. For example, afl
algebraic fields are similar if we take them to be given by the three
relations of equality, addition, and multiplication, as introduced above.
We do not mean that the relations need be the same extensionally, i.e., we
identify, e.g., the relations of addition in different fields although they will
in general be different in the set theoretic sense.) Let D be an ultrafilterin /
(or, which is the same, a maximal dual ideal in the Boolean algebra of
subsets of [). That is to say, D is a set of subsets of / which satisfies the
following conditions.

(i) The empty set does not belong to D, 0¢D.

(it} If AeD and BeD then An BeD.

(iii) If AeD and A = Bc 17 then BeD.

(iv) For any Ac/, either AeD or /— AeD (although, by (i) and (ii) the

sets 4 and /— A4 cannot both belong to D).

By means of Q and D we now define a new first order structure @, called
an wultraproduct as follows. The set of individuals of @, is the set of
functions f(x) defined on 7 and satisfying the condition that f(v)eM, for
every vel. Now let R(x,x;,...,x,} be a relation which is given for the
structures M, (where we have inserted the variables x,...,x, into the
empty places of R for easier reading). Let £,,.... f, be individuals of Q.
Thus, f;=f{x), i=1, ..., n where f(v)eM,, for vel, as detailed. We deter-
mine the relation R in Qp by defining that R(f,, ..., f,) shall hold in O, if
and only if the set {v|R(f((¥), ..., /,(¥}) holds in M.} — i.e., the set of
elements v of 7 for which R(f;(v), ..., /,{(v)} holds in M — is an element of
the ultrafilter D.
This completes the definition of Qp.

2.4 Prenex normal form. A wif X in L is said to be in prenex normal
Jorm if, in the construction of X from atomic formuiae, the quantifiers
(if any) are applied after the connectives (if any) or, which is the same, if
the connectives are in the scope of all quantifiers,
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For the purposes of this and the following section, two sentences X and
Y will be called equivalent if they contain the same individual constants
and relation symbols, and if X =Y holds in all structures in which this
sentence is defined. This will be the case if and only if for any structure M
in which X and Y are defined, and by the same correspondence, either
both X and Y hold in M or neither X nor ¥ holds in M.

2.4.1 TueoreM. For every sentence X, there exists an equivalent sen-
tence X, which is in prenex normal form.

In order to establish this result, we observe that if X is equivalent to ¥
and Y is equivalent to Z according to the above definition, then X is
equivalent to Z, i.e., the (meta-mathematical) relation of equivalence
between sentences is transitive. For a given X, we may therefore find an
equivalent Y by a succession of modifications each Jeading from a given
sentence to an equivalent sentence, The modifications required here are
based on the following facts which can be verified without difficulty by
means of the definitions of section 2.2.

(i} If X contains a wif of the form [Y=Z] and we replace it by
[[Y=>Z]A[Z>Y]] then we obtain a sentence X' which is equivalent
to X, by 2.2(ii).

(ii) If X contains a wif of the form [¥>Z], and we replace it by
[[3¥Y] v Z] then we obtain a sentence X which is equivalent to X, again
by 2.2(ii).

(iii) The sentence Y=[73[Zv W]] is equivalent to Y '={[T1Z]A
[ #]], by 2.2(ii), and the sentence Y=[1[ZA W]] is equivalent to
Y'=[[1Z]v[1#]], by 2.2ii) (these are *de Morgan’s laws’). Hence,
if a sentence X contains a well-formed formula Y=[ 1[Z v W]], and we
replace V' by Y'=[[ 1Z] A [ 1 #]] then we obtain a sentence X~ which is
equivalent to X. And if the sentence X containsa wff Y=[[Z A W]]and
we replace the latter by Y’ =[{ 71Z] v [ 1 #W]] then we obtain a sentence
X’ which is equivalent to X.

(iv) 1f the sentence Y is given by Y=[1[(3»)Z]] then ¥ is equivalent
to Y’ =[(¥y)[ 1Z]], by 2.2(ii) and 2.2(iii), and if Y= 1[(¥»)Z]] then ¥
is equivalent to Y'=[(3y)[ 1 Z]], also by 2.2(ii) and 2.2(iii}. Accordingly,
if in any sentence we replace a well-formed formula [ 1[(Ay)Z]] or
[[(vy)Z]] by [(3M[1Z7] or [(¥y)[ 1Z]] respectively, then we obtain
an equivalent sentence.
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() If X=[[(3y)Z] v W] and if u is a variable that does not occur in X
then X is equivalent to X' =[(3u)[Z v W]] where Z" is obtained from Z
by substituting u for y. Similarly, if X=[W v [(Iy)Z]], then with uand Z’
as before, X is equivalent to X' =[(Ju}[W v Z']]). Similarly statements
hold if the existential quantifiers, (3y), (3u) are replaced by universal
quantifiers, (Vy} and (Yu); or if the connective of disjunction, v, is re-
placed everywhere by the connective of conjunction, A or if both of
these modifications are carried out simultaneously. Finally, if this trans-
formation is carried out for a well-formed formula X which is contained in
a sentence Y, then the result is a sentence ¥’ which is equivalent to Y
provided the new variable x dues not appear in ¥ within a quantifier which
includes X in its scope.

By means of (i} and (ii) we may replace any given sentence X by an
equivalent sentence which contains neither = nor =. For example,

X =) [R(a, II= [N [ v[ED[S(y, 2)]--]

is equivalent to

X, =[[ () [R(a, NIV [ v e v ED[S (. 2)].-].

Next, employing (iii) and (iv), we may transform every sentence X which
does not contain = or o into an equivalent sentence in whose construc-
tion every introduction of the connective of negation precedes the intro-
duction of the connectives of disjunction and conjunction and of the
quantifiers. Thus, continuing the above example, we may replace X, by
the equivalent

X, =@ [ [R(a, y)]1Iv )R] v {3E2) [S(, 2)]... ).
Continuing this operation, we obtain in successive stages the sentences
X3 =[[Gp}[7[R(e, IV [G IOV [E2) [S(, 2)1..),
X=[[E)[[R(a, NV [EHIe WA [TLEDES (3. 2] ]

and

Xs=[[Gy IR @IV EHI[[eOIA L[S (3] ]

The last sentence, X5, has the required form.
Using (v) above we may now maodify the sentence obtained so far so



2.5] THE FINITENESS PRINCIPLE 13

that, finally, all connectives precede all quantifiers in the construction of
the sentence from atomic formulfae. Thus, in the particular example
considered above, X is equivalent to

Xe=[G) [ [R (e, )V [GHVD 2 [2OMIA S0 2] ]

and to

Xo=[@E)[@w) [(vx) [ [R (@ :)]]v [[[Q (W]TA[ S (w. ) ]1130]]

The last sentence, X, is in prenex normal form.,

Observe, that for a given sentence X, the equivalent sentence in prenex
normal form is not unique. This can be shown by means of the above
example. More simply, if X=[[A»{O(N]}A[(¥z})[R(z)}]]] then both
the sentence [(AVI[(V2)[[@(»)]A[R(2)]...] and the sentence [(Vz)
[AVLLQ(»)]ALR(2)]...] are equivalent to X and in prenex normal
form.

Observe that the sentences cannot be obtained from each other merely by
renaming variables.

From now on, we shall permit ourselves to simplify our notation by
omitting

(1) brackets around atomic formulae

(i) the outermost brackets around any wif

{iii) brackets between successive quantifications.

Making use of these rules we may, for example, write the above X|, as

) EW)ED R, W] v {72 A [ (m )]]]

2.5 The Finiteness Principle. In this section we shall prove a central
result of the Lower Predicate Calculus, which is of fundamental impot-
tance for our theory,

A set of sentences will be called consistent if it possesses a model.

2.5.1 FINITENESS PRINCIPLE {COMPACTNESS THEOREM). Let K be a set of
sentences such that every finite subset of K is consistent. Then X is
consistent,

For the proof, we may suppose that all sentences of K are in prenex
normal form. For if this is not the case from the outset we considera set XK,
which is obtained from K by substituting for every sentence X in X an
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equivalent sentence X, which is in prenex normal form. Suppose that every
finite subset of K is consistent and let K be a finite subset of K,,. Then K,
is obtained from a finite subset K’ of X by substituting for every sentence
of K’ an equivalent sentence in prenex normal form. Since X’ is consistent
it possesses a model and this is also a model of Ky, i.e., K also is con-
sistent. Hence, assuming that we have already proved our assertion for X,
we may conclude that K, possesses a model, and this is also a model of K.
Accordingly, we shall suppose from now on that the sentences of X, as
given, are in prenex normal form.

We shall require a mode of interpretation of sentences in prenex normal
form which was conceived by Skolem and Hilbert and developed further
by Herbrand. To introduce it, let us consider the sentence X=(V¥x)
(3¥)}Q(x.») where O (x.y) is a wif. According to 2.2, the assertion that X
holds in a structure M signifies that for every individual constant «,
denoting (i.¢., in correspondence with) an individual of M, there exists an
individual constant 5 such that Q@ (a,b) holds in M. Applying the axiom of
choice, we may select such ab for every g, and we may then say that there
exists a function ¢ {x) {called a Skofem function or funcior} defined on the
individuai constants which denote individuals of A, and taking values in
the same set, such that for every a in the set, Q (a,¢ (2)) holds in M. [n this
expression, ¢ is a function from individual constants (i.¢., entities of the
language L) to individual constants, but we shall permit ourselves to use
the same symbol also in order to denote the function from and to the corre-
sponding individuals. Thus if @ and # denote individuals &4’ and " of M
respectively, and b= ¢ (a), then we write also "= ¢ (a’). The fact that such
a function exists implies, conversely, that the sentence (Yx){(3y)Q (x, »)
holds in M. The expression Q(x,¢(x)), which is outside our formal
language L, is called a (Skolem) open form sentence. By saying that
Q(x.¢(x)) holds in M we mean that Q(a,¢(a)) holds in M for every
individual constant which denotes an individual of M.

in order to exemplify the general case, consider the sentence

2.5.2 (vVx)(I)(¥z}(Qu) (o Yw)(3N O (x, ¥,z u, 0, w, 1)

where @ is a wff without quantifiers. 2.5.2 holds in a structure M if and
only if the open form sentence

253 Q(x,(x), 2, (x,2), x{x, 2), w, 0 (x, 2, W)}
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holds in A for an appropriate choice of the Skolem functions

@ (), ¥ (x, 2), x{x,2),0(x,2,w),
re., if
2.5.4 Q(a, (), b,y (a,b), x{a,b),c,e(a,b,c))

holds in M for all a,h, and ¢ which denote (correspond to) individuals in
M. Here again, the symbols ¢, .0, which are outside the formal
language L will be used both for functions from individual constants
which denote individuals of M to individual constants, and for the func-
tions from the corresponding individuals to the correspondingindividuals.
Note that the Skolem functions correspond to the existential quantifiers
in the given sentence X, and their arguments correspond to the universally
quantified variables which precede the respective existential quantifier
in X. If X begins with an existential quantifier then the corresponding
Skolem function reduces to a constant, 1.e., it takes a single value (in M).

In order to prove 2.5.1. let K be a set of sentences in prenex normal
form such that every finite subset of X is consistent. We shall construct a
model for K in the form of an ultraproduct. The index set / is defined as
the set of all finite subsets of K (so that [ is not empty). In order to agree
with the notation of section 2.3 we shall denote these subsets of X by small
Greek letters, v,u,.... For every vef we select a corresponding structure M,
such that M, is a model of v under some specified mapping C,. Such a
structure exists for every vel, by assumption, but the determination of an
indexed set Q={M,} where v varies over [ involves the axiom of choice
{exceptin the trivial case where { is finite). For every v, C, is a mapping
from the individual constants and relation symbols of the sentences of v
onto corresponding individuals and relations of M,, We may then identify
relations in different M, if they are denoted by the same relation symbols
in K. If, for some v, a relation symbol R of K does not correspond to any
relation in M, (because R does not occur in the sentences of v) then we
define a corresponding relation R’, with the same number of variables,
arbitrarily in M,, e.g., by stipulating that R’ does not hold for any
individuals of M,. In this way we ensure that the structures of Q= {M,}
are all similar, Having chosen Q it remains to select an appropriate ulira-
filter D on I

For every vel, let d, be the set of elements i of f such that vey, vis a
subset of u, and let D, be the set of all these d,, in symbols Dy={d,} ;.
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Then D, has the following properties.

() 8¢D,, D, does not contain the empty set.

For if AeD, then A=d, for some vel and so veA, A4 is not empty.

(ii} If AeD, and BeD, then An BeD,.

Indeed if AeDy, and BeD, then A=d,, B=d, for certain elements v
and ¢ of /. Let o=vU u. Then ¢ is a finite subset of X and hence, is an
element of /. We claim that d,=A4n B. Forifgedn Bthengovand gop
and so gouU v. Thus ged,. While ped, implies ¢>0a, g2 v, ooy, hence
Q€A, ¢eB, geAn B. This shows that An B=d, and so 4 n Bel.

Consider the sets of subsets of / which are extensions of D, and which
satisfy conditions (i) and (ii) above. Among these sets there are maximal
ones, by Zorn's lemma. Let D be one of them. We are going to show that,
in addition to (i) and (ii) above, D possesses also the following properties.

(iii) If AeD and A= B/ then BeD.

For let D'={B|B<! and A< B for some AeD}. Thus, D’ consists of all
subsets of f which contain elements of D as subsets. Hence, D D', Also,
if BeD’ then B+@ since B contains a subset 4 which belongs to D and
hence, is not empty. Finally if Band B’ belong to D’ then B> A4,8'> A’ for
some 4 and 4’ in D. Hence, Bn B’ >An A’, where An A’eD, by (ii)
above. But then Bn B’eD’. This shows that D’ is a set of subsets of 7 which
satisfies conditions (i) and (ii) above. But D is a maximal set of this kind
and so D= D'. Now it follows immediately from the definition of D’ that
if 4eD’ and A<= Bc/ then BeD'. This proves (iti) since D=1D".

(iv) If A=/ then either AeD or I— AeD.

Observe that 4 and 7— 4 cannot both belong to D since their inter-
section is empty. Suppose that, for some 4 I, neither 4 nor /— A4 belongs
to D. Define D, by

D, ={B|B=Cn F where A= Cc1 and FeDy}.

Then D D, for if FeD then B=F for C=1. Also, if BeD, and B'eD,
so that B=Cn F, B'=C'n F' forsome C, F, C', F’ satisfying AcCc |,
FeD, AcC’'cl, F'eD, then Bn B'=(Cn C')n (Fn F') where AcCn C’
<i{and Fn F'eD, so that Bn B' also belongs to D,. Moreover AeD as
we see by taking C= A, F=1in the definition of D,. Thus, D, is a proper
extension of D which satisfies (ii) above. It then follows from the maximum
property of D that D, cannot satisfy (i). Accordingly @D, and there
exists a set F,eD such that 4 n F; =0. Similarly, defining D, by

D,={B{B=Cn F where ] — A<= Ccl and FeD} and arguing as before,
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we find that there exists an F,eD such that (/—A)n F,=0. Now let
Fi=F, 0 F,, so that F.eD. Then

Fy=InFy=(Au(-AInF;=(An FHu((I—An Fy)
=(AN(F n YU (J—AnF,n F)c(An FHu((I—-4)n F,)=0.

But this is impossible, by (i). This proves (iv).

Comparing the conditions (i) to {iv}) in this section with conditions (i)
to (iv) in section 2.3 above, we see that D is an ultrafilter on 1. We are
going to show that the ultraproduct Q,, @={M.,} is a model of K for an
appropriate interpretation Cx of the individual constants and relation
symbols of K. Recall that we have identified the relations in the different
M, which correspond to a given relation symbol Rin K. Thus we consider
that R denotes a relation R" which occurs in all the M,. By the definition
of an ultraproduct R' then occurs also in Q5 and we define that it corre-
spond to R under Cy. As for the interpretation of the individual constants
of K under Cy, we proceed as follows. Let @ be an individual constant
which occurs in K, i.e., which occurs in at least one sentence of K. We
have to determine an element of @, which corresponds to K| i.e., we have
to define an appropriate function f(v} on f such that f{¥)eM,. Now if some
sentence of v contains @ then M, contains an individual @’ which corre-
sponds to @ under C,. We then put f(v)=a'. In the alternative case, if «
does not occur in v, we choose f(v} as an arbitrary element of M,.

Now Jet X be any sentence of K. X is in prenex normal form, by as-
sumption. We shall suppose that it is exemplified by 2.5.2 above. We have
to show that X holds in @, or, equivalently, that the Skolem functions
o (x), ¥ (x,z}, x (x.2), 0 (x,z,w) can be defined in Qpin such a way that 2.5.3
holds tn Q. For this purpose, we may suppose that we have already
chosen appropriate Skolem functions @, ¢, y, ¢ in all the M, for which
Xev, and that these functions have been defined arbitrarily in the re-
matning M, (subject only to the condition that the functional values are in
the same structures M, as the arguments, respectively).

Let £, g, and 4 be any elements of Q. Thus f=f(v), g=¢g(v), h=h(v)
where v ranges over /. We then define A=y ( f,g) by

2.55 k(=9 {f(v),g(v)) forall vel.

Then keQ as required. We define the functions ¢, 7, and g in @, in a
similar way.
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We are now going to show that, with these definitions, the sentence

2.5.6 R(f,0(f)g.(fi9)x(f9).he(fg.h)

{compare 2.5.4) holds in Q. R does not contain any quantifiers. By 2.2.(i)
and 2.2 (ii), the question whether or not 2.5.6 holds in @, is determined
entirely by the zruth values (*holds in @, or ‘does not hold in @} of the
atomic formulae which occur in 2.5.6. Let these atomic formulae be
RSl fi), i=1,..., j where f; stands for one of the individual constants
which occur in X, or for one of £,g,4, or for one of the functional values

G () ¢ (f.2).ete. By the definition of @p. R.( f}..... f;",_) holds in Q if and
only if the set
2.5.7 A;={va,,(f,i(v),f; (v),...,f,z (v)) holds in M, }

belongs to D. Let A;= A4, if A; belongs to D and 4;=7— A, if 4; does not
belong to D and hence /— A4, belongs to D. Then A; belongs to D for
i=1,...,jand so the set 4=41n A5n...Nn A} belongs to D and is not
empty. Also, for every ved, an atomic formula R,( /7, ..., f;) holdsin @y
if and only if R;(f{(v),..../s.(¥)) holds in M,.

On the other hand, let B be the subset of / which is defined by

B={R{S M. (S (g (f (1), 9 ()2 (f ().9(),
k(v), e(f(v), g(v), 2(v))) holds in M,}.

Let A={X}, where we recali that X is the sentence given by 2.5.2, and let
ued,, so that 4 is any finite subset of K which contains X. Then X holds
in M,, and so

R(S (1), 9 (f 0) g o (f (10,6 (0),...,0{f (1} 9 (10, R (1)})

holds in M,

We conclude that u belongs to B and hence that d; is a subset of 8. It
then follows from the definition of D that B belongs to D and hence that
AN Bis not empty. If we now choose any element n of A n B then, by the
definition of A, R;(f,....f{) holdsin Qp if and onlyif R;(f} (). fi(m)
holds in M,, i=1, ...,/ and, by the definition of B,

RS ()@ (f (M) g () (f (), g ()0 (g (n) e ()))

holds in M,. We conclude that R( £,¢(f), g, ¥ (f.€)..... e (f.g.h)) holds
in Qp. and hence, that X holds in Qp, as required.
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Notice that the pioof procedure applies equally if R(x,p,z,u,v,w.1)
contains individual constants, or if X begins with an existential quantifier.
Thus, if @ is an individual constant which occurs in X, and p(v) is the
etement of @}, which is denoted by a, then p(y) is the element of M, which
is denoted by a for all ued, (see above). Accordingly, we are able to show
that X holds in O, under the specified correspondence in all cases. This
completes the proof of Theorem 2.5.1.

2.6 Higher order structures and corresponding !anguages. The axiomatic
systems for many algebraic concepts such as groups or fields are formu-
lated in a natural way within a first order language such as described in
the preceding sections. However, interesting parts of the theory of such a
concept may well extend beyond the resources of a first order language.
Thus, in the theory of groups, statements regarding subgroups, or re-
garding the existence of subgroups of certain types will, in general, involve
quantification with respect to sets of individuals, and this cannot be ex-
pressed within a first order language. 1n other cases, e.g., in the theory of
natural numbers or in the theory of real numbers, some of the axioms
themselves are outside the language of the Lower Predicate Catculus,
Thus, the axiom of induction involves ‘alt properties’ or alternatively ‘all
subsets’ of the natural numbers. The straightforward formulation of this
phrase again requires quantification of sets. The same is true of Dedekind’s
axiom, which involves quantification with respect to Dedekind cuts, i.e.,
ordered pairs of sets (of real numbers). The following framework for
higher order structures and higher order languages copes with these and
similar cases. It is rather straightforward and suitable for our purposes.

Let A be an abstract set of specified cardinal. We consider, in addition
to A, all sets and »-ary relations of 4 (where we may regard sets as singu-
lary relations), all sets of relations, relations between relations and
between individuals and relations, etc. Asin the Lower Predicate Calculus,
we do not introduce symbols for functions since a function y=f(x,,..., x,)
can always be represented by a relation R(x,,...,x,,») such that
R{x,,....,x,,y} holds if and only if p is equali to / (x,,...,x,).

Notice that in the above enumeration of sets and relations we have ex-
cluded ‘abnormal’ entities, such as the sets which contain both individuals
and sets of individuals. More specifically, we shall consider only sets or
relations of definite sype t. Types are entities which are built up in a finite
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number of steps, beginning with an arbitrarily chosen object 0 (which will
be identified with the natural number 0), according to the following rules.

(i) Ois a type.

(i) 1f » is a positive integer and 7,,...,7, are types then the sequence
(1q,...,T,} is a type.

The set of all types will be denoted by 7. Evidently, the number of types
is countable,

We now assign types to all individuals, sets, and relations, which wiil be
included in our considerations (and at the same time exclude the ‘ab-
normal’ entities mentioned above) by means of the following definitions,

The entities of type O are the individuals of 4, and we set 4,=4. We
shall refer to the individuals also as relarions of type 0. An n-ary relation
whose arguments are of type 0, is of type (0,...,0) — where 0 appears
n times —, #2> 1. For any fixed n, the set of these relations will be denoted
by Ao,....0). Suppose that we have already defined the relations of types
T44-+- Ty, {including the possibility t,=0) and let 4., i=1,...,n be the sets of
these relations. We then assign the type 1=(z,,...,7,) to any r-ary relation
whose /th argument varies over relations of type 7;, i=1,...,n. Thus, an
n-ary relation of type t=(7,...,1,) is a subset of the cartesian product
A, xA,x...x A, . The set of these relations will be denoted by A4,, or
alternatively, by (4, ,..., 4, ). Thus, the set A_ itself is of type (t). We adopt
the convention that for each 740 there is a distinct empty relation of
that type. The relations introduced above satisfy the restriction of the
simple theory of types.

Let S be any set. Informally, we may regard a function ¢ (v) from an
index set N={v} into S as a subset of S with repetitions if we count only
the number of times that an element of .S appears as a functional value in
o (v). Or to put it more accurately, we consider functions ¢ (v} as above
and we regard two such functions as equivalent, g (¥) ~¢’ (v'), véN, v'eN'
where N and N’ are any two index sets if there is a one-to-one mapping
from N onto N', v'=¢ (v) such that o (v}=g' (¢ (v)) for all veN. Then a
subset S’ of Swithrepetitions, (write S’ < .8)is, by definition, an equivalence
class with respect to the relation ~ just defined. If ge$ appears as a
functional value of & (v) in any one of the representation of §’ we shall
permit ourselves to write geS’ and say that a is contained in §', and if
every element of S appears in S’ just once we shall write, somewhat
foosely, §'=3S.
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By a higher order structure M we mean any set {B.} which is indexed
in T (in other words, a function which is defined on T) such that for some
non-empty setof individuals 4, every B, is a subset of A, withrepetitions, but
By,=A,=A. (Thus, every element of A4, appears in a function & {v) which
represents B, just once, as explained above). In addition, M ={B_}is sup-
posed to satisfy the following condition. For any type t+0, 1=(1,,...,1,),
if ReB; and the n-tuple (R,,...,R,) satisfies R then ReB, . Thus, every
ReB,, t=(14,...,T,) Which from the set-theoretical point of view is given
by a subset of the cartesian product 4, x 4,, X ... x 4, , coincides with its
restriction to B, x B, x ... x B, . In particular, if 1= (1) so that the ele-
ments of B, are singulary relations, i.e., sets, then our condition states
that all the elements of these sets are contained in B,,.

If, for every type t, B, contains all relations of 4, then we shall say that
M is full. If no B, contains any relation repeatedly (so that the corre-
sponding ¢ (v) takes each value at most once) then we say that the struc-
ture is normal. Putting it loosely, we may say that a structure is full and
normal if B.= A, for all 1.

In order to simplify our language we shall from now on regard in-
dividuals as relations of type Q.

There are various formalisms for the description of higher order
structures. In the classical language of Principia Mathematica, or in the
simpler version given by Hilbert-Ackermann, the notation is chosen so as
to reflect the distinction between individuals and relations. Here we shalt
find it more convenient to adopt a language which, syntactically, belongs
to the family of languages introduced in section 2.2 above. This language,
to be denoted by A, contains a relation symbol &_( ,..., ) for each type
t+0 and if t=(zy,...,7,) then @, is supposed to be (n+ 1)-ary. No other
relation symbols are included in A. Because of their changed interpretation
(see below) we shall refer to the individual object symbols or individual
constants simply as object symbols or constants. In any given situatton, we
shall suppose that a sufficient supply of these is available in our language.

Among the well-formed formula of A4 we distinguish a subclass, whose
elements will be called stratified formulge. For any @ (x,pq.....¥n)
To=(Ty,...,Ty), We call 7; the type of the (i + I)th place of @_, i=0,1,...,n.
Then a wif X’ will be said to be stratified, if any given constant or variable
occurs in X only at places of the same type. Thus, the wif {&,,(x,p)] is
stratified, but (Vx)[1[@(x,x)]] is not stratified. The sentence
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[Bx)[Po)(a.x}]] A [(VX)Po,(x.£)1] is not stratified, according to our
definition. Qur condition of stratification might be relaxed so as to admit
the last formula but this will not be necessary for our purpose.

For a given higher order structure A ={B.}, there is supposed to be
specified a one-to-one mapping C from a set of constants (object symbols)
of A onto the totality of individuals and relations of M {elements of the
various B.). We shail say, as before, that a constant of A denotes (or, is the
name of } the corresponding individual or relation of 4/ under C. Let X be
a stratified sentence which is a bracketed atomic formula, X=[®,
(a,by.....h,)]. We say that Xis admissible in M (under C) if a,b,,...,b,arein
the domain of C and denote relations {or individuals} R, R,....R, in M
such that ReB,, ReB,, i=1,.,.,n. Under these conditions, we say that X
is frue in M or holds in M if {R,,..., R,) satisfies the relation R in M, i.e.,
in the set theoretic approach if the sequence (R,,..., R,) belongs to R. Iif X
is admissible but not true in M then we say that X is false in M.

More generally if X is any stratified sentence then we say that X is ad-
missible in M (under C) if every constant & which occurs in X is mapped
under C on a relation R such that the type of R is also the (joint) type of
the places in which @ occurs in X.

We now consider the set K, of all stratified sentences of A4 which are
admissible in A/ under a given correspondence C. We have altready de-
fined under what conditions a bracketed atomic formula is said to hold in
M. For a sentence X which is obtained by the application of a connective,
we define whether or not X holds in A as in 2.2(ii) above, where we ob-
serve that if X=[71Y] and X is admissible then Y is admissible and if
X={Yu Z],etc., and X is admissible then ¥ and Z are admissible.

Suppose now that X is a stratified sentence of the form X=[(3»}Z],
which is admissible in A/ under C. If y does not occur in Z at all then Z is
a stratified sentence which is admissible in M and we then say that X is
true or false in M accordingly as Z is true or false in M. If Z contains y,
Z=2Z(y), let T be the {joint) type of the places in which y occurs within
(the atomic formulae of ) Z(y). We define that X holds in M if and only if
there is a constant a in A which is mapped by C on a relation R of type tin
M such that Z{a) holds in M. (Notice that at any rate Z(«) is admissible
in M if the type of R is the type of the places of y.) Similarly, if
X=[(Vy)Z] and y does not occur in Z then X is said to hold in M, by
definition if and only if Z holds in M. And if y occurs in Z, Z=Z(y),



2.71 TYPE SYMBOLS 23

then X is said to hold in M, by definition, if and only if Z{a¢) holds in M
for a/l constants a such that the type of the corresponding relation Rin M
1s also the type of the places of y in Z(p).

We see (as in section 2.2) that the decision whether or not a sentence X
is admisstble in M and whether or not X holds in M depends only on the
restriction of the mapping C to the constants of X. Or, putting it in a more
accurate way, suppose we are given a one-to-one mapping Cy from the
constants of a stratified sentence X onto a set of relations (including
individuals) of M such that the type of the place in which any constant
appears in X is also the type of the relation on which i1t is mapped. If then
we extend Cy to a one-to-one correspondence C between constants and
relations whose range consists of all relations of M then X is admissible
in M under C and the question whether or not X holds in M depends only
on Cy and not on the particular choice of the extension C.

Now let K be a set of sentences in A such that (i) the elements of K are
stratified and (ii) for any constant @ which occurs in X, the type of the
places in which a appears is the same throughout X (and wilt be called
the type of a in K). We shall then say that X is stratified.

For a stratified X as described, let C be a one-to-one mapping from the
set of constants which occur in K onto a set of relations in 3 such that
the type of any constant which occurs in X coincides with the type of the
relation on which it is mapped. Supposing that A contains enough
constants (as is usually assumed implicitly) we may then extend Cy to a
mapping C from a set of constants in A to all relations of M (including
individuals, as before) such that all sentences of K are admissible in M
under C. Whether any particular sentence of K holds or does not hold in
M is then again dependent only on Cy.

2.7 Type symbols. Given a language A as in the preceding section, we
extend A to a language A° by adding a set of singularly (one-place)
relation symbols &,( ) where 1 varies over all types. The @, will be called
type symbols.

We map the stratified wif of A on certain wif of 4° by means of a
function X =A{X) which is defined inductively, following the construction
of a wif in A, as follows,

(i} If X is a bracketed atomic formula then A(X)=X.

@iy If X=[Y],A{X)y=[14(M}; if X=[YVvZ],
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AX)=[ANVAD]; f X=[YAZ],AX)=[A(Y)A4(2)], and so on,
for the remaining connectives.

@) If X={3Z], A(X)=[3»)[0.(») A 1{Z)]] where t is the joint
type of the places at which y occursin Z. If y does not occur in Z at all then
we put t=0.

If X=[(¥»)Z], 2(X)=[(v»{O(»)>i(Z)] where, again, 1 is the joint
type of the ptaces at which y occurs in Z, and 1=0if y does not occurin Z
at all.

We might simplify the definition under (iti) by ruling out empty
quantifications.

X, =4i(X) will be called the rype rransferia of X,

Let M be a higher order structure. A first order structure M, will be
associated with M in the foltowing way. The individuals of M, are the
individuals and relations of Af. The refations of M; consist of a set of
singulary relations S,{x) where 1 ranges over the set of types, 7, together
with a set F,(x,y,,...,y,) where t ranges over 7—~ {0} and F, has the same
number of variables as &_. If R is an individual of M; i.e., an individual or
relation of M, then we define that S,(R) holds in M, if and only if t is the
type of Rin M. And if F,is (n+ 1)-ary and t=(r1,,...,7,) and R, R,,..., R,
are individuals of M, then we define that F.(R, R,,..., R,) holds in M, if
and only if 7 is the type of R and t,,...,7, are the types of R,,....R,
respectively, and (Ry,..., R,) satisfies the relation R.

For a given one-to-one mapping C from a set of constants of / onto the
individuals and relations of a higher order structure M, let C’ be the
following mapping from constants and relation symbols of A’ onto the
individuals and relations of the corresponding M,. For the individuals
of M, (which are the individuals and relations of A7), C’ coincides with C.
And as for the relation symbols, &, is mapped on S, for all 7 and @, is
mapped on F, for all types 130,

In these circumstances we are going to prove the following theorem.

2.7.1 THEOREM. Let X be a stratified sentence which is admissible in M
under C. The X holdsin M if and only if X; =A(X} holdsin M, (under C’).

The proof is by induction following the construction of the sentence X.
We assume throughout that X is stratified and admissible in M.
Suppose first that X is a bracketed atomic formula, X =[®,(a.b,,...,b,)]
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where t=(1,...,1,) and where ,b,,....b, denote R, R,,..., R, respectively
under C. In this case, X holds in M if and only if the »#-tuple (R,,...,R,)
satisfies the relation R in M. But ab,,...,b, denote R,R,,...,R, also
under C’, where these relations are now taken as individuals of M,.
Then X holds in M, if and only if F,(R, R,,...,R,) holds in M,, i.e., if and
only if X=[® (a.by,....b,)] holds in M,. But, in the case under consider-
ation, X=X, and so X holds in M if and only if X, holds in M, as
required.

Suppose next that X has been obtained by the application of a connec-
tive. If X=[ 71 Y] then Y also is stratified and admissible in M. Moreover,
X,={1Y,] and so X holds in M if and only if Y does not hold in M :
X, holds in M, if and only if Y, does not hold in M,: and Y holds in M if
and only if Y, holds in M, by the assumption of induction. Combining
these we conclude that X holds in M if and only if X, holds in M,.

If X=[YvZ] then X;=[Y,vZ,]. In this case, ¥ and Z both are
stratified and admissible. Also, if X holds in M, then at least one of the
two sentences Y or Z holds in M and we may suppose without loss of
generality that Y holds in M. Then Y, holds in M, by the assumption of
induction, so X; holds in M. Conversely, if X, holds in M, then we may
suppose that Y, holds in M,. Hence Y holds in M by the assumption of
induction and so X holds in M, as required. Similar procedures apply to
the remaining connectives,

Lastly, suppose that X has been obtained by quantification. If
X=[(3¥)Z] then we distinguish two cases. (i} y does not occur in Z.
In that case X holds in M if and only if Z holds in M, and Z holds in A if
and only if Z, holds in M, by the assumption of induction. Also, since
By=Ay=A is not empty, there exists a constant a such that @,(a) holds
in M, and hence, such that @,(@) A Z, holds in M, if and only if Z, holds
in M,. Hence, if X holds in M then ©,(a)A Z, holds in M, and so
X, =3[0 (A Z,] holds in M,. If X, does not hold in M,, then Z,
cannot hold in M, and so X cannot hold in M. (ii) y occurs in Z, Z=Z ().
In that case, X holds in M provided Z(a) holds in M for some constant a
such that Z(a) is stratified and admissible in M. Hence, by the assumption
of induction i (Z(&)) holds in M,. But i(Z(a)) can also be obtained by
substituting @ in A{Z(y)) and since Z(a) is stratified, @, (a) holds in M,
for the type 1 of the places at which a occurs in Z(a). [t follows that
©.(a) A A(Z(a)), and hence X, =(3y}[O,(¥) A A(Z)] holds in M,. On the
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other hand, if X; holds in M,, then @ (¢) A A(Z(a)) holds in M, forsome a.
Now the fact that ©,(«) holds mn M, shows that Z{a) is stratified and
admissible in M. Accordingly, Z(a) is either true or false in M. [f Z{a)
were false in M then, by the assumption of induction, A(Z{a)) would be
false in M. contrary to assumption. We concludc that 7 () helds in M
and hence that X=[(3y) Z( )] holds in M.

If X=[(¥y}Z ] and y does not occur in Z then X, = (V3)[Oy{y) > 2Z;].
Suppose that X holds in M, then Z holds in M hence, by the assumption of
induction, Z; holds in M,, and so X, holds in M,. Conversely, if X, holds
in M, then @4 (a)>Z, holds in M, for all @ in the domain of . Choosing
an a which denotes an element of 4, = 4 — and there are such @ - we have
that @,(a} holds in M, and may then conclude that Z; holds in M,.
Hence, by the assumption of induction, Z holds in M and, furthermore,
X holds in M.

H X=[(Vy}Z] and y occurs in Z, Z=Z(y), then X,=(v})[@.()) >
A{Z ()] Suppose that X holds in M and let a be any constant in the
domain of C’ (or, which is the same, of ). If & denotes a relation of
type t' %1 then @, {a) does not hold in M; and so @,(a)> A{Z(a)) holds
in M. 1f a denotes a relation of type 1 then Z(a) is stratified and ad-
missible in M since 1 is the type of the places in which @ appcars. Also,
7 (a) holds in 8/ since X holds in M. Hence, by the assumption of in-
duction, A(Z (@)} holds in M, and so @.(a)>/{Z(a)) holds in M,. We
conclude that X, holds in M.

Again, if X=[(Vy)Z]and y occursin Zand X, =(¥})| O, ()= A(Z()}]
holds in M,, let a be any constant which denotes a relation of type t in M.
Then ©,(a) holds in M, and so A(Z(a)) holds in M;. But. by the definition
of type transforms, 7 is the type of the places of yin Z{y) and so Z{(a) is
stratified and admissible in M under (. Hence, by the assumption of -
duction, Z(a) holds in M. Since ¢ was arbitrary subject only to the con-
dition that the relation denoted by a has the type of the places of yin Z{y),
r.e., subject to the condition that Z(a} be admissible in M, we conclude
that [(¥y)Z 1 holds in M. This completes the proof of 2.7.}.

2.8 Finiteness principle for bigher order theories. Let K be a set of
sentences in a language 1 as defined in section 2.6. If there exists a higher
order model M such that for some mapping C as above all sentences of X
are admissible and hold in M, then we say that K is consistent in the sense
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of higher order theory. It will be our main purpose in this section to show
that the finiteness principle, Theorem 2.5.1, is equally true for higher order
theories. This is expressed by the following theorem in which consistency
1s to be interpreted in the sense of higher order theory.

2.8.1 THrOREM. Let K be a set of sentences in a language A as intro-
duced 1n section 2.6 above. Suppose that every finite subset of X is con-
sistent, Then X is consistent,

We prove this theorem by reducing it to 2.5.1. As a first step, we extend
the language A to a language A’ as in section 2.7. We then introduce the
set K, which is obtained from X by replacing the sentences of K by their
type transforms. We claim that K, is consistent in the sense of first order
theory.

Indeed, let H' be any finite subset of K,. Then there is a finite subset
of K, which will be called K’ such that A’ is obtained from K’ by replacing
the sentences of X’ by their type transforms. By 2.5.1 the consistency of X
will be established if we can show that A’ is consistent.

Now, by assumption, K’ is consistent in the sense of higher order
theory and possesses a model M'. Define a corresponding fitst order
structure M; as in section 2.7, then the sentences of A’ hold in M., by
2.7.) and so H’ is consistent, as required, showing that K is consistent.

Moreover, for every H', K’, M’, and M, as considered here, it is not
difficult to verify that M satisfies also the following sentences (2.8.2--2.8.6).

2.8.2 (3Ax) O, (x).
2.8.3 (vx)[ 10, (x)v 10,(x)].
where t and ¢ range over all types such that t+¢.

2.84 (V) (¥ y ). YY) [ @ (%, 1aees V)
= [(‘)‘.(X) A 9:. (yl) A A @t,.(yn)]] 3

where t ranges over all types except 0,t={7,...,T,).

285 (Yx)(¥xy) (V- ) (YX) (VX (04 ) AV [[©, (D
AC XAy ) V) [P (X Vs s 1)
=& (%7, yiven PO 2 [P0y X g0y Xim 1 XL X100 %)
=@ (X, X g X X7 Xy e X)) ]
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where t=(1(,...,7,}, 1;=(0,,...,0,) for some /, | <i<n. These sentences
express conditions of extensionality. They hold in M because of the
condition that the elements R, of an n-tuple (R,,..., R,) which s contained
in a relation of M are all contained in M (i.e., in the appropriate B,).

Finally, if @ is any constant which occurs in X’ and hence in #', M,
satisfies the sentence.

2.8.6 Z,=0,(a)

where 7 is the type of the places at which a occurs in X',

Let H, be the set of all sentences enumerated under 2.8.2-2.8.5 and let
H, be the set of sentences 2.8.6 as a ranges over a/f constants of K. We
claim that the set K, U H, U H_ is consistent.

Indeed, let H be any finite subset of K, U HyU H,. Then H may be
written as #=H,u Hyu H/ where H,, H;, H. are finite and H < K,,
Hg< Hy and H.c H.. We choose a finite subset of K, H, such that the
sentences of H, contain all the constants @ which occur in H,, then the set
H’=H{U H; possesses a model M, as above, and this structure satisfies
the sentences of H, and, a fortiori, of Hj and at the same time satisfies all
sentences Z, for the constants a which occur in A, and in particular, the
sentences of H.. Thus, M; is a model of A, the set A is consistent, and so
the set K, U Hy U H, is consistent, by 2.5.1. Let & be a model of K, U H,
U H_ in the sense of first order theory. From N, we define a higher order
structure M in the following way.

Let A be the set of ail individuals R of N such that Sy (R) holds in .
A is not empty, for the sentence which is given by 2.8.2 asserts precisely
the existence of such an R, and that sentence holds in . For every type 1,
define A, as the set of all relations of type  which can be obtained be-
ginning with A as set of individuals, as in section 2.6, Thus, A,=4,
A o, 1s the set of all subsets of A, 4; o, is the set of all binary relations on 4,
ete. In order to define the higher order structure M = {B,}, we identify the
relations of M, of type , with the individuals of N which satisfy S, in M.
Thus, if R is an individual of A then R is an element of B, if and only if
S, (R) holds in N. This yields, in particular, B, = Ay = 4. To complete our
definition, we still bave to identify the elements of B, with specific elements
of A, for t+0, i.e., with specific set-theoretic relations of type . We do
this by induction on t, following the construction of 7. Thus, let
t=(7(,...,T,) and suppose that we have already identified each of the
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elements of B, ,..., B, with a relation in 4,,..., 4, respectively. Now let
R be any element of B, then we identify R with the relation which is satisfied
just by the a-tuples Ry,..., R, such that ReB, and F,(R,R,,...,R,} holds
in N. This determines the structure M. Observe that by 2.8.3 every R
belongs to not more than one B,. Also, by 2.8.4, an element of B, is always
identified with an element of 4,, although there may well be individuals
of N which do not satisfy any S, and so do not belong to M. Finally, if
R;, R; are elements of B, which have been identified with the same
relation in A, /= 1,...,n, then (R,..., R} and (R],...,R,) satisfy the same
relation Rin B, 1=(1,,...,7,), by 2.8.5.

By construction, N is a model of K, U Hy U H, under some one-to-one
mapping C’ under which &, corresponds to S, for all 7, @, corresponds
to F, for 1+0, and a set of constants which includes the constants of K
corresponds to the individuals of N. We propose to show that 3 is a
model of K in the sense of higher order theory under the mapping C under
which any relation R of M is the image of the same constant as it is
under C’ when regarded as an individual of N. (Since we are now dealing
with a higher order structure it is taken for granted that @, denotes F, for
all +0).

Let J be the set of stratified sentences which are admissible in M under
C. Then J includes K. Indeed, since the sentences of every finite subset of
K are stratified, all sentences of X must be stratified. Also, if a constant @
occurs in a sentence X of X at places of type 7, then Z,=8,(a) holds in ¥,
since Z, belongs to H,. It follows that the relation R which is denoted
by a belongs to B, and so X is admissible in M. This proves the assertion
that K< J. Denoting by J, the set of type transforms of J, we conclude
that K; < J;. In order to prove 2.8.1 it is now sufficient to show that, for
any XeJ, X holds in M if and only if X, holds in N. For, since K, holds
in ¥, we may then conclude that X holds in M, K is consistent.

The interdependence of the structures M and N is not quite the same as
that of the structures M and M, in section 2.7 since N may contain in-
dividuals that do not becoime individuals or relations of M (i.e., those
individuals of N that do not satisfy any S,). However, it is still true that an
individual R of N is a relation of type t in M if and only if S, (R) holds
in ¥. And if R,R,,..., R, are relations of types 1,1,,..., 7, in M which are
denoted by constants a,b,,...,b,, where t=(t,,...,1,), then &,(a,6,,....5,)
holds in M if and only if it holds in N. Using these facts we may prove,
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following the construction of the sentences XeJ that X holds in M if and
only if X, holds in », almost exactly as we proved in 2.7 that a sentence X
which is stratified and admissible in M, holds in M if and only if X, holds
in M,. This completes the proof of 2.8.1.

[t is important to realize that we have been able to prove the finiteness
principle for higher order structures only by means of a deviation from
what might be called the standard explication of that notion. Thus, in the
standard explication, one would expect a/f subsets of the set of individuals
to be present within the structure, and similarly, aff relations, a// relations
between sets, etc. In other words, in a more intuitive interpretation of the
notion of a higher order structure, we would expect the structure to be
Sull. However, as we shall see in the sequel, other higher order structures
also can be of great interest.

Another, less essential, point which should be kept in mind is that
according to our definition a relation in 4, may occur repeatedly in B,.
The same possibility exists for first order structures. If one holds that any
given relation should occur in a structure only ence since it is a purely set
theoretical, extensional, entity, one may modify our notions accordingly.
[t then becomes natural to assume that the mapping C is many-one i.e.,
that an individual or relation in a given structure may have several names.

Finally, we observe that except for notational differences we may
regard a first order structure as a higher order structure M ={B.} in which
the B, are empty unless =0 (for the individuals) or 7=(0,0,...,0) where
0 appears # times, n=1,2,... (for the n-ary relations).

2.9 Enlargements. Let K and X be a set of sentences and a single
sentence, respectively, in a first order language. Then we say that X is
defined in K if every constant or relation symbol which occurs in X occurs
also in K (i.e., in some sentence of K). We say that K is contradictory, or
inconsistent, if X is not consistent and we say that X is deducible from K
it KU {71X} is contradictory, in symbols KFAX.

Similarly, consider a stratified set of senttences X and a stratified sentence
X in a higher order language. Then X is defined in X if atl constants that
occur in X oceur also in K, X is admissible in Kif K U {X} is stratified;
and X is deducible from K if K U { 71X} is stratified and contradictory
(i.¢., not consistent, inconsistent), in symbols K+ X.

Let K be a stratified set of sentences and let 7 be the set of constants
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which occur in K. The type of bl is the type of the places at which 4
occurs within sentences of K. Suppose that the type of & is 1=(r,T,)s0
that & denotes a binary relation (in any interpretation). Let 4, be the set of
all elements g of / such that

2.9.1 Kr@y) @, (b, g,y).

{Thus, in any interpretation. the constants of 4, denote the elements of the
domain of the first argument of the reiation denoted by 5.} b will be called
concurrent if for every finite subset {g,,...,g,} of 4,,

292 K}-(ay) [¢r(b=gl’y)/\¢z(bsy27y)/\ B A(Dr(b»gmy)]'

Let I, be the set of concurrent elements of . For every bel, we select a
distinct constant @, which does not belong to 7~ and we assume as usual
that there are enough constants available in the language for this purpose.
Let [, be the set of all these a,.

For every hefl,. define K, as the set of sentences

2.9.3 ng=¢r(b’g’ab)’

where g ranges over 4,. Let K, be the union of the sets K, as b ranges
over [,. The set H=KU K, will be called the enlargement of K. Evidently
H is unique except for ‘typographical’ variations (different choice of
constants a,).

To continue, we require some auxiliary considerations.

Let J be a set of sentences in a first order language and let G be the set of
individual constants which occur in J. Let 2 be a mapping from G onto a
set of individual constants G, and let J, be obtained by replacing the
individual constants in the sentences of J by their images under D. Under
these conditions we may show that —

2.9.4 Turorem. If J, is consistent then J/ is consistent.

Indeed, since J, is consistent there exists a structure M, which is a
model of J, under a mapping £, under which the set P, of individuals
of M| is the map of a set of constants that include G;. We now define a
structure M in the following way. (i) If @ is an individual of P, which
is not mapped on a constant of G, under £ " then a belongs to the set
of individuals of M, P. (1) If aeP, is mapped on any element &’eG, under
E{', let {a,} be the set of constants which are mapped on @' by D. For
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every a, in that set we then introduce into P a distinct individual a,. P shall
be the totality of individuals defined in one of these two ways. Thus, to
every element b of P corresponds a unigue element a of P,, where & is iden-
tical with @ for an individual @ which is not mapped on &, and 2 is mapped
on the same a'eG, by E7' as a is by D, where b=a,, in the alternative
case, Let this mapping be denoted by E,. In general, E, is many-one.

The relations of M are the same as the relations of M, (but not in the
extensional, set-theoretic sense, see the beginning of section 2.3) and are
defined thus. If R is an n-ary relation in M, and 4,,....b, are elements of P,
let a,,...,a, be the corresponding elements of P, under the mapping £,.
We then define that (b,,....h,) satisfies R in M if and only if (a,,...,a,)
satisfies R in M. This completes the definition of M. We claim that M isa
model of J under a mapping £ which is defined as follows. E coincides
with E, as far as relations are concerned as well as for individuals of M,
which were introduced under (i). For individuals &=a, which were intro-
duced under (ii), these are to be the images by E of the corresponding a;,.

Let £ be a mapping from individual constants to individual constants
which is defined on the domain of £ in the following way. If " is mapped
on & by Eand b is mapped ona by £, and 2’ is mapped on a by E| then &’
shall be the image of &' by F. In other words, Fis the composition of the
mappings E,, E, and £, F=E; 'xEy*E. It will be seen that D is the
restriction of Fto G.

Finduces a mapping from the set of sentences which are defined in M
under £ to the set of sentences which are defined in M, under £,, and we
write X, =F, (X) where X| is obtained from X by replacing the constants
of X by their images under F. Then J, is the image of Junder F,. We claim
that any sentence X which is defined in M, holds in M under E if and only
if F{X) holds in M, under E,. For bracketed atomic sentences,
X=[R(b}....,b,)], this follows immediately from our definition of M
and £ and for all other sentences X which are defined in M under E it can
then be verified by induction following the construction of these sentences
(compare section 2.2). Since M, is a model of J, by assumption, we con-
clude that M is a model of J. This shows that ./ is consistent, as asserted
by 2.9.4.

A corresponding result holds in higher order theory. Thus, if Jis a set of
sentences in higher order theory, and D is a many-one mapping from the
set of constants G which occur in J, onto a set of constants G, and J, is
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defined from J by means of D as before, then if J, is stratified, so is J, and
if J, is consistent, so is J. Accordingly, we shall suppose from now on that
2.8.4 represents the statement of this fact for both first and higher order
theories.

We return to the notion of an enlargement H of a set of sentences X,
H=KU K, where K, is the set of sentences given by 2.9.3.

2.9.5 THeoreM. Let K be a stratified set of sentences. If K is consistent
then its enlargement, H, is consistent as well.

ProoF, By 2.8.1, we only have to show that every finite subset of H is
consistent or, more strongly, that the unton J of K and of any finite subset
Kg of Ko, J=KU Kg, is consistent. Let

K= {¢r. (b1.94 1sab.)s-~-=¢:, (bhgu,aab.) »
¢t; (b2’92 l!ab;))" ')¢:2 (b2!92k;’ab;) ]

¢r,.(bmgnbab,.): evry lp-r,.(bmgnk,,’ab,.)};

where the constants b,,b,,...,b, are distinct. Let M be a model of K.
By 2.9.2 there exist constants a,,...,a, (denoting certain individuals of M)
such that the set of sentences

KI’ = {¢n (bl ’gl l’al)”' '7¢n (blaglkl’al)9
¢q(bz,gzuaz),-~,¢g, (b2992k,sa2) »
¢tn(bn79n1’an)a' “’¢r,, (bmgnk,,’an)}

holds in M. We put J,=KU K{ and apply 2.9.4, where G is the set of
constants which occur in J, G, is the set G y {a,,l,...,a,,”} and is thus the set
of constants which occur J, and the mapping D maps the elements of G on
themselves (reduces to the identity on ) and maps a,, on g;, i=1,...,n.
Since K and K, hold in M simultaneously, J, holds in A and is therefore
consistent. We conclude that J is consistent, proving 2.9.5.

Let B be a set of concurrent elements of I', so that B is a subset of [,
Then the union of the sets K, (see 2.9.3) as b ranges over Bis a subset of K
which will be denoted by K. The set Hg= KU Ky (uniquely determined
by B except for typographical variations) is called the B-enlargement of X.
Evidently, Hyc H, so that H is consistent if K is stratified and consistent.
In particular H; = H.



34 TOOLS FROM LOGIC [2.10

A model M of K will be called a B-maodel of K if for every element b of
B, there exists a constant g such that the set of sentences

2.9.6 Xog=P.(b,g.a)

holds in M as g ranges over 4,. Thus, a model of H; is a B-model of K.
The converse is not true since it is compatible with the notion of a
B-modef that the same (relation denoted by) @ in 2.9.6 serves for different
concurrent h.

2,10 Examples of enlargements, We consider the following examples
of B-enlargements.

2.10.1 Let A be a countable set of individuals. Then there are among the
relations on A ternary relations S and P, both of type (0,0,0) which, as the
relations of addition and multiplication, together turn 4 into the system
of natural numbers. That is to say, both S and P determine lunctions, in
the sense that for any given ¢ and b in A there are unique individuals ¢
and ¢ in A such that the triples (a,b,¢) and (a.b,d) satisfy S and P re-
spectively; and if we write c=a+5, d=ab, then we obtain 4 as {a system
isomorphic to) the system of real numbers. For simplicity, we shall take
the relation of equality in the system to coincide with the relation of
identity of type (0,0). 1t is evident that we can choose the pair of relations
Sand P in many different ways. Suppesing that we have made our choice,
we denote S and P in the formal lunguage by s and p respectively, and we
denote the relation of identity of type (0,0) on A by e.

We define the structure M={B,} by By=4,=4, as usval, by B,= 4,
for 1=(0,0,...,0) - where 0 appears »# times, n=1,2,3,... - and by B,=0
for all other z. Thus, S and P are included in B, o, Although we have
presented M in the notation of higher order structures it contains only
relations on individuals and with some slight conceptual modifications
may therefore be regarded as a first order structure.

For a given one-to-one mapping from a set of constants of a language A
onto the individuals and relations of M - including the mapping of s on .S,
p on P and e on the identity relation of type (0,0) - let K be the set of
stratified sentences of 4 which are admissible in A and hold in M.
Consider the binary relation on 4 which in ordinary mathematical nota-
tion is expressed by x<y, in words ‘y is greater than x'. This relation
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belongs to M since it is included in B, o). Let it be denoted by ¢ (in the
given mapping), so that @, , (¢,x,») means x <y. Then the domain of the
first argument of g (compare 2.9.1) consists of all elements of A4 (i.e., of all
natural numbers). Suppose that ¢,,...,g, denote elements of A (in the
given mapping} then the sentence

X =3[ P0.0,(g:G1,) A+ AD6.0,(4,90))]

is true in M — since it asserts merely that there is a natural number which is
greater than the natural numbers (denoted by) g,,....¢, — and so belongs
to K. But if so then X is certainly deducible from X, i.e., 2.9.2 applies, the
relation symbol g is concurrent for the specified K. Putting B={q}. we
shall call any B-model of K an elementary non-standard model of
Arithmetic.

2.10.2 Let A be a set of individuals of cardinal 2%, let S and P be
ternary relations of type (0,0,0) which as the relations of addition and
multiplication turn A into the field of real numbers. Thus, given @ and b
in A there are unique elements ¢ and 4 of A such that (a,b,c) and (a,b.4)
satisfy S and P respectively and if we write c=a + b, d=ab we now obtain
A as the field of real numbers. We again take the refation of equality in the
field to coincide with the relation of identity on A, to be denoted by ¢ and
define the structure M as in 2.10.1. Introducing K as the set of sentences
which are admissible and hold in M, exactly as before and agatn taking
B={q} where g denotes the relation of order in M, we call any B-model of
K an elementary non-standard model of Analysis.

2.10.3 With A4 as in 2.10.1 and with the same interpretation for the
relation symbols e, s, and p, choose M as a full structure, e.g., suppose
that every relation of A, is represented just once in B, briefly B,= A, for
all 7. (Recall that according to our definition of a higher order structure a
relation of 4, may be represented repeatedly in B,, so that the assumption
that any relation of A, is represented just once in B, constitutes a restric-
tion to a special case. We express this assumption, somewhat loosely, by
B,=4). With B={¢}, ¢ asin 2.10.1, and with K as the set of all sentences
which hold in M and which are formulated in terms of constants for aff
relations of M (individuals, first order and higher order relations) we shali
call any B-model of K a higher order non-standard model of Arithimetic.
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2.10.4 Similarly take 4 of cardinal 2% as in 2.10.2, and suppose that
M={B,} is a full structure, e.g., B,=4, for all 7. Extending the set of
constants used in K (the vocabuiary of K) correspondingly while retaining
the meaning of e,s,p,¢, and B={g}, we call any B-model of K a higher
order non-standard model of Analysis.

In all these cases (2.10.1-2.10.4) the existence of a B-model is guaranteed
by Theorem 2.9.5. It is evident, that if we ignore the higher order relations
in a higher order non-standard modei of Arithmetic (or, of Analysis) we
obtain an elementary non-standard model of Arithmetic (or, of Analysis,
respectively).

2.10.5 Finally, let 4 be a non-empty set of individuals of arbitrary
cardinal, and let M={B,}, be a full structure with set of individuals
A=A, e.g., B,=A, for all 7. For a given one-to-one mapping from a set
of constants of 4 onto the set of relations of M, let K be the set of stratified
sentences which are admissible and hold in M. Also, let B=1, be the set
of all concurrent constants (relation symbols) for the given K. Theorem
2.9.5 shows that there exist higher order structures which are B-models
of K. They will be called enlargements of M.

Let *Af be an enlargement of M and let *4 be its set of individuals, We
propose to show that, in a sense to be made precise, we may regard *4 as
an extension of 4 and *M as an extension of M.

Let a be any element of 4, and suppose that @ is denoted in K by the
constant a'. Since *M is a model of K, a’ denotes an individual or relation
in ¥M, *a say. However, our type restrictions ensure that *a is actually an
individual, i.e., an element of *4. For let b denote an arbitrary relation of
type (0) in M. Then @, (a,b) is stratified and admissible in M and either
Doy (@.5) or V1D, {a,b) holds in M and hence, belongs to K. The fact that
one of these sentences holds in *M then shows that a denotes an element
of *4 in *M, as asserted. The mapping a—+*a from A into *4 which is
obtained in this way must be one-to-one, since different elements of 4 are
denoted by different constants of A4 which in turn denote different
constants of ¥4,

More generalty, let M ={B,} and *M ={*B,}. For any ReB,, let r be the
constant of A which denotes R (in the given mapping) and let *R be
denoted by 7 in the given mapping from constants of 4 to relations of *M.
The postulated type restrictions show again that *R is of the same type
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as R, so that *Re*B,. The correspondence ¢: R—*R now yields a one-to-
one mapping from B, into *B, for all 1 (including =0, the case consider-
ed separately above). Suppose now that ReB,, 1=(7,...,7,) and that
ReB, ., i=1,..,n Let*R, *R,,...,*R, be the corresponding relations in * M
under the mapping ¢ just defined, so that *Re*B, and *Re*B, .
i=1,...,n. Then we claim that the n-tuple (*R,,...,*R,) satisfies *R in *M
ifand only if (R,..., R,} satisfies Rin M. Indeed, suppose that R, R|,..., R,
are denoted by r,ry,...,r,in A, so thatr,r,,....r, denote *R,¥*R ,... . *R in
the other mapping. Then X=@,.(r,r,,...,r,) is a stratified sentence such
X of 71X belongs to K according as {R;,..., R} does or does not satisfy R.
But * is a model of K'so (*R,,...,*R,) satisfies *R if XeX and does not
satisfy *R if 71 XeK. This proves our assertion.

We may regard *M as an extension of M in the special sense that if we
restrict the elements of * B, for all 7 to the images B; of B, under ¢, then
there results a structure M ’={B.} which is isomorphic to M={B;} and
which can therefore be replaced by M. However, it should be observed
that, for =0, the transition from *M ={*8_} to M'={B]} may actually
change the extensional meaning of some *Re*B,. Suppose for example,
that *R is the one place relation of type (0) which is satisfied by the ele-
ments of *4=*B; in *M. Then *R belongs to By, as well as to *B,,,.
Suppose, as may well be the case, that By is a proper subset of *8,. Then
*R, regarded as an element of M is satisfied only by the elements of Bg.
Thus, in carrying out the restriction from *M to M’ we have actually
changed the extensional meaning of *R. Or, to put it more accurately, on
restricting *M to M’ we pass from a relation *R in *M to a corresponding,
but different relation R' in M".

Still considering the enlargements described under 2.10.5, let £ be the
identity relation of type (0,0) on A. According to our conventions, £ may
oceur repeatedly in B, o), but must occur in it at least once. Choosing one
of these occurrences suppose that it is denoted by e in A and that e in turn
denotes the relation *£in *M. Then * £ is a relation of equivalence on the
domain of individuals of *M *A, since the properties of an equivalence
relation on the domain of individuals can be expressed as sentences of K.
For example, the fact that E satisfies the transitive law is expressed by the
sentence

X=(¥x)(Vy)(vz) [[¢(0.0) (e x,¥) A D00y (9,}’,2)] > ¢<0,0)(9»",Z)] -
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Thus, X belongs to K and, accordingly, holds in *M. That is to say, *E
is transitive.

More generally, for any type 7 let £, be the identity relatton on A, so
that E, is of type {r,t). Suppose that a particular occurrence of £, is de-
noted by e, in A while ¢, denotes *£_ in *M. Then *E, is an equivalence
relation on the set of elements of type 7 in *A, *B_. This includes the
previous example as a special case, for £=£,, e=¢,, "E=*E,,

The relations *£, satisfy also certain conditions of substitutivity, as
follows. If T=(1,,....7,), then since e, e,,....,e,, denote relations of iden-
tity on A, A4, ... A, respectively, the sentence

2106 (70X ) A8 )0 (V) [[Prey (X
A ¢(r, ) (er, N '}’,l) A A (ptr,hr,,) (E’r,,-}’m}';.)
> [‘p( (x’y | RRRS 7,}"::) = ¢t (X’?J'.’l oo ’.y:l)]]

holds in M and accordingly, belongs to K. It follows that the sentence
holds also in *M. Thus, if the relations *£ *E_ ,.. *E_, hold between
pairs (R.R'), (R, R))....,(R,. R,}, then the n-tuple(R,....,R,) satisfies R,
if and only if (R],..., R, satisfies R".

For 10, 7=(7,,....7,). the relations *£_also satisfy conditions of ex-
tensionality. Consider the sentence

2.10.7 {(¥x)(¥x') [[(Vy O (Ve [@, (X, 11502 ¥0)
=@ (X" Voo P ]2 P (20x.x)] .

This sentence holds in M and, accordingly, holds also in *M. Thus, the
refations ¥ E, possess the formal properties of identity relations.

For a given type 7, suppose that e, and e; denote different occurrences
of the identity relation on A in M. Let *£, and *E, be the relations de-
noted by e, and e, respectively in ¥Af. Then we claim that *£_and *£]
are co-extensive, i.e., that they are occurrences of the same relation. In-
deed, the following sentence holds in M and *M, as an immediate con-
sequence of 2.10.6.

2108 (YD) [Py (6.0 )2 [P €Ly 0= By (o1, y.90]] -
At the same time, (Y3) D (e.. .y} holds in M and *M, which shows,
together with 2.10.8, that

(V) [Py (603, Y ) 2 By (er, v, ]
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holds in M and *#. Similarly,
(YD) [P lenyy) 2 O g (en,y)]
holds in M and ¥4 and so. finally, does
2.10.9 Y [ @ ey Y IZ P o (e ].

The interpretation of this sentence in *M is that *£ and *£7 are co-
extensive,

For t+0, the fact a sentence @, ,{e..r,') holds in *M implies that the
elements ol B, denoted by r and r' respectively. are co-extensive. Con-
versely, if r and r' denote co-extensive relations in * 3 then 2.10.7 shows
that @ (e, r,#’) holds in *M, ie., that the relation *£ is satisfied by
the pair of relations denoted by r and r’. Thus, *E_ is the relation of
identity on B in the usual sense, provided it is understood that elements
of 8. 1=(r,....,1,) are regarded as co-extensive, if they are satisfied by
the save n-tuples (R,..... R,) such that R, occurs in B, , R, occurs in
Bo.... and R, occurs in B, .

For t=0. there 15 no condition of extensionality, and it is indecd
possible that @, 4, (eg.a.h) holds in *M for distinct constants a and b
which denote distinct individuals in *A=*B,. This cannot happen if
both a and 5 occur already in K; for in that case 719, y(€4.9,5) holds in M
and hence, belongs to K and holds also in *3. However, it may happen if
only one of @ and / or none of these constants occurs in K. Thus, the
equivalence classes into which *A is divided by the equivalence relation
* £, may contain more than one element. If we wish to discard such cases,
we may proceed as follows. We amend *A by deleting in each equivalence
class with respect to *£, all bul one clement. Moreover, if the class in
question contains an individual @ which is denoted by a constant in K -
and as we have seen there can be no more than one such individual - then
we retain a. Let the set of surviving individuals be 4" 50 that 4" is a subset
of *A. The restriction from *A4 to A" induces, in the first place, a mapping
¢ from the m-ary relations of type 1=2{0,0,...,0), »>1 on *4 to corre-
sponding relations on A', where a relation R on A’ is obtained as the
image of a relation *R on *A4 simply by restricting the domains of varia-
tion of the arguments of *R to A", For any t=(0,0,....0) this yields a
mapping from *B, onto a set (with repetitions) B.. of relations on 4", It
may well happen that diffcrent relations on ¥4 are mapped into the same

r
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relation on A4’, but in that case, we shail count the images separately in B_.
Or, to put it in terms of the definition of *B; as an indexed set, if
*B={*R,} where v varies over some index set ¥, then B;={R,} is indexed
in the same set N and R, =¢(*R,) for all veN.

Similarly, we may map the higher order relations based on the set of
individuals *4 by corresponding restrictions on higher order relations
based on A'. This yields, for every type T+0, a mapping of *B, on a set B
such that M’'={B;} is a higher order structure with set of individuals
A’= Bj. Beginning with the sentences of X which are bracketed atomic
formulae, it is now not difficult to verify that M’ is a model of X.

Now let b be concurrent with respect to K, bel,, and suppose for the
sake of simplicity that 5 denotes a relation of type (0,0). By the construc-
tion of *M there exists an individual in *4, denoted by a,, such that the
sentences @, o,(h.8,a,) hold in *M for all ged, (see 2.9.3). By the con-
struction of M’, there exists an individual in A’, denoted by a’ say, such
that @ 5, (€0.a5,2") hold in *M. Then the sentences @ 4, (b.8,a") all
hold in M'. Similar arguments apply for 6 of other types. We may there-
fore conclude that M’ also 1s an enlargement of M.

Previously, we called a structure M ={B.} normal if there are no repe-
titions in any B,. Still dealing with the case 2.10.5, suppose that M is
normal, and consider an enlargement *M of M. The normality of M
entails that the relations of identity £ in M are unique. Let *E, be the
corresponding relations in *M, then the *E, are equivalence relations
which satisfy conditions of substitutivity 2.10.6, and, except for =0, the
condition of extensionality 2.10.7. We divide the (indexed) relations of
Bt into equivalence classes with respect to the corresponding *£,. Let
R,Ry,...,R, be relations of *M which belong to the same equivalence
classes as the relations R, R',..., R,, respectively, Then 2.10.6 shows that
the n-tuple (R,,..., R,} satisfies R if and only if (R},..., R,) satisfies R". It
follows that if we restrict every * B to a set B; by deleting in every equiva-
lence class all relations but one then we obtain a normal structure
M’ ={B,} which satisfies all sentences of X that do not contain any con-
stants. in order to take care also of sentences of X that contain constants,
let r and r’ be two distinct constants which occur in X and denote rela-
tions R and R’ of the same type t in *M/. Then the seatence @, ., (¢,.7,r")
cannot belong to X since ¢, denotes the relation of identity, £, in M. We
conclude that R and R’ belong to different equivalence classes with
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respect to *E,. Thus, on passing from M to M’ we may retain in every
equivalence class just the relation which is denoted by a constant in X, if
such a relation happens to be contained in the equivalence class in question.
With this special provision, M’ becomes a model of K. Moreover, we only
have to repeat a previous argument in order to see that M’ is an en-
largement of M. The relations *E_ are retained in M’ since they are
denoted by constants e, which occur in X, and are now genuine relations
of identity like the E..

If A is countable then any enlargement *M as defined in 2.10.5 may be
reparded as a higher order non-standard model of Arithmetic, for an
appropriate choice of the relations .S and P (see 2.10.3). Thus, there exist
higher order non-standard models of Arithmetic which are normal.
Similarly, if we take 4 in 2.10.5 as a set of cardinal 2% then our construc-
tion shows that there exist higher order non-standard models of Analysis
(see 2.10.4) which are normal. If, in a higher order non-standard model of
Arithmetic (Analysis) we replace all B, for 7 other than any (0,0,...,0) by
the corresponding empty set then we obtain a first order non-standard
model of Arithmetic (Analysis} as defined in 2.10.1 (2.10.2). Thus there
exist first order models of Arithmetic (Analysis) which are normal. How-
ever, although it is now apparent that the notions intreduced in 2.10.1 to
2.10.4 can be subsumed under 2.10.5 we have introduced them separately
because parts of the subsequent theory can be developed on the basis of
2.10.3, 2.10.4 or even on the basis of 2.10.1, 2.10.2, alone.

2.11 General properties of enlargements. Let A/ be the full and normal
structure for a set of individuals 4, and let *Af be a normal enlargement
of M. Let *4 be the set of individuals of *M. In a sense explained previ-
ously, we may regard *Mf as an extension of M (and 4 as a subset of *A4)
by identifying the individuals and relations of A with the individuals and
relations of * M that are denoted by the same constants in K, respectively.
This embedding procedure (injection) preserves extensionality since the
constants e, denote identity in both A and * A,

The notion of concurrency was introduced originally for constants
(i.e., elements of the formal language) with respect to a given set of sen-
tences K. In the present context, when K is the set of sentences satisfied
by M, we shall transfer the notion to the relations of M. Thus, a binary
relation R in M, of type 1=(7,,1,), will be called concurrent, if the con-
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stant & which denotes R is concurrent with respect to K. Or in more
detail, Risconcurrent if the following condition is satisfied. Let R,,.... R,
be any set of relations, all of type t,, such that for some set of relations

{s -, R, the pairs (R,, R}), ..., {R,, R;) satisfy R. Then there exists a
relation S such that the pairs (R, S), {R,,Sh....(R,.S) all satisfy R.

Let M={B }, *M={*B,}, By=A, *B,=*A4, as before. We shall sec
presently that it is, in general, not true that *M is a full structure based
on *A4. Thus, if *4,=%4 and, for t+0, *4, is the set of relations of
type © based on *A4, as explained in section 2.6, then *B_may well be a
proper subset of *4,. We shall say that the relations which belong to *8,
are internal while therelations of * A4, — * B, are external. This terminclogy is
relevant only for z=0 since *4,="*B,, there are no external individuals.
Any internal relation which belongs already to M wili be called a standard
relation, (or standard individual, or standard number, standard point, as
the case may be). Thus a standard relation is a relation which is denoted
by a constant of K.

A function of # vartables will be represented in our formal system by an
{(n+ )-ary relation in which the first # arguments determine the (z+ th
argument uniquely. Thus, if the relation in question is of type

T=(Tls'--»Tn+I)

and denoted by r then it represents a function if the sentence

(¥ (VX 3 D) [ @ oo oy 1) A
¢r (,.)xlv'- ->x,.s}"z)] = CD;' (e;",.. ,,}’p}"z)]

holds in the structure in question, where 7" =(t1,,,,7,.). Note that the
relation in question determines the function together with a specific
domain of definition, which accordingly has to be regarded as part of the
notion. A function will be called a standard function, an internal function,
or an external function, if the relation which determines it is standard, or
internal, or external, respectively.

2.11.1 THEOREM. Let B be a non-empty set of sets in M, of type
t'=((7)), where 7 is arbitrary. Thus B is contained in 8. Let » be the
constant in K which denotes B and let *8 be the standard set which is
denoted by /4 in *M. Suppose that the intersection of every finite subset
of B is non-empty. Then there exist an internal relation £, of type T in *M
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(i.e., in B,) such that every standard set *G which 1s contained in *28
contains f.

ProoF. Observe that any standard set *G, denoted by g in X, 1s con-
tained in *B if and only if the set G in M which is denoted by the same g,
is contained in B. For the sentence @, (4,g) does or does not belong to X
according as G is or is not contained in B. {n the former case, the inter-
pretation of the sentence in * M states that *G belongs to *B. In the latter
case, 1®_.(b,g) belongs to K and this means, for *M, that *G is not con-
tained in *8.

Now let R be the relation of M. of type p={({t},1). and denoted by v,
which (s satisfied by a pair (G, §) if and only if G is of type (z) and is con-
tained in B, and Sis of type 7 and is contained in G. Then the assumptions
of 2.11.1 show that the relation R is concurrent. It follows that there is a
relation Fin *M such that @, (r,g,f) holds in *M for all g which denote
standard set *G in *B, and for the constant f which denotes F. This shows
that Fis contained in all standard sets *G which belong to *B.

Given any refation or function in M, of arbitrary type t=+0, €.g., R, we
shall frequently indicate the corresponding relation in * M, i.e., the relation
which is denoted by the same constant in X, by affixing an asterisk as left
superscript, so — *R. However, in cases when there can be no misunder-
standing we shall omit the asterisk, thus denoting the corresponding
entities by the same symbol, as is in fact done in the formal language A.

Let R be a set (singulary relation) in M, denoted by r in X, then for
every element S of Rin M, *Sisanelement of *Rin *M. For if s denotes S
in X then the fact that @,(r,s) holds in M, for the appropriate t, implies
that it holds also in *M, i.e., that *Sis an element of *R. Similarly, if S is
an individual or relation in M which is not an element of R then *5is not
an element of *R.

We may ask under what conditions the set *R contains in addition to
the standard relation *S considered above also at least onc internal
relation which is not a standard relation (i.e., if ¥R is of type (0), at least
one individual which is not contained in A). The answer to this question is
given by

2.11.2 THEOReEM. The set *R contains an internal relation which is not
a standard relation, if and only if R is inlinitc.
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Indeed, if R is empty then it is easy to see that *R also is empty. If R
contains precisely n elements, # a positive integer, let these be §,,...,5,,
denoted by s,,...,5,in K. Let the type of Sy,..., S, be o so that the type of R
is {g) and let t={(c,0). Then the sentence

2113 (Vx)[ P, (rx)2 [P (en51,%) v Po{e,55,%) v - v D (e,,5,,x)]]

{where ¢, denotes the identity relation on A4,, as usual) holds in M and
hence, belongs to X. It follows that 2.11.3 holds also in *M. But ¢, denotes
a relation of identity also in *M, and so *R cannot possess any elements
other than *§,*S,,...,*S,. This shows that the condition of the theorem
1$ necessary.

Suppose now that R contains an infinite number of elements. Let O be
the binary retation in M which is satisfied by a pair (5,8") if and only if .§
is an element of R and S’ is an element of R which is different from S (or,
to putitin a different way (S, §’) satisfies Q if both § and S’ satisfy R and
S’ is different from S). Then it is not difficult to see that Q is concurrent.
Accordingly, there is a relation F in *M such that (*S, F) satisfies *R for
all standard relations *S in *R. Thus, F is an internal relation which
belangs to *R although it is different from all standard elements of *R. This
proves that the conditton of the theorem is also sufficient.

Now let 4’ be any non-empty subset of the set of individuals 4 on which
the complete structure M is based and let @' be the constant of K which
denotes 4’. From among the n-ary relations of M, of types t=(0,0,....0)—n
zeros,n=1,2,3,... — we select those which hold only for arguments in A’,
i.., set-theoretically, whose n-tuples consist of elements of 4’. Call the
resulting sets of relations A,. More generally, having determined the sets
A, A, for types 1,,...,1,, we define the set 4}, t=(7,,...,7,) as the set
of relations which are satisfied only by #-tuples (R, ..., R,} such that R,
belongs to A, , i=1,...,n. Itis not difficult to see that M'={B,}, B;= A, for
all types 7 is then a full extensional structure with set of individuals B, = A;,.
M’ is taken to be normal, by definition.

Passing to the structure *A, which ts an enlargement of M, let ¥4’ be
the set of individuals of * M/ which is denoted by ¢ in X, in agreement with
the notation introduced previously. From among the n-ary relations of *M
of types t=(0,0,...,0), i.e.. among the elements of *B, we now select those
whose a#-tuples (R,,..., R,) consist of elements of *A’, and we denote the
resulting subsets of the *B, by *B,. This notation would seem to indicate
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that *B’ is an internal set which is denoted by the same constant in X as
B;. Some reflection shows that this is indeed the case, for the defining
property of every such B; can be represented as a sentence of X. In general,
we find that the sets * B, which are denoted by the same constants in X as
the sets B;, respectively, are characterized by the property that if
t=(1,,...,1,) then *B; consists of all relations of *8, which are satisfied
only by n-tuples (R,,..., R,} such that Re*B,, i=1,....,n. We put *M’ =
{*B.} where *M ' shall be normal by construction.

2.11.4 THeorREM. *M’ is an enlargement of M,

PrOOF. Let K’ be the set of sentences of 4 which are admissible and
hold in M, if we use the specified mapping C between the constants K
and the relations of M and if we disregard the remaining relations of M
and the constants denoting them. Let X be any sentence of X’; then we
have to show that X holds in *M . Notice that, in general, X will not hold
in M. For example, if a; denotes 4’ = 4, then (VX)P o, (a5, x) holds in M’
but not in M. Nevertheless we can determine a sentence YeK which ex-
presses the fact that X holds in M’ as a proposition about M. The
procedure by means of which this can be achieved involves the formaliza-
tion of the phrase ‘which belongs to M " in the context of quantification.
Thus, let @, be the constants that denote the sets A, (regarded as elements
of A4;,)) respectively. We then define a mapping g from stratified well-
formed formulae of A into such formulae by means of the following
stipulations.
(i} u(X)= X for (bracketed) atomic formulae;
(i) u(X)="0(X); p (XA Y)=p(X) A u(Y); etc., for the remaining
connectives;
(il)) p(@V)Z)=A[ Py (a09) A p(Z (V)]
#IN Z(N=(V) [Py (@) 2 u(Z ()]
where 7 is the type of the places of y if y occurs in Z and t=0 otherwise.
Considering the set H of all sentences X which are admissible in M’
under the mapping defined above and proceeding by induction following
the construction of a well formed formula, it is now not difficult to show
that any XeH holds in M " if and only if #{X) hoids in M. Now if K’ is the
set of all XeH which hold in M, as introduced above, then X, holds in M
where K is the image of K’ by the mapping y. It follows that X holds also
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in *M. At this point, we show {similarly as before) that a sentence XeH
holdsin *M " if and only if £ (X) holds in *M. From this fact we may then
conclude that X holds in *AM ",

Now let 4 be a concurrent relation symbol with respect to X', Thus, b
denotes a concurrent relation R in M'. The same relation is concurrent
also in M. Moreover, R is satisfied only by pairs (R,, R,} sucht hat R, and
R, belong to sets A4, , 4,, for the appropriate types 1, and 7, and this fact
can be expressed as a sentence X of K. We conclude that there is in *M a
relation S such that * R is satisfied by all pairs (R,, S) in which R, is in the
domain of the first argument of R (i.e., such that for some R,, {R,,R;)
satisfies R). But X belongs to K and so is true in *M. This shows that §
belongs to the appropriate * 8., and so *R is concurrent in *M . We con-
clude that *A’ is an enlargement of M, as asserted. The reader who is
familiar with the method of relativization of quantifiers in the Lower
Predicate Calculus will appreciate its connection with the above procedure.
However, in the present case the situation is complicated by the fact that
there is in M no singie set which consists of the individuals and refations
of M, because of the restrictions of type theory.

Applications of 2.11.4 arise naturally, for example in the following
connection. If M represents the system of real numbers, including the
higher order relations definable on it, then the system of rational numbers,
M’ (including its higher order relations) may be regarded as a partial
structure of M as explained. 2.11.4 now tells us that as we pass to an en-
largement *M of M, M’ is carried into an enfargement *M " of M.

Two structures may be related to one another also in the following
somewhat more general fashion. Let M be a full structure, and let 4" be a
set of relations, of specified type 7, aid denoted by @' in A, A'c 4,. We
regard A’ as the set of individuals of another full structure, M ', and we
obtain M’ similarty as before, by selecting certain subsets of the various
A,. Thus, as the #-ary relations of type (0,0,...,0) in M’ we select the n-ary
relations of type (t,1,...,7) in M which are satisfied only by #-tuples from
A, and we then proceed to select #-ary relations of higher types just as in
the previous case. And if * 4’ is the set of relations of *M which is denoted
by the same constant as A’,a’, then the same procedure, applied to the
elements of * 4’ as the individuals of a new structure, leads to a structure
*M . Theorem 2.11.4 still holds for this more generat definition of M’ and
*A°. This can be shown by the method employed for the proof of the
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origina! theorent except that in passing from a sentence X which refers to
M’ or *M " to the corresponding sentence Y which refers to M or *M ' we
have 10 raise the types which appear as subscripts of the symbol @ accord-
ingtotherule O=zandil vy—>r. i=1.....»n, then(t,,....t,)—= (T, ..., Tp)

I'or example, M may represent the real number system, including rela-
tions of higher order, so that real functions are represented in M by
relutions of type (0.0}. Then the set of relations which represent functions
of class L? on the interval { — oz, co), to be denoted by 4°, may be used as
the sect of individuals in a separable Hilbert space M’ Here again, it is
important to know that as we pass to an enlargement *M of M, M’
is carricd into an enlargement *M* of M.

This completes our exposition of the required logical setting. There is
no single framework for first or higher order theories which is clearly
superior 10 all others and one’s preference may depend on the purpose
that one has in mind or may be even only a matter of taste, Among the
possible minor variations Lo the framework adopted here, we have already
mentioned the ruling out of repetitions among the relations of a structure.
In our terminclogy this amounts to the exclusion of all but normal
structures and in actual fact we may confine ourselves to such structures
from now on. On the contrary, it is also possible to permit repetitions
among the individuals, i.e., to represent the set of individuals of a structure
by a function that varies over some index set. Differing from our approach
more radicaily, one might use axiomatic set theory rather than type theory
for the development of higher order Non-standard Analysis. However, it
will become apparent in due course that our methods are not affected by
such variations.

Recall that we proved the finiteness principle for the Lower Predicate
Calculus (2.5.1) by means of a particular ultraproduct, and we then re-
duced the finiteness principle for higher order theories (2.8.1) to 2.5.1. 1t is
possible to prove 2.8.1 somewhat more directly by the introduction of
ultraproducts of higher order structures. The method of ultraproducts
provides apparently concrete realizations of non-standard models of
Arithmetic and Analysis, and of gencral enlargements, in conformity with
the taste of most contemporary mathematicians. However, as far as the
theory which will be developed in this book is concerned, the fact that, for
any given structure, an enlargement may be assunied ro exist is all that will
be required,
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Our proof of the finiteness principle 2.5.1 involved the use of the axiom
of choice including the use of Zorn’s lemma. There are other proofs of
2.5.1 which employ the maximal ideal theorem for Boolean algebras in-
stead. It follows that any mathematical theorem that will be proved in this
book subsequently, and which does not involve the axiom of choice in
other ways can be proved by means of the maximal ideal theorem for
Boolean algebras alone. This is relevant since it is known that, in the
appropriate axiomatic setting, the maximal ideal theorem for Boolean
algebras is strictly weaker than the axiom of choice {HALPERN [1964]).

2.12 Remarks and references. The finiteness principle of the Lower
Predicate Calculus is due to A. 1. Malcev (MALCEV [1936]). 1t is closely
related to the completeness theorem {GOPEL {1930]) and its generalizations
(for detalls, see ROBINSON [1963]). The name ‘compactness theorem’ was
suggested by A, Tarski (Tarsk1 [1952]).

The notion of an ultrapower was introduced by J. Los {Lo§ [1955]).
The theory of this and of related concepts has been developed further in
several papers {CHANG and MOREL [1958), KOCHEN [196(], KEISLER [1962),
FRAYNE ef al. [1962]). The ultrapower construction overlaps with E. He-
witt’s construction of hyperreal fields (HEWITT [1948], compare GILMAN
and JERISON [1960]).

The extension of completeness (or compactness) arguments to higher
order languages is due to L. Henkin (HENKIN [1950]).



CHAPTER III

DIFFERENTIAL AND INTEGRAL
CALCULUS

3.1 Non-standard Arithmetic. Let *¥ be a higher order non-standard
model of Arithmetic. Thus, ¥V is a mathematical structure which possesses
the following properties:

(i) Every mathematical notion which is meaningful for the system of
Natural Numbers is meaningful also for *&. In particular, addition, multi-
plication, and order are defined for *N.

(i1) Every mathematical statement which is meaningful and true for the
system of Natural Numbers is meaningful and true also for *¥: provided
that we interpret any reference to entities of any given type, e.g., sets, or
relations, or functions, in *¥ not in terms of the totality of entities of that
type, but in terms of a certain subset, called the set of inzernal entities of
that type. For example, if the statement contains a phrase ‘for all sets of
numbers’, we interpret this as ‘for all internal sets of numbers’. Similarly
the phrases ‘there exists a ser of numbers’, ‘there exists a function’, as
‘there exists an internal set’, ‘there exists an internal function’. However,
all tndividuals of *N are internal: the phrase ‘for all numbers’ is inter-
preted in *N as ‘for all individuals of *N°.

(iti) The system of internal entities in *N has the following property.
If Sis an internal set of relations, then all elements of S are internal. More
generally, if Sis an internal n-ary relation, n> 1,and the n-tuple (§,,..., S,)
satisfies (belongs to) § then S,,...,S, all are internal relations.

(iv) *N properly contains the system of natural numbers, ¥; there is an
individual in *¥ which, according to the relation of order defined in N
and *N, is greater than all numbers of N.

See chapter il, in particular 2.10.3, for a more precise, formal, descrip-
tion of the properties of *V. We may, and shall, suppose that *N is
normal so that the constants e,, which denote the relations of identity in &
for the various types 1, denote relations of identity also in *N.

Let K be the set of all stratified sentences which are admissible and hold
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in & as defined formally in chapter 1z and informally in (11) above. [n X,
let ¢ denote the relation of identity for individuals, so that e=e¢,. while ¢
denotes the relation of order and s and p denote the relations of addition
and multiplication, respectively. Thus. the sentences [@, o, (e.a.)],
[26,0(0:2,8)], [P(0.0,0,(5:0.:8,¢)] and [P 4 0y(7,a,b,¢)} have the conven-
tional translations a=h, a<h, a+ h=c, and ah=c_ respectively.

From now on, we shall refer to a/f individuals of *¥ as natural numbers,

[t is not difficult to see that the famibiar faws of Arithmetic which are
true for N are true also for *N. For example, the commutative law of
addition holds in A and this can be formulated as a sentence of XK. o

311 (V) (V¥){(V2) [d’(n,o,n) (5.x.5.2}2 @ 0,0.0) (s,y,.\‘,z)] .

Since any sentence of K holds also in *A it follows that *¥ salislics the
commutative law of addition.

There are many other clementary assertions which can be rrausferred in
this way from N to *N. For example, an argument which is guite simifar
to that just given shows that every number of *N is the sum of the squares
of four numbers of *& (since this is known to be true for V).

At this point one might be tempted (o conclude that all that can be said
about *A is deducible in this fashion, rather trivially, from facts about A.
However, this impression would be mistaken.

q denotes the relation of order in M. Thus, ¢ denotes a relation in N
which is irrcflexive, transitive, and satishes the law of trichotomy (i.e.. for
any two distinct numbers @ and » in N the relation denoted by ¢ holds
cither between a and 5 or between # and a). This can be expressed by
sentence of K and accordingly. is true also in ¥A. Thus, ¢ denotes a rela-
tion of order also in *N. We write a<h. as usual, if ¢ holds between
numbers ¢ and & in *N. The relation of order < in *A is compatible with
the ordinary relation of order in A since, for any numbers @ and / in N,
[@.0,(q.a.0}] holds in *A if and only if it holds in N. Thus, the
numbers of N constitute an ordered subset of the ordered set of numbers
of ¥V,

Moreover, the following statements also arc true for A are expressibie
as sentences of K.

0 1s smaller then all other numbers’.

‘1 is smaller than all other numbers except 07,

2 15 smaller than all other numbers except 0 and 17, and so on.
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Indeed, sentences as required are provided by
312 (¥x)[@0.0)(€.0,0) v D5.0,(4,0,)]
313 (V) [DPo.0,(e.0X) v D o0y {e.1,X) v Pg.0,(4,1,X)]
314 (VX)) [Po.0,(0,0x)V Do 0)(e,1,5) v Pig.0,(€,.2,%) v Dy 0y(8,2,%)}].

and so on, respectively, where 0, {, 2 have the obvious denotation. This
shows that the ordinary natural numbers (numbers of &) constitute an
initiat segment of *#. That is to say, any ordinary natural number
(number of N) is smaller than every natural number {individual of *#)
that is not contained in N. From now on, we shall call all natural numbers
that belong to N finite, while all other natural numbers will be called
infinite. Thus any finite natural number is smaller than any infinite
natural number. The finite natural numbers are the standard natural
numbers according to a general classification introduced previously.

There is no smallest infinite number. For if a is infinite then ¢ # 0, hence
a=b+1 (the corresponding fact being true in N). But & cannot be finite,
for then a would be finite. Hence, there exists an infinite numbers which is
smaller than a.

The function z=|x—y} - ‘z is the absolute value of x — 3" — is defined in
*N as a function of two variables which is denoted in *N by the same
ternary relation as the function z=[x—y| in N. It follows that |x— y! has
the same basic properties in *N as in N. Thus, for any ¢ and b in *N,
la—b| is equal to @ — b if b is smaller than or equal to g and |a—b| is equal
to b—a if a is smaller than 4.

We define a binary relation ~ for the numbers of *¥, by the condition
that a~b if and only if |a—bj is finite. Observe that, by the manner of its
definition, the relation ~ is not necessarily internal, in fact, we shall show
presently that it is external.

[t is not difficult to see that ~ 1s an equivalence relation, i.e., that it is
reflexive, symmetrical and transitive. Moreover, the equivalence classes
determined by this relation are intervals of the ordered set of numbers
of *N. That is to say, if a~b and a<c<b then a~¢ (and hence, c~5). It
is not difficult to see that all finite numbers of *N (i.e., all numbers of N)
constitute an equivalence class with respect to the relation ~. Now let 4
be an infinite natural number, and let D, be the equivalence class of a with
respectto ~. Thenthe numbersa—1,a—2,....a—n,...,na number in N, all
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exist since g is infinite and the numbers a,a+ 1,2+ 2,...,4+#, n 2 number
in N, all belong to D, since |(a + #) —a| =#n1s finite. Moreover, the numbers
just mentioned constitute the entire class D,. Thus, D, possesses the order
type of the integers, which may be written as w* + w (w* the inverse order
type to w). Since the order type of the finite natural numbers is w we then
obtain for the order type of the numbers of *N,

3.1.5 a=w+{w*x+w)d.

In this formula, 8 is the order type of the set of equivalence classes {D,},
a infinite, which are ordered according to the rule that D, < D, if a<b. 1t is
not difficult to see that this definition is independent of our particular
choice of a and b. Thus, suppose that D,=D,, and D,= D, where
a' ~q and b' ~b while |a—b| is infinite. We wish to show that if a<b then
a’<b and vice versa. Suppose on the contrary that a<b but b<a’. (If
a<b then a’=b is excluded by the fact that this would imply @’ ~b. At the
same time, a~a', and so we should draw the conclusion that a~b, con-
trary to assumption). Then a<b<a’ and so b belongs to the interval
between a and ¢'. But we have already accepted the fact that the equiva-
lence classes constitute intervals. Hence, a<b<a’ together with a~a’
implies a~ b, contrary to the assumption that |a—b| is infinite. We con-
clude that a’ < b. Similarly, if a<b then 5" <a would imply that a belongs
to the interval from b’ to &, which is again impossible. This proves that the
definition of the ordering in {D,} is legitimate. Let its order type be 6. The
definition of the product of two order types now leads directly to 3.1.5.

Of any two successive numbers in *#, g and a+ 1, one at least (and at
most) is divisible by 2 (i.e., even). For this statement holds it we write N
for *~N and can be formulated as a sentence of K. We conclude that it
holds also in *N. Thus, either a=24a’ for seme number ¢’ orelsea+ 1 =2¢".
Accordingly, every equivalence class D, contains (many) numbers that are
divisible by 2. We shall make use of this fact in order to show that 8 is
dense without first or last elements. Indeed, let D, be one of our equiva-
lence classes, for infinite 2. We are going to show that there exists an
infinite number 4 such that D, <D, As we have just seen, D, contains
even numbers, so we may assume that @ is itself even, a=2b. b is infinite
for if b were finite @ would be finite. Also, b<a, for 5> 2b only for b=0in
N and this is a fact which can be denoted by a sentence of X and hence, is
true also in *N, Thus, either D,=D, or D, < D,. But D,= D, is possible
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only if |[a— b| =5 is finite, which is not the case. Hence, D, < D, This shows
that 8 does not contain a first element. A similar argument shows that €
does not contain a last element. Now let D, <D, where both a and b are
infinite. As we have seen, we may suppose that both @ and b are even with-
out changing the equivalence classes under consideration. Thus, a=2a’,
b=2b'. Let c=a’ +b’, then we claim that D,<D.<D,. Indeed,
2c—2a=a+b—2a=b—a exists and is infinite by assumption, so
c—a=b'—a exists and is infinite. This proves D,<D, Similarly,
2b—-2¢=2b—(c+by=b—a, so b—c=0b"—a" exists and is infinite. This
shows that D, <D,. It follows that between any two elements of the
ordered set {D,}, a infinite, there is another element of the set. Hence, 8 is
dense. Summing up we have

3.1.6 THeorReM. The order type of *N is of the form

where € is a dense order type without first or last element.

Observe that any prime number in N remains a prime number in *¥
according to the definition that a number a > | is prime if its only divisors
are I and a. It follows that the number of primes in *¥ is infinite. More
strongly, it is true that for every number ae* N there exists a prime number p
which is greater than a. For the statement just written in it is true in N and
can be expressed as a sentence of K. Accordingly, it holds in *&.

It is natural to ask whether every natural number (in *N) can be ex-
pressed as the product of a finite number of powers of primes. If we
understand the word finite here in the absolute sense then this signifies
that the primes that occur in the product are in one-to-one correspondence
with the set of natural numbers which are smalier than a number reN.
With this interpretation of the word finite the answer to our question is
negative. For let {p,} be the sequence of primes in ¥ in ascending order of
magnitude, po=2,p, =3, and so on. For every natural number # define

so that go=2,4,=2-3=6,¢,=2"3-5=30, and so on. Then {g,} may be
regarded as a function which maps the finite natural numbers into the
finite natural numbers and which, accordingly is given by a relation Q of
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type (0,0) in N. The corresponding relation *Q in *N, i.e., the relation of
*N which is denoted by the same constant of K as Q, defines a function
{r,} from the numbers of *N into the numbers of *, such that r, =g, for
all finite n. In N, g, is divisible by the first power of all primes up to p,, by
no higher power of these primes, and by no other prime. The same can
therefore be said of r, within *A. Thus, for infinite », the number of prime
divisors of r, is infinite.

On the other hand, as can be seen by formalization within X, it is stili
true that for every natural number @ in *N other than 0 there exists a
natural number m and a sequence of natural numbers j,, n=0,1,...,m,
such that a is divisible by pj*, n=0,1,...,m, and not by any higher power
of these primes, and not by any other prime.

The following results show that there exists external sets of natural
numbers in *A.

3.1.7 THeoReM. The set of infinite natural numbers is an external set
in *N.

Proor. Let N, be the set of infinite natural numbers. As we have seen,
N, does not possess a smallest element. On the other hand it is true in &
that every non-empty set of natural numbers possesses a smallest element.
This can be expressed as a sentence of X, so

318 (Y [[E9) Doy (. ]2 {AN [P0y (x.0) A [(V2)
[95(0; (x,2)> [‘p(o.o; (e,y,2) v Po,0) (q,y,z)].. ] ,

where we recall that @4 4,(4,»,2) stands for y <z. Since 3.1.8 holds also in
*N, it follows that every non-empty infernal set of natural numbers
possesses a smallest element. This shows that N; cannot be an internal set,
proving the theorem.

3.1.9 THeoreM. The set of finite natural numbers is an exrernal set
in *N,

Proor. the following sentence holds in ¥ and belongs to X.

3.1.10 (V)@ [[ 1D, (x,2)] = S0y (¥,2)].

This sentence states that for every set of type (0) there exists a set which is
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its complement, i.e., which consists of all individuals that are not con-
tained in the former set. Since the sentence belongs to K it must be true
also in *N where we may recall that the interpretation of ‘set’ in *N is
‘internal set’. It follows that if the set of finite natural numbers were an
internal set in *N then the set of infinite natural numbers would be an
internal set in *. But we have seen already that the set of infinite natural
numbers is not an internal set in *~. This proves 3.1.9.

Similarly, we may prove that the relation ~, which was defined earlier
in this section by the condition that a~5 if [a— 5| is finite, is an external
relation in *N. For the sentence

(Yx) @) (V2) [ D 0,0, (x.0,2) = Dy, (3,2)]

holds in ¥ and *N. This shows that if the relation ~ were internal, then
the set of natural numbers z such that 0~z, i.e., the set of finite natural
numbers would be internal, contrary to 3.1.9.

3.2 Non-standard Analysis. Let *R be a higher order non-standard
model of Analysis as explained in 2.10.4, Thus, * R satisfies conditions (i} —
(iv) specified at the beginning of section 3.1, where we have to replace
‘Natural Numbers’ everywhere by ‘Real Numbers’. At the same time, we
have to substitute R and *R for N and *N, where R is the system (higher
order structure) of real numbers, in the ordinary sense. Let X be the set of
stratified sentences which are admissible and hold in R.

* R constitutes an ordered field, for the fact that R constitutes an ordered
field can be expressed by means of sentences of K. From now on, we shall
refer to all individuals of *R as real numbers, reserving the name of
standard real numbers to the individuals of R. In order to simplify our
notation we shall write aeR (or ae*R) in order to indicate that a is a real
number (a standard real number) although strictly speaking R and *R are
not sets of individuals.

* R is non-archimedean since it contains numbers which are greater then
all numbers of R, which constitutes a subfield of *R. Thus, for some
number a in *R,

1<a,1+1<a,. ., 1+1+--+1<a,..., and so on

where we add ! any (finite) number of times to itself. It is now easy to
appreciate the following facts and definitions about *R.
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If we define the absolute value |a| of a number ae*R by la|=a if
a>0 and by [a|= —a if a<0 then |x| may be regarded as a standard
function in *R which is an extension of the corresponding standard
function in R. A real number ac*R will be called finite if there exists a
standard number meR such that |g| <m, while any other number of *R
will be called infinite. The finite numbers constitute a ring in R, which will
be denoted by M,.

A number ae*R will be called infinitesimal or infinitely small if |a| <m
for all positive numbers m in R. By this definition, 0 is infinitesimal. The
set of infinitesimal numbers constitutes a ring M, in *R. M, is a subring
of M,y. More particularly, M, is an ideal in M,,. A number re*R, r+0, is
infinitesimal if and only if #~* is infinite. If @~ & is infinitesimal, then we
say that & is infinitely close to a, and we write a=b.

Consider the quotient ring M,/M,. We claim that it is isomorphic to the
field of standard real numbers.

Let 4 be any equivalence class in M, modulo M,. Then A4 cannot con-
tain two distinct standard real numbers r; and r,. For in that case,
|ry—r;] would not be infinitesimal (not being smaller than the standard
positive real number m=|r, —r,|), which contradicts the assumption that
r,—r, belongs to M,.

On the other hand, 4 must contain at least one standard real number.
For let a be an arbitrary element of 4. If 2 is a standard real number then
we have finished. If @ is not a standard then we divide the standard real
numbers into sets D, and D, where D, contains all standard real numbers
that are smaller than g and D, contains all standard real numbers which
are greater than a. Then D, is not empty since a<|a|<m for some
standard mand D, is not empty since |a| <m implies e > —|a| > —m,for the
same standard m. However, if d,€D, and d,eD,, then d, <d, since d, <a
and a<d,. Thus, the pair (D,D,) constitutes a Dedekind cut. The set
determines a standard real number » which is either the greatest element
of D, or the smallest of D,. We clatm that in either case r belongs to A,
since a—r Is infinitesimal.

Suppose first that 7 is the greatest element of D}, so thata—r<0Q. If a—~»
is not infinitesimal then there exists a positive standard real number & such
that a—r>35. Hence a>r-+318, which shows that the standard real
number ¢+ 14 belongs to D,. But this contradicts the assumption that r is
the greatest element of D, and proves that ¢ —r is infinitesimal in this case.
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Suppose next that # is the smallest element of D,. Then r—a <0 and, if
a—ris not infinitesimal, r—a > é for some standard positive real number &.
Hence r—3d>a, so that r—14 belongs to D,. This contradicts the as-
sumption that r is the smallest element of D, and completes the proof that
a—r is infinitesimal in all cases. It follows that the correspondence
A-r, under which every equivalence class in M, modulo M, is mapped
on the standard real number contained in it, provides the required
isomorphism between My/M, and the field of standard real num-
bers R.

For any finite real number a in *R we call the uniquely determined
standard real number which is infinitely close to @ (7 in the above proof)
the standard part of a, in symbols r=st(a) or, more briefly, r=%z. More-
over, given any real number in * R we call the set of real numbers which are
infinitely close to «, the monad of a4, to be denoted by u (). Thus u{a) is the
equivalence class of « in *R modulo M,, where both *R and M, are
regarded as additive groups. The elements of M,/M,, are the monads
which belong to M,.

Let & be the higher order structure of the natural numbers, regarded as
a partial structure of R in the manner explained in section 2.11, and let *X
be the corresponding structure within *R. If *R is an enlargement of R
then theorem 2.11.3 shows that *N is an enlargement of N. If *R is only
known to be a higher order non-standard model of Analysis then we canstill
show that all sentences of A that hold in & hold also in *. Moreover, we
claim that under the relation of order in *R which is also the relation of
order in *N, there exist individuals in * which are greater than all in-
dividuals of N. Indeed, let ¢ be the constant of X which denotes the order
relation, as before, and let v denote the sets of individuals in N and *N.
Then the sentence,

3.2.1 (3@ [Beo,0) (@, %5} A o, (V)]

holds in R since it states that for every real number x there exists a natural
number y which is greater than x. Accordingly, 3.2.1 holds also in *R.
Now let 2 be a number of * R which is greater than all numbers of R. Such
an a exists since *R is a non-standard model of Analysis. By 3.2.1, as
interpreted in * R, there exists a number b which is an tndividual of *V and
which is greater than  and hence, is greater then all numbers of R and in
particular, is greater than all individuals of & (which constitute a subset of
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the numbers of R). This shows that *N is a non-standard higher-order
model of Arithmetic, so that the results of 3.1 are applicable.

We shall use the symbols N and *N, without danger of confusion, also in
order to denote the sets of individuals of the respective structures. In this
sense N is the set of ardinary, or standard natural numbers while *N is the
set of natural numbers in *R. The numbers of N are the finite natural
numbers, both in the sense of section 3.1 and in the sense introduced
above for the real numbers, while the numbers of *¥ — N are the infinite
natural numbers in both senses.

3.2.2 THeoREM. The set R is an external set in *R.
Forif R were internal in *R, then the intersection of R and of *N, which
1s N, would be an internal set in * R and hence in *N. This contradicts 3.1.9.
We show by the same method -
3.2.3 THeoreM. The set of finite real numbers, M _, is an external set
in *R. So 1s the set of infinite real numbers.
Next we prove —

0?

3.2.4 THEOREM. Let @ be any number in *R. Then u(a) (the set of
numbers which are infinitely close to @) is an external set in *R.

PrOOF. Suppose that p{a) is an internal set for some a. Then the set
to=1blb=c—a,ceu(a)} also 1s internal in *R. y, consists of all numbers
which are infinitely close to 0, i.e., it is the monad of 0. But if p, were
internal, then the set of reciprocals of elements of u, other than 0 also
would be internal. But this is precisely the set of infinite real numbers. This
proves the theorem.

3.3 Convergence. Let {s,}, n=0,1,2,..., be an infinite sequence of real
numbers in the ordinary sense. {s,} is represented in R by some binary
relation F, which in turn is denoted by a constant f within the formal
language A. Since F defines a function from the natural numbers into the
real numbers, the following sentences hold in R.

331 (¥x) [¢(0)(V3X)E [(3}’) ¢(o,0)(f>xs}’)]]
33.2 (Vx)(Vy)(Vz)[[45(0,0)(]’,)(,)))/\ Do,00{fix,2) 12 @4 y(e.3,2)],
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where v denotes the set of natural numbers and e denotes the relation of
tdentity for individuals. as before. The two sentences together state that F
defines a real-valued function whose domain is the set of natural numbers.
Reinterpreted in * R, the same sentences state that the relation * F (which is
denoted by fin A) defines a real-valued function in the sense of *R whose
domain is the set of natural numbers *N. We may regard this function also
as a sequence. {s,}, where n varies over all natural numbers in *N. Now
any finite natural number » determines the corresponding s=s, uniquely
so that @ o,(f,n,5) in both R and *R. 1t follows that s, =s, for all finite ».
Thus, it cannot give rise to any misunderstandingif we denote the sequence
determined by fin *R by {s,} rather than by {s;}. The sequence {s,} in R
then is the restriction of the sequence {s,} in *R to the finite natural
numbers . We observe that this ambiguity in the case of the symbol {s,}
conforms to common usage in the theory of functions where, for example,
sin x may first be defined for real arguments x only, but the same symbol is
retained after the definition is extended to complex values of the argument.
If necessary, we shall use the phrases ‘in R or ‘in ¥R’ in order to indicate
whether the original sequence {s,} is intended, or its extension to *R.

3.3.3 THeoreM. la order that a sequence {s,} in R be bounded in R,
itis necessary and sufficient that the elements of {s,} in *R are all finite.

ProoF. Suppose that {s,} is bounded in R. Thus, there exists a standard
real number »1 such that Is,| <m for 2ll neN. 1t follows that if {s,} is re-
presented in R by a binary relation £, which in turn is denoted by a
constant f/'in A, as above, then the sentence

3.34 (Vx}(¥y)(¥z) [[@(0,0)(faxs}’) A ¢(0.0) (as}'sz)] > P0,0) (Q:Zsm)]

holds in R, where &, 4,(a,p,2) stands for ‘z is the absolute value of "
and ¢ and f have their previous meanings. But 3.3.4 belongs to K and so,
hotds also in *R. Hence |s,} < m for all natural numbers #, finite or infinite.
This proves that the condition of the theorem is necessary.

The condition of the theorem is also sufficient. For suppose that it is
satisfied. Then the following sentence holds in *R, for any positive infinite
real number .

3.35 (Vx) (¥y)(¥2) [[‘p(o,c)) (f.x.y)A D0,0) (U»J’,Z)] 2D 5,0y (q,z,r)] .
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We conclude by existential quantification that the sentence

336 X=Aw)(¥x)(¥))(¥2)
[[‘p(o.o) (fx, ) A ‘p(o,O) (a,y,z)] = ¢(0,0) (q,Z,W)]

also holds in *R. While 3.3.5 is not admissible in R since the constant r
does not have any interpretation in R, the sentence X, which is given by
3.3.6 is admissible in R. Hence, if X did not hold in R, then 71X would
hold in R, and would belong to X and thus, would hold also in *&. This
contradicts the conclusion just reached that X holds in * R and shows that
X holds also in R. Accordingly, there exists a number m in R such that
|s,} <m for all natural numbers in N. This completes the proof of 3.3.3.

In the proof we have made use of the general principle that if X is ad-
missible in R and holds in *R then X holds also in R. For if not, then 71X
is admissible and holds in R and hence, holds also in *R, contrary to
assumption, The same argument wiil be applied repeatedly in the sequel.

The realization that certain statements can be formulated within the
language A and in terms of the vocabulary of K constitutes an important
element in our proof procedure. However, it would be quite impracticable
actually to write down the formalized sentences in each case. Generally
speaking the possibility of such a formulation is of paramount importance
while the details are likely to be irrelevant. Accordingly, it will usually be
sufficient to state that the formalization in question is possible, without
carrying it out in practice. On occasion, a semi-formal notation may be
helpful. For example, in place of X in 3.3.6 we may write

AW )N [[y=s.Az=y]oz<w]

or even more briefly,
@Aw)(Vx)[Is,] <w].

3.3.7 TueoreM. Let {s,} be a standard infinite sequence and let s be a
standard real number. Then s is the limit of {s,} within R, lim,, s,=sin
the classical sense if and only if 5,25 (i.e., s, is infinitely close to s) for all
infinite subscripts ».

PrOOF. Suppose lim,_ . 5,=ysin the classical sense. Then we have to show
that 5, — s is infinitesimal for all infinite #. That is to say, for any standard
&¢>0 and for any infinite natural number » we have to prove |s,—s| <e.
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Now we know that for any given £>01n R there exists a natural number v
in N such that
Is,—s| <& for n>v,neN.

Thus, it is true in R that
338 (Vx)[{xeN Ax>v]o|s,—s|<e.

But 3.3.8 can be expressed as a sentence of X and hence, is true also in *R.
Since any infinite natural number is greater than v we deduce that
[s,—s| <e¢ for all infinite #. This shows that the condition of the theorem
is necessary.

To see that the condition is also sufficient suppose that it is satisfied and
let ¢ be any standard positive real number. Then for any infinite natural v,
|s, —s} <& for n>v since {s,—s} is then even infinitesimal. It follows that
3.3.8 holds in *R. As it stands, 3.3.8 cannot now be formulated within the
vocabulary of X since v is not in R. However,

3.3.9 Aw)(Yx)}[[xeN A x>w]> s, ~s| <é]

no longer contains v, and holds in *R. A corresponding formal sentence
can be expressed in the vocabulary of X. Accordingly, 3.3.9 helds also in
R, for some natural number v in R, |s,—s| <& for n>v. This completes the
proof of 3.3.7.

From 3,3.7 it is easy to deduce some standard theorems on limits in R.
For example, if lim,_, .5, =s, lim,_, ,7,=¢, then s,=s, t,=¢ for all infinite
n, by 3.3.7. Hence, s, +1,=s+1, lim,. , (5,+1,) =5+

Let {5,} be a standard infinite sequence. A standard real number s is by
definition a fimit point of {s,} in R if for every standard £> 0 and for every
finite natural number v there exists a finite natural number » > v such that
|s,— s} <e&. Thus, if 5 is a limit point of {s,} in R then the following semi-
formalized statement is true in R.

33.10 (Vx}(VP)[[x>0A yeN]=2[(@E2)[zeN az>yp als,—sl<x]]].

But 3.3.10 can be expressed in the vocabulary of K and, accordingly, holds
also in *R, Hence, if we take x=¢, where ¢ is positive and infinitesimal,
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and y=v, where v is an infinite natural number, then
3.3.11 (3z)[zeN az>vAls,—s| <&}

holds in *R. This shows that |s, — ] <& holds in *R for some infinite »,
and proves one half of the following theorem.

3.3.12 THEOREM. Let {s,} be a standard infinite sequence. Then the set
of limit points of {s,} in R is given by S’ ={%,} where n varies over the
infinite natural numbers for which s, is finite (and hence, possesses a
standard part, %s,).

PrOOF. We have just shown thatif s is a limit point of {s,} then s, ~s for
some infinite # and so s= %,, seS5". Conversely, if s = °s,, where nisinfinite,
then |5, - s is infinitesimal. Let £>0, ¢ standard and let veN. Then there
exists a natural number z (i.e., the number = =n) which is greater than v
and such that s, —s| <&. Thus, 3.3.11 is true in *R and hence, belongs to K
and is true also in R. This shows that s is a limit point of {s,} in R and
completes the proof of 3.3.12.

In particular, if the standard sequence {s,} is bounded in £, then all s,,
are finite in *R, by 3.3.3. It follows that the standard parts s, exist for all
infinite # and hence, that the set S’ is not empty. This proves

3.3.13 Theorem (Bolzano—Weierstrass). A bounded infinite sequence
possesses at least one limit point.

Let {5,.}, n=0,1,2,..., m=0,1,2,..., be a double sequence in R. {s,,.}
may be regarded as a function defined on ¥ x ¥ and taking values in R.
It is given by a three place relation, F, such that (n,n,5) satisfies F if and
only if s=s,,. The corresponding relation *F in *R defines a function
from *N x *N into *R, which coincides with {s,,} on N x N. Accordingly,
we denote it also by {s,,}.

By definition, a standard number s is the (double} limit of {s,,} in R,
in symbols

lim s,,=s

h—ow0
m~ 0

if for any standard ¢> 0 there exists a finite natural number v such that
|5, — 5| < e for all finite natural n and m greater than v.
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The method used in the proof of 3.3.7 leads to

3.3.14 THeoRem. Let {s,,} be a standard double sequence and let s be
a standard real number. Then
fim s,,,=s

H=x
m— ol

in R if and only if s,,~s for all infinite # and m.
In particular, we note

3.3.15 CoroLLarY. Let {s,,} be standard. Then

lim s,,=0
H=*0
m— o

in Rif and only if s, is infinitesimal for all infinite » and ».
Cauchy’s necessary and sufficient condition for convergence in the
classical case (i.e., in R) states

3.3.16 THEOREM. A sequence {s,} converges if and only if

lim (s,—s5,,)=0.

By 3.3.15, this is equivalent to

3.3.17 THEOREM. A standard sequence {s,} converges (possesses a
limit) in R if and only if 5,~s,, for all infinite # and m.

Proor. of 3.3.17. Suppose that the standard sequence {s,} converges to
the standard real number s in R. Then, for any infinite n and 1, we have,
by 3.3.7, 5,~s and s,,~s. This shows that 5,~5,, as asserted, and proves
that the condition of the theorem is necessary.

Suppose now that s, ~ s, for all infinite # and m, and let w be any infinite
natural number. We claim that s, is finite.

Suppose on the contrary that s, is infinite. Define a set of natural
numbers 4 by

A={n{ls,—s,)<1}.
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A is an internal set. For it is true in R that ‘for every natural number x
there exists a set of natural numbers y such that a natural number z is
contained in y if and only if |s,—s,|<1’. The statement just given in
quotation marks can be formulated as a sentence of X and, accordingly, is
true also in *R, Specializing the statement by taking w for x, we obtain 4
for y.

A contains all infinite natural numbers for if # is infinite, |s,—s,| is even
infinitesimal. On the other hand, |5, | = {s, — 5,) + 5,| < |5, —5,| + |5,] 50 that,
for s,e4, |s,| < 1+s,|. But s, is standard and hence fintte for finite # while
s,, 1s infinite. This shows that 4 does not contain any finite ¥, 4 coincides
with the set of infinite natural numbers. But this set is an external set (see
3.1.7) a contradiction which shows that s, is finite. This being the case,
s, possesses a finite part s="s,. Then s~s, and more generally s=~s, for
any infinite # since s, 2~s,. This shows that s is the limit of {s,}, by 3.3.7
and completes the proof of 3.3.17.

Observe that the proof of the last theoremisindependent of the accepted
{‘standard’) definition of the limit of a sequence. We may if we wish define
lim,_ . s,=s by the condition that s, ~s for all infinite » and we may then
proceed directly to the development of the theory of convergence of
infinite sequences.

Arguments similar to some of those used in the proof of 3.3.17 lead to
the following results which apply to internal (and not only to standard}
infinite sequences.

3.3.18 Tueorem. Let {s,} be aninternal sequence of real numbers such
that [s,| < m for all finite n, where m is some fixed number in * R. Then there
exists an infinite natural number v such that |s,| <m for all n<v,

Proor. If |s,| <m for a@ll n, finite or infinite, then we may take for v any
infinite natural number, If there is an # such that |s,} > m, define a set of
natural numbers 4 by

A={n]|s,|>m}.

Then A is a non-empty internal set of natural numbers. It therefore pos-
sesses a first element, which may serve as the v of the theorem.

3.3.19 Tugorem. Let {s,} be an internal sequence of real numbers such
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that |s,] <m for all infinite n. Then there exists a finite natural number v
such that |s,| <m for all n>v.
Proof omitted.

3.3.20 THEOREM. Let {5,} be an internal sequence such that s, is in-
finitesimal for all finite #, Then there exists an infinite natural number v
such that s, is infinitesimal for all n <y,

Proor. Consider the internal sequence {¢,} where t,=ns,. For all finite »,
|f,| =r|s,| is infinitesimal and so f7,] < 1. Hence, by 3.3.18, there exists an
infinite v such that |¢,| <1 for all infinite #<v. For such #, |5,|<1/n, so
that s, is infinitesimal also for all infinite n<v. This proves the theorem.

3.3.21 TueoreM. Let {5} be an internal infinite sequence which is
finite for all infinite #. Then there exists a finite natural number v such that
s, s finite for all #>v.

Proor. It follows from the assumption of the theorem that the sequence
{1,} which is given by f,=(1/n)s,, n= 1, satisfies {z,| <1 for all infinite . It
follows that |#,} <1 also for ali finite n>v where v s a natural number,
which exists by 3.3.19. For such », [s,| <#, s, is finite.

3.4 Continuity and differentiation. Let f (x) be a real-valued function of
a real variable x in R which is defined in an open interval (a,b), @ and b
standard, a <b. On passing to *R, f(x) is extended to a function which is
defined for all numbers x in *R such that a<x<b. By agreement we
denote this function again by f(x}. (This is in fact the function which is
given by a binary relation in *R that is denoted by the same constant in X
as the binary relation in R that defined the original f{x).)

3.4.1 THEOREM. In order that the standard real number ¢ be the limit
of f(x) in R as x approaches b (from below), lim,.,, f(x}=c, it is necessary
and sufficient that f(x)~c¢ for all x~p, a<x<b.

PrOOF. Suppose that lim,_., f(x)=c in the ordinary sense. Let ¢ be any
standard positive number. Then there exists a standard positive 2 such
that | f(x)—c|<e for |x—b|<h, a<x<b. Now, if x~b then (x—5]| is
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actually infinitesimal, and so |x—b&|<# and |f(x)—c|<e. Since g is
arbitrary positive in R this shows that f{x)=¢, the condition of the
theorem is necessary.

The condition 18 also sufficient. For suppose that it is satisfied and
choose any positive infinitesimal 4. Then the following semi-formalized
statement is true in * R, for arbitrary standard positive &.

34.2 (W) [[Ix—bl<hra<x<b]=>|f (x)—cl<e].
Thus, in *R, it 1s true that

3.4.3 @A y>0a{(vx)[[iIx—bl<yra<x<b]olf (x)—cl<e]]].

But 3.4.3 is admissible in R and, accordingly, must belong to X and must
hold also in R. Since ¢ was standard positive but otherwise arbitrary we
conclude directly from the interpretation of 3.4.3in R that lim, ., f(x)=c.
This completes the proof of 3.4.1.

Corresponding results hold for the limit of f{x) as x tends to @ (from
above) and for the limit of f(x) as x tends to an interior point of the inter-
val (a,b). We state our conclusion for the latter case as a theorem.

3.4.4 THrEOREM. In order that the standard real number ¢ be the limit
of f{x) in R as x approaches x,, x, a standard point (number), a <x, <5,
it is necessary and sufficient that f{x) 2 f(x,) for all x &= x, such that x = x,.
The theorem still holds if /(x) is defined in the interval (a,6) except for
X=Xg.
With f{x) as before, the classical definition of continuity at a point taken
in conjunction with 3.4.4 leads immediately to

34,5 Turorem., The function f{x) is continuous at a standard point
Xo, A<xy<b, if and only if f(x) =~ f{x,) for all x2x,.

This is equivalent to saying that /(x) maps the monad of x, into the
monad of f(xo)-

Suppose now that f(x) is defined also at 5. Then 3.4.1 shows that f(x) is
continuous at b if and only if f{x)=~f(b) for all x=~x, x<b, and a
corresponding statement holds for a. Thus, in these cases also, the part of
the monad of x, =5 (or x,=a) that belongs to the interval of definition of
f(x) is mapped into the monad of f{b) (or of f(a)).
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We are now in a position to prove the intermediate value theorem for
continuous functions (Bolzano-Weierstrass).

3.4.6 THrorem (Standard). Let f{x) be a function which is defined
and continuous in the closed interval ¢ <x <5, and such that f(a)<0,
f(b)}>0. Then there exists a point ¢, a<c¢<h such that f(¢}=0.

The word ‘standard’ is added above in order to indicate that we are
dealing with the standard situation, i.e., with the ordinary real numbers.
We shall make the same insertion also on other occasions when the
circumstances are not specified elsewhere in the text.

ProoF of 3.4.6 Let w be an infinite natural number. Then the sequence
{xo=0,%,,%,,...,x,=b} which is defined by x,=a+{jlw)(h—a) is an
internal sequence in * R, Tndeed, since it is true in R that for every natural
number n, there exists the sequence of numbers {x;}, j=0,...,1,
x;=a+{ j{fw} (b—a), the same must be true in *R. We note that {xg,..., x,
is a finite sequence in the sense of *R although it contains an infinite
number of elements in the absolute sense. Now f{x,)<0 and f(x,}>0. It
follows that the set 4 of natural numbers j for which f(x;) =0 is not empty
but excludes j=0. A is an internal set which possesses a first element j=p.
The difference x, — x,_, = (1/w) (b —a) is infinitesimal and so °xp = °x,‘_ 1
We write oxﬂ-—- °x,_;=c.If a<c<hthen f(oxu):f(c) and f(%x,. () = f(c)
by 3.4.5. If ¢c=a or c¢=»b then these relations still hold by the remarks
following 3.4.5, Butf(oxu_ 1) <0; since f(c) is infinitely close to f(°x,_,)
this impties that f{c) <0. Similarty, f(°x,) >0 implies that f{c)=>0. Hence,
f(c)=0. This shows that c+a, c+5, ¢ is the required argument value for
which f{c)=0. This completes the proof of 3.5.6.

Let the standard function f(x) be defined in the open interval {a,h),
a and b standard, a <4, and let x; be a standard point in the interior of
{a,b). We say that f{x) is bounded at x, in R if for some standard 2> G and
m>0, | f(x)] <m for all x such that |x—x,| <h.

3.47 THeorReM. f(x)is bounded at x, if and only if f(x) 1s finite in the
monad of x in *R.

Proor. If f{x) is bounded at x, then ‘| f(x)| <m for all x such that
[x—xg| <A is true in R, for some standard />0, m>0. The statement in
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quotation marks can be formulated within X and hence, holds also in *R.
Now, in *R, |x—x,| <% for all x in the monad of x; since, for such x,
{x—Xo| is actually infinitesimal. Hence | f(x)| <m for all x in the monad
of x,, the condition of the theorem is necessary.

Again, if the condition is satisfied, choose 4 infinitesimal and m positive
infinite. Then it is true in *R, that | f(x}] <m for all x for which [x —x,| <A
since all such x are in the monad of x,. Thus the statement ‘there exist
y>0and z>0 such that | f(x)}| <z for all x such that {x— x,| <)’ holds
in *R. But this sentence can be formulated within 4, in the vocabulary
of K and, accordingly, belongs to K and holds also in R. This shows that
the condition of the theorem is also sufficient and completes its proof.

3.4.8 TueoreM. With f(x) and x, as before, if £ (x) is continuous at x,
then it is bounded at x; (in R).

Proor. By 3.4.5, f(x)~ f(x,) for all x in the monad of x,. Hence f(x)
is finite in the monad of x,, f(x) is bounded at x,, by 3.4.7,

With f(x) defined as before and a <x, <b, where x, is standard, con-
sider the function
7 ()= (x0)

x_xo

k(x)=

k(x) is defined for all values of x in (a,b), both in R and in *R, except for
x=x,. The derivative of f(x) at x,, f'(x,) is given, classically, by
lim, ., X (x) whenever that limit exists. Hence, by 3.4.4,

3.4.9 THeoreM. In order that the standard number ¢ be the derivative
of f(x) at x, it is necessary and sufficient that

f(x)—f(xo)~c
X-Xq

for all x#x, in the monad of x,.

3.4.10 Tueorem. If /(x)is differentiable (possesses a derivative) of x,
in R then f(x) is continuous at x, in R.

Proor. If f(x)is differentiable at x, then for all x # X, in the monad of x,,
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Jx)~f(xo)~c(x—x,) where c is the derivative of f(x) at x,. This shows
that for such x, f(x)—f(x,) is infinitesimal, f{x) is continuous at x,,
by 3.44.

The derivation of the addition rule for differentiation from 3.4.9 is
trivial. Let us consider the product rule.

Let the standard function g{(x), like f{x), be defined in the interval
(a,b) and let f(x) and g (x) be differentiable at the standard point x,
a<xo<b, with derivatives f'{xy) and g'(x,), respectively. Putting
h(x)=f(x)g (x), we then have

h(x)—h{xe)=f (x)g (x)—f (x0) g (xo)
=(f ()~ f (x0)) g (X} + f (o) (g (x) — g (xo))-
Dividing by x —x,, we obtain
A=k _fWO=S G O)g( %) -9 (x0)

X - xO X—X 0 xo

Now take x #x, in the monad of x,. Then g (x} belongs to M, (the ring
of finite aumbers in *R), by 3.4.7, 3.4.8, 3.4.10, and so does f(x;). Also,
f )= f(x0) g(x)—g(xo)

= f"(Xo), — T " ~g'(xp), by 3.4.9.
X— xO x—xo

Hence,

£ )= f(xo) 9045 (T2 TIE) L g (4 £ (2009 (20
*o

x —
and

h(x)—h (xo)

X—Xp

> (xe)g () +f (x0)g" (xo) 2 f " (X0} g (xo)+ f (x0) g (x0),

since g{x)~g(x,), by 3.4.5 and 3.4.10. Referring to 3.4.9, we now see
that the derivative of /(x) at x, exists and is equal to

B (xg)=f"{x0}g (xo}+ f (x0)g" (xq) -

With f(x)} defined in an interval {(a,b), and @ < x4 <b, f(x}), a,b, and x,
standard as before, we say that f(x) has a maximura at x,(in R,
and hence in *R) if there exists a standard positive number 4 such
that f(x) < f(xq) for all x for which |x— x;] <4, One proves by methods
used repeatedly already,
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3.4.11 THroorem. The function f(x) possesses a maximum at x, if and
only if f{x)< f(x,) for all x ~x,.
There is a corresponding result for minima.

3.4.12 THeOREM. Suppose f(x) has a maximum at the standard
point x,, a<<xq<b, and is differenttable at that point. Then £ (x,)=0.

ProOF. Choose x; and x, in the monad of x;, such that x, < x;,< x,.
Then f(x,) = f(x4) =0 and f(x;) — f{x,) = 0. by assumption and so
fO=f o) oy L= o

Xy —Xg X3 —Xg

But
fG0)=f () _f = (s

X, — Xy X3—Xq

fiixe)=

and the only standard number which has in its monad both non-positive
(= 0) and non-negative (=0) numbers is 0. Hence /' (v} =0 as asserted.
The same conclusion applies if f(x) has a minimum at x = x,.

3.4.13 THreoreM. Let the standard function f(x) be defined and con-
tinuous in the closed interval a<x<h. Then f(x) attains its absolute
masimum at some standard point ¢, i.e.. f{¢)= f(x) for all xin the closed
interval (in R and hence, in *R).

Proor. Define the sequence {x,=a,x,.x,,....,Xx, =0} by a,=a+(jiw)
(h—a) as in the proof of 3.4.6. Consider the sequence of real numbers of
*R, L Flxg)=F(@), f(x), J(x ... fix,}=f(h)}. It is not difficult to sec
that this is an internal sequence. Now it is a true statement about R that
for cvery natural number n and for every sequence of real numbers
{rg.ry,....r,} there is a natural number j such that r;>r;, i=0,1,...,n. This
is a statement which can be formulated within K and, accordingly, holds
also in *R. 1t follows that for some natural number j in *R, f(x;) = f(x,),
i=0,1,...,w. Put ¢="x,, then we claim that f(c) 2 f(x) for all standard x
in the closed interval a< x<b.

Indeed, the length of the sub-interval defined by the sequence
{x4,X(,..., X} I infinitesimal since it is equal to (b—a)fw. It follows
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immediately that every standard number in the closed interval from a to
contains mits monad at least one (in fact, infinitely many) x;. Now suppose
that f(c)< f(x) for some standard x in the interval. Choose an x; such
that x=%x;. Then f{¢) = J{x;)and f(x)= f(x;). Butf(c) and f(x)}are stan-
dard numbers and so it will be seen that f(c) < f(x) implies f(c)+#4, <
f(x)—n, for arbitrary infinitesimal #, and #,. Hence, f(x;) < f(x;). This
contradicts the definition of x; and proves the theorem,

Since the fact that f(¢)> f(x) for all x in the interval can be stated as a
sentence of K it is true also in *R. Similarly, there is a standard number at
which f(x) attains its minimum 1n the interval.

3.4.14 TnHeoreM (Standard, Rolle). Let the function f(x) be defined
and continuous in the closed interval a < x <4 and differentiable in the
open interval a<x<#b, a<b and such that f(@)=f(b)=0. Then /' (¢)=0
for some ¢ in the interior of the interval.

The proofis standard. If f(x)=0 throughout the interval then /' (¢)=0
throughout the interval, so the conclusion is true, trivially. If f(x)>0
somewhere in the interval then f(x) has a positive absolute maximum in
the interval, at a point ¢, say, and since f(c) >0 it follows that a<c<bh.
Then f(x) has a maximum at ¢ in the sense of 3.4.12, and so f'(¢)=0. If
f{x)<0 somewhere in the interval we obtain the same conclusion by
considering the absolute minimum. This proves Rolle’s theorem,

We may now prove the mean value theorem by the usual linear trans-
formation.

3.5 Integration. In this section, we shall consider the Cauchy integral.
Let f{x) be a standard function which is continuous in the interval
a<x<bh, where ¢ and b are standard and a<b. By a fine partition of the
interval (a,h) we mean a sequence {x,,x,,...,x,}, where w is a natural
number in *N, such that xo=a<x, <x,<..<x,=b and x;~x;_, is
infinitesimal for i=1,2,...,. There are fine partitions which are internal,
e.g., the sequence used in the proof of 3.4.6, which was defined by
x;=a+( jiw)(b—a) where  is an infinite natural number.

Let m={xg,x,,...,x,} be an internal fine partition and let &=1{Z,,
¢y 8, be an internal sequence such that x; <&, <x;,,, j=0,1,...,
w — 1. There are such internal sequences, for example the sequence which
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is given by {;=x;_;, j=12,..,0 and also the sequence given by
§i=x;, j=12,...,w. We define

351 S@H= T £E)=x,-0.

S(m, &) has a meaning in the sense that it is given by a functional which is
the extension in *R of the sum 2%., f{{}{x;—x;.,) for sequences
{xooxy,..x,} and {&,, &, ., &,) satisfying the appropriate conditions, ie.,
Xo<x <. <x,and \;<x;,q, ;=0.1,...8—1in R.

3.5.2 TueoreMm. For any interndi fine partition, and for any £ satisfying
the appropriate conditions as detailed,

3
ff(x)dx=°5(n,¢>.

ProOF. We have to show that [5f(x)dx=S(n,&), ie., that for any
standard ¢>0

< &.

‘]f(x)dx—-S(n,é)

But the following statement is known to be true in R.
‘For every &>>0 there exists a >0 such that

<e forany {xgX;,....%.),

b
Uf(x}dx—jzlf(‘fj)(-"j"xj-l)

{£1,€2,..,&,), such that xp=a<x; <. <x,=b, x;<{;,<x;4,,
F=0,1,...n—1, and such that |x;—x;_,| <06 for j=12,..,n".

Now this statement can be formulated in the vocabulary of K and
accordingly, belongs to K and holds also in *R. But the condition
lx;—x;-4] <8, ;=1,2,...,wis certainly satisfied by any fine partition since
in this case the differences x;—x;_; are actually infinitesimal. Hence

b
Uf(x)dx— _;f(f,—)(xj—x;_l) <g.
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This proves the theorem.

The above argument relies on the standard theory of Cauchy integra-
tion. This is necessary if we wish to identify °S(r,&) with the familiar
integral. Alternatively, we may define the integral in question as the stan-
dard part of 3.5.1. In order to justify this definition, we have to show first
that the standard part in question exists, i.e., that S(=, &) is finite and then,
that all the S(n, &) in question are infinitely close to one another.

In order carry out the first step, we observe that f{x) is finite throughout
the interval a <x<bin *R, by 3.4.7. (The proof of 3.4.7 is formulated for
points xy such thata <x, < b but can be adapted to x; =a, x, = by trivial
changes.) Thus, for every infinite positive real number #, | f(x)| <# forall x
in the interval. Hence

1S (7.8)l = Zlf(i,-)(xj--’cj-l) < Zl IS I =x;-1)

1j=

< i r{x;~x;y)=r{b—a).

J=t1

Now let @ be any infinite positive number. Then r =w/(b—a) is positive
infinite and so [S(m, &) <w(b—a) ' (b—a)=w. Let A be the set of
positive numbers p such that |S(x, &)} <p. As we have just shown, this set
includes all infinite positive numbers. Accordingly, we conclude that
|S(n, )] is finite and possesses a standard part. The second step in the
argument depends on the fact that a refinement of a given fine partition,
i.e., the inclusion of additional x;, does not change the standard pari of
S{n, &). We omit the details.

With f(x)as before, define F(x)= [} f(x) dx,a<x <b. F(x)is, in the first
instance, defined for x in R but, as usual, this definition is extended on
passing to *R. Now for any standard x,, ¢ <x,<¥b, and for any positive
standard % such that the number x4 + # still belongs to the closed interval
a<x<b, we have

Xp+#

Fxg+h)—F(xg)= ff(x)dx.

We define a fine partition of the interval xo < x < xq+h by x;=x0 + ( jlw)h,
j=0,1,...,@ where w is some infinite natural number, and we define a
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corresponding sequence &={¢,,....¢,} by &;=x;_,, j=1,...,0. Then,
by 3.5.1 and 3.5.2,

3.5.3 F(xo"‘h)“F(xo):U(Zf(xj—l)(xj“xj—m))

of 7 \ of 1 \
= (‘ Ef(xjvl))zh (— z f(xj—l))-
w'=1 wi=1

Now since f(x) is continuous in the closed interval xo<x<xy+4 it
attains its maximum and minimum for that interval at certain points &',
& Then

f(é')sf(xj}éf(é"),j=1,..,,w, and so

FE=- Zf(xJ J<f (¢, and hence

( Zf(XJ 1)><f (£"y,  and hence, by 3.5.3

Fxo+ h_)— F{x)

3.5.4 f€N< .
and
35.5 ’3911}%:-{9—?—) < f(&).

Now 3.5.4 and 3.5.5 can be formulated within X and, accordingly, hold
also for infinitesimal 4 # 0. In this case, both £" and &” are infinitely close
to x, and so, by the continuity of f(x),

SEY =1 (EY= fxo).
Hence from 3.5.4 and 3.5.5,

fi(_xo +h)—F (x4}
h

3.5.6 =~ f (xg)
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for all positive infinitesimal /. A similar argument shows that 3.5.6 is true
also for negative infinitesimal 4. Hence, by 3.4.9,

3.5.7 THeoreM (Standard). Let /(x) be continuous for ¢ <x<b. Then
F(xy={} f(x)dx exists and F'(x)=f(x) for all a<x <b.

This is the fundamental theorem of the Integral Calculus for continuous
functions. For right and left derivatives respectively, the argument can be
adapted so as to inciude x=a and x=»5 in the result.

Next, let us consider an example of an improper integral. Let the
standard function f(x) be defined and continuous for all x> a, a standard.
Then the improper integral [;° f(x)}dx is defined classically as lim,_
jzf(x)dx, whenever that limit exists. Adapting the non-standard version
of Cauchy’s condition (Theorem 3.3.17) we prove without difficulty,

3.5.8 THEOREM. In order that the improper integral [ f(x) dx exist it
is necessary and sufficient that [f,f(x) dx ~0 for all positive infinite y and (.

Observe that jf,f(x)dx exists, in *R, for all infinite # and ¢ since
§¢ f(x)dx exists in R for all c>a, d>a. The integral [} possesses even for
non-standard # and { the usual properties of an integral to the extent to
which they ¢an be formulated within our language. For instance,

" ¢ 4 A A
!fdx= —!fdx and :l:j dx+!fdx={fdx.

[t is natural to ask whether the integral j:',f(x) dx can be approximated
by a sum such as 3.5.1, even for infinite # and {. To answer this question,
we shall suppose #<{ and we shall confine ourselves to partitions
n={Xo=Mmxy,....X,={} which are given by x;=n+(jl0}({—n),
j=0,I,...,0, w an infinite integer, while {;=x;_,, j=1,...,w. Then the
right hand side of 3.5.1 becomes

Zf(x, Pyt Z £(x,).

Notice that since { —# may now be infinite, ({ —»n)/w may be finite even
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for infinite w. We shall include this possibility in our considerations to
begin with.

3.5.9 THeoreM. With f(x) defined as above, let w be an arbitrary but
fixed infinite natural number. Then there exists an infinite positive real
number b such that for all , { which satisfy a<n < {<b,

14 w—-1
{—n
3.5.10 JS()dx~ — f(x)
" i=0
where the x; are defined as above.

PROOF. Let # be any finite natural number. Then, for the given infinite @
and for any c and 4 such that a<c<d<n, the difference

d d-cw—-l

ff(x)dx~— Zf(xj)
w

¢ Jj=0

is infinitesimal and so by 3.5.2, it is true in *R that

J
<1, j=C+_(d—c)»
w

P w-1
3.5.11 n!ff(x)dx-‘igz S(xp)
Ir: i=0

Ifin 3.5.11, we replace w by a finite natural number »2then we obtainan
inequality which may or may not be true for a particular n. However, if we
express this inequality by a sentence X (», ) within our formal language
then it is true in R that ‘for every natural number s, if there exists any
natural number y such that 71X (y,m) holds then there exists a smallest y
of this kind’.

The usual argument now shows that the statement just given in quota-
tion marks holds also in *R. Accordingly, there must be a smallest number
y=ngy in *N which satisfies 1 X (p,w) if any y satisfies TX (y,w) at all. If
such an n, exists then it must be infinite since X(n, ) is true for all
finite . In that case, we put b=n,— 1. If 71 X{p,w) is not true for any y,
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i.e., if X(»,w) holds for all natural numbers y then we set b equal to an
arbitrary positive infinite real number. In either case,

d d_cw—l

Uf(x)dX~—— Zf(x,-)
[13)

c i=0

for all a<c<d<n<b, which shows, for n=», that

1
< —
n

d w—1

ff(x)dx:cthf(xj) for a<e<d<b.
@

¢ Jj=0

This proves the theorem. If we want to make sure that the sum on the
right hand side involves a fine partition, we only have to take b infinite but
staller than min (ry,— 1,\/w) if ny as above exists and as \/co otherwise.
For, with this choice,

{—n |+l 2

o e

so that the length of the intervals (x;,x;, ;) is infinitesimal.
3.5.12 THeOREM. With f(x) defined as above, the integral [f,“ J(x)dx

exists if and only if for some infinite natural number @ and for some
infinite positive real number &

w=-1
@Z £ (x)=0
($)]

j=o0

for all infinite 5, { such that n< {<b.
PROOF. Suppose the integral exists. Then f, f(x)dx~0 for all positive

infinite i and {, by 3.5.8. At the same time, for arbitrary infinite natural w
and for a number b which satisfies the conclusions of 3.5.11,

w—-1 I
{—;?Zf(xj)sz(x)dx for a<y<{<bh.
ji=0 "
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Hence, for infinite # and { which satisfy 7 < { <4,

w—1
C—l”Zf(x,-)zo.
14)]
j=0

This shows that the condition of the theorem is necessary.
Now suppose that the condition of the theorem is satisfied. Thus, for
some infinite natural w and positive infinite 5,

w—1

is infinitesimal for all positive infinite # and { such that < { <5. Now we
know that, for the given w and for sufficiently small positive infinite 5’

w=-1 ¢
t’Z;’(x,.y_»ff(x)glx for a<p<l<h.
w

J=0 n

Hence, for positive infinite # and { such that p<{<min(b,b’),
j'f, f{x) dx=~0. Now let ¢ be any standard positive number, then
113 £(x)dx| <e for n < { <min(h,d'). Let A be the set of natural numbers »,
such that ij,f(x) dx} <¢ for all { and # such that <y < {<min(,4'). As
we have just seen, A includes all infinite natural numbers smaller than
min (b,5"). (4 includes all infinite natural numbers >min (&, 6’), trivially.)
Also, A is an internal set, so it possesses a smallest element, which must
therefore be finite. Accordingly, there exists a standard natural number »
such that for all # and { for which n<n<{<min(,5’), ij,f(x)dx|<8.
Hence, forany standard 5 and { such that n <5< {, we have ]_ff,f(x) dx| <e,
in *R and hence also in R. But this shows that | f(x)dx satisfies the
necessary and sufficient condition for the convergence of an improper
integral in the classical sense and completes the proof of 3.5.12.

The last part of the proof makes use of an interesting phenomenon
which appears in various forms. Thus, let {s,} be any standard infinite
sequence. We know that a necessary and sufficient condition for {s,} to
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converge to O is that s,~0 for all infinite n. However, an apparently
weaker condition is already sufficient for convergence.

3.5.13 THEOREM. Let {s,} be a standard infinite sequence. Suppose that
there exists an infinite natural number v such that s, is infinitesimal for all
infinite #<v. Then lim,_, ,5,=0in R.

Proor. Let ¢ be a standard positive number. Then |s,| <& for all infinite »
such that » < v since s, is actually infinitesimal for such #. Thus, the set 4
which consists of all natural numbers x such that |s,| <& for all » which
satisfy g <n<v is not empty, and includes all infinite natural 4. Accord-
ingly, the first x4 which satisfies this condition is finite, g =y,, say. Then
|5, <& for all finite n such that n > n,, both in *R and in R. This shows that
lim,. . s,=0 and proves 3.5.13.

3.6 Differentials. Let {a,,...,q,} be a set of real numbers in *R, where n
is a finite positive natural number. The set of all linear combinations
ria@;+---+r,a, where r ,....r, are finite (i.e., belong to M,)} will be denoted
by O(ay,...,a,). Similarly, the set of all #;@,+ -+ +r,a, such that r,,...,r,
are infinitesimal (belong to M,) will be denoted by o¢(ay,...,a,). In
particular, My,=0(1) and M, =0(1).

For any given a,,...,a,, put a=max(|a,[,..,|@,|). Then it is easy to see
that Of(a,,....q,)=0(a), o(a,,....a,)=0(a). Both O(a) and o(a) are ad-
ditive groups which admit M, as domain of (multiplicative) operators.
M, is isomorphic to O(a) as an additive group under the isomorphism
under which meM, is mapped on maeO (a). Under this isomorphism, M,
is mapped on o(a). It follows that the difference group O (a)/e (@) is iso-
morphic to the additive group of R,

Let y=f(x) be an internal function which is defined in an open interval
(a,b),a<b, a and b standard. We choose an infinitesimal positive real
number, calling it dx. For x in (a,b), we then putdy=d f=f(x +dx) —f(x).
Thus, d may be regarded as an operator which maps any function in *R
on another function which is defined in a slightly smaller interval (i.e.,
(a,b—dx}). Applying d to dy, we obtain

d’y=d(dy)=f (x+2dx)=2f (x +dx)+ f (x),

which is defined for a<x<b—2dx. More generally, putting d%y=y,
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d"y=d(d""'y), n=1,2...., we obtain functions which are defined for
a<x<x-ndx, respectively.

For standard f(x) and standard x, a<x <A, it follows immediately
from 3.4.9 that if the function f(x) is differentiable at x then

d :
).
X

d

More generaily, we propose to show that, under certain conditions which
will be discussed presently,

d’y
3.6.1 Yoy, n=12,...,

dx
where dx" stands for {(dx)". Since 3.6.1 indicates equivalence modulo
M, =o(l), 3.6.1 implies that (d"yidx")—f (x)eo(1). Hence,

3.6.2 d"y— ™ (x)dx"eo (dx").

We shall write x~f# mod e¢(a,,...,a,) or a=>~f mod O(a,,...,a,) in orderto
indicate equivatence modulo o{(a,,...,a,} or O(a,,...,a,) respectively. With
this notation, 3.6.2 becomes

3.6.3 d"y~ £ (x)dx" mod o (dx").

3.6.4 THEOREM. Letf(x) beastandard function which is defined in the
open interval @ <x < b and possesses continuous derivatives up to the nth
order in that interval, for standard a, b, and n, then 3.6.! and 3.6.3 hold
for any finite real x such that a< °x <.

Proor. If a<x<x+nh<bin Rthen, by a classical generalization of the
mean value theorem, there exists a (standard) number 8, 0 <@ < 1 such that

3.6.5 f"-i_"(_x_) =f"(x+nbh),

where 4"f(x) is the ath formal difference for the interval length 4. Thus
AfX)=f(x+—f(x), 23 () =fx+2h)~2f(x+h)+f(x), etc. Since
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this result is true in R it must be true also in *R. But, for A=dx, 4"f(x)
becomes d"y, and so

d"y
3.6.6 d—’,,=f<">(x+n9dx), 0<0<1.
X
By assumption, a<®x<#b and f* (x) is continuous at °x. Hence,
FPOx) = f™ ()= fx+nfdx) and so

ay
dx" - f (x) .

This proves 3.6.4.

3.7 Total differentials. l.et/(x,,...,x,) be a function of # variables in R
and let (,,...,&,) be a point within the domain of definition of f(x,,...,x,)
such that the function exists in the interior of a sphere S which is given by
(X, =&+ (2= &) + ..+ (x,— &) =r%, r>0. The function extends to
*R in the usual way. Various results established previously on continuity
and differentiation of functions apply also to functions of several variables.
Continuity will be considered more systematically in the next chapter,
within the general framework of topological and metric spaces. For the
present we shall require only the following result.

3.7.1 THEOREM. Suppose f{(xy,...,x,}asintroduced above is continuous
at the point &,,...,&,. Then f{(x],...,xp)= f(&,,...,&,) for al} {x{,...,x})
such that the distance \/{(x'l — &) 4+ (x,—Z,)°} is infinitesimal.

Proor. For every standard positive ¢ there exists a standard positive &
such that | f(Xyyr.y %)=/ (Erpeens &)l <& provided o/ {(x,— &) 4w+
(x,— E)*} <. But /{(x, —&))* 4 - +(x,— &,)?) is smaller than & since it
is even infinitesimal. Hence, | f(x3,...,%x5) —f(£,...., &)} <é&. Since this is
true for arbitrary standard positive &, | f(x3,...,x)—f(&,,.., &)l s in-
finitesimal. This proves the theorem.

Now suppose that the standard function f(x,,..., x,) exists and possesses
continuous first derivatives within a sphere S as above. Taking (x},...,x,)
and (Ay,...,h,) as two n-tuples of standard real numbers such that
(x}s...,x3) and (x]+A,...,x,+4,) belong to the interior of .S, we put
gO=Fx+ht,.. . xn+he).
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By a classical result (which can be established also by means of Non-
standard Analysis),
of dx, af dx, ¢&f of

"=————F rer +—— =— b+ -+ h,,
o= @ %, dr o, ox,

where the partial derivatives are taken for the appropriate x;=x;+ At
Hence, by the mean value theorem

3.7.2 g(l)_g(0)=f (xrl +h1,...,x;+h,,)—f(x'l,...,x,',)

(of of
(e )G

where the partial derivatives are taken at some point (x} + 6k,..., x, + 0Ah,)
0<f<l.

Passing to *R we choose (x7,...,x.) such that ®x;=¢, i=1,...,n and we
make the A;=dx; infinitesimal but not all equal to zero. We define the
total differential df by

df = f (e +dxy,.0xHdx) = £(x7,.0x0)
Then, from 3.7.2,

3 af af
73 df= oy dx,+-+ e dx,+r dx,+- +r,dx,,
1/0 r/ 0O

where the subscript O indicates that the partial derivatives are taken at

(x%,-..» %) and where
é
_(_f) sl
0% /0

(¥
=5

We claim that the r; are infinitesimal. Indeed, denoting by (8f/dx;), the
partial derivatives of f at (£,,...,¢&,) and applying 3.7.1 twice (with the
partial derivatives of fin place of fin the formulation of that theorem) we

find that
af N éf 6f)~ 6f)
(&) GG
(Gl
ox; a_ ax; 0’

and so
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the r; are infinitesimal, as asserted. It follows that rydx,+---+r,dx,
€o{dx,,...,dx,). Referring to 3.7.3 we see that we have proved the fol-
lowing theorem.

3.7.4 THEOREM. Let f(x,,..,x,}beastandard function which is defined
and possesses continuous first derivatives in the interior of a sphere with
center (&,,...,¢&,) and radius r>0 where &,,..,¢,, and r are standard. If
°x,=¢,,...,%,.=¢, and dx,,...,dx, are infinitesimal, then

37 of of
7.5 df ~ e dx,+---+[ — ) dx, mod o(dx,,...,dx,},
0 0

X, ax,

where d f=f(x{ +dx,,..,xn+dx, )} —f{x1,..., x5} and where the subscripts
0 indicate that the partial derivatives are taken at (x},...,x.}.

3.8 Elementary Differential Geometry. Quite early in the history of the
Differential Calcuius, infinitesimals were employed in the development of
the theory of curves, and long after the classical ¢, -method had dis-
placed the naive use of infinitesimals in Analysis they survived in Differ-
ential Geometry and in several branches of Theoretical Physics. Even now
there are many classical results in Differential Geometry which have never
been established in any other way, the assumption being that somehow
the rigorous but less intuitive, &, §-method would lead to the same result.
So far as one can see without a complete check this assumption is usually
correct. However, although no striking results will be obtained in this
domain, it seems appropriate to investigate some simpie examples from
elementary Differential Geometry by means of the infinitesimals of Non-
standard Analysis.

Let the curve C in three-dimensional (x,y,z)-space over the real
number R be given by

381 x=x(t), y=y@, z=z(1), o<1,

where x{f), y{t), z(¢) have continuous derivatives in their interval of
definition.

Passing to *R, we choose a positive infinitesimal d¢ and we put,
correspondingly,
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dx=x(t+d)—x(1),
dy=yp{t+d)—y(0),
dz=z(t+d)~z(t).

Evidently, dx, dy, dz may depend on ¢ as well as on dz. Putting
P=(x{(1),y(1),z{t)) and P’' = (x{t+dr),p(r+d1),z (s +dr)} we see that the
length of the chord PP’ is given by

3.8.2 ds=/{dx>+dy*+dz?},

where it is understood that the positive value of the square root istaken
on the right hand side. A point P=(x,),z) will be called standard if its
coordinates, x,y, and z are standard real numbers. Let 4 and B be two
standard points on the curve C, corresponding to =g and =6, @ and b
standard, O<a<h<l, respectively. Consider the polygonal line
PoP,...P,, Po=A, P,=RB, which is given by

b—
383 P=(x(1), y(t) z(t)), t,=a+jdt, dz=-’_&-)_“, =01, 0,

where w is an arbitrary but fixed infinite natural number. Putting

dx;=x(t;,)—x(t), dy;=yl;. )~y dz;=z(1;,,)—z(1),
J=0,..,0o—1,

we obtain for the length of the chord P,P;,,,
dsj=\/{dx§+dyf~+dzf}.

Then the total teagth of the polygonal line Py P,...P, is

w—1 w—1

3.8.4 1= Y ds;= ¥ /{dx2+dy? +dz3}.
j=0 [

is

The length of the arc of the curve C from A4 to Bis now given by %/
and this may be regarded either as a definition or as an assertion, pre-
suming the classical definition. In the former case we have to show that
the definition is legitimate, more particularly that °/ exists and that it is
independent of the particular choice of w. In any case

dx N\ /dy \N* /dz )\
dsjz\/{dxf+dyf+dzf}=\/{(%) +(%) +({t—’) }dr.
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We wish to show that dx;/ds, dy;idr, dz,/d¢ are, up to infinitesimals, equal
to x'(¢), ¥ (1;), 2'{t)), respectively. For standard ¢;, this is confirmed by
3.6.4, for n=1. More generally, by the mean value theorem,

But x'(r) is continuous, by assumption, and so x'(f;4+0 dr)~x"(¢)).
Hence dx;/dr=x"(s;), and similarly dy;/dr=y'(¢;), dz/dt~z"(1)) for
i=0,0,...,c0—1, and so

38.5 ds;= /{0 () +E () +m) +(2' 1)+ ) dt
= U P+ )P +(2 (1) +¢,) dt

where &, 0, {;,0;, are infinitesimal. Now it is easy to verify that if w and
are two non-negative real numbers and a~ 3 then, taking positive square
roots, \/a:\/ﬁ. Hence, for a=(x’ (Ij))2 + (y'(r,-))’ +{Z' (1)), B=a+ 0
3.8.5 yields

ds;=(J{( P+ (G +(E ) +0,)ds, 6;~0, j=0.1,..,0~1.

Let 6 =maxg . <,-110;]. o exists, by transfer from R to *R, since every
sequence of n numbers in R possesses a maximum. Moreover, ¢ is in-
finitesimal since it coincides with one of the fo |, Let

w(O=(x'OY +O' 0P +{z' (0)*, 0<i<l,

then w(r) is continuous. Furthermore, \/w(r) is continuous, for since
w()=w(r) for ¢ standard, 0<t<1, and °¢'=¢, it follows that \/w(r)z
Jwi(t'). Now,

w=-1 w=i w-1
I= T ds;= Y /w(di+ ¥ oo,dt
ji=0 i=0 i=0
and

©0=1 w= [
Y o;d1< Y lojdt=c(b—a)=1
j= j=0

j=0

where 7 is infinitesimal. Hence

o-1
I= ¥ /witpde+2, ix0.
i=0
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But \/w(r) is continuous in the closed interval a<r<b, so, by 3.5.2,

OCZ_OI \/w (tj)dt) =j. \/w(r) dt

and hence

38.6 °I=fv/{(x'(r))2+(}/(f))2+(5'(1))2} dr.

3.8.6 shows that °/ exists and is independent of the particular choice
of w. [t shows, moreover, that our definition of the length of an arc
coincides with the classical definition.

Next, we consider the determination of the tangent. We assume that,
for all 1 in the interval of definition,

3.8.7 w(D=(x (N + (" (Y + (" (1)) #0.

Let P=1(xq,¥0,20) Where xg=x{ty). Vo=yfo} To=2(tp), O<tp<I, ¢,
standard. Let dr be a positive infinitesintal nunber and put x| =x (7, +dr),
yi=3¥lty+ds), o, =z(1,+d0), dx=x,—x,. dy=y,—y, dz=z,—1=,,
Q={x,, y;, z,) so that Q also is on the curve. Then the distance between P
and @ is given by

3.8.8 PO=A=(dx>+dp? +d= = [(x (1o +0,dN) +
(¥ (1o +0, 4DV +(='{t, + 0, d0))* ] dr,  0<0, <.
O0<fl,<!l, 0<f,<1,

where we have used the mean value theorem. 4/d7 is infinitely close to
Gwlte), since x'(1).) (1).2'(¢) are supposed continuous. It follows that
4/dr is not infinitesimal,
The equation of the straight line through P and Q is, with 7 as parameter,
dx dy dz

Y
389 N=Xg+ —T7T, =)o+ —T1, Z=Zo4- T
ot Y=o 4 0 y

Since 4/dt is not infinitesimal, we find without difficulty that

dx X' (1) dy y' (1) dz _ Zto)
4 _VIW(IU)‘ 4 wltg) 4 Vwl(io)
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[t follows that for any standard value of 1, the point given by 3.8.9 is

infinitely close to
x'(t (¢ zZ'(t
3.8.10 x=x0+m—g—q}--r, y=y0+y(70)r, Z=Zo+ﬂt.
Jw(to) VW (o) Vw(to)

More generally, for any finite 7 the point given by 3.8.9 is infinitely close
to the point obtained from 3.8.9 if we replace T by ° 1.

On the other hand, let

3.8.11 x=¢+at', y=p+p,  z=({+yr,

where ¢,n, {,a, 8, yarestandard, «, §, y are direction cosines and ¢ is a para-
meter such that for any finite value of = in 3.8.9, the corresponding point is
infinitely close to some standard point of 3.8.11. If =0 in 3.8.9 corre-
sponds to 1’ =15 then

xp=¢§+at, Yo=1#+p70, 2o={+7y70
and so 3.8.11 may also be written as
3812 x=xo+a(r'=10), y=yo+pr’—15), z=zo+7(r'—1p).

Next, suppose that 3.8.9, for t=1 is infinitely close to 3.8.11 for t'=1].
This yields

°/d °/q 074
(§)=a(1;—ra), (§)=/s(z;—ra>, (§>=y(r;—za).

Squaring and adding, we obtain (1} —75)®=1 and so

°/d 0sd °sd
=15} () 9)

The sign is the same in all three of these formulae and can be adjusted to+
by adjusting the sign of the parameter. Then °(dx/4) = x" (15)//w (7o), etc.,
which shows that 3.8.11 coincides with 3.8.10.

The points of 3.8.9 which correspond to finite values of T are precisely
the finite points of that straight line, i.e., the points all of whose coordinates
are finite. Thus, the taagent to C of P may be obtained (or defined) as the
unique straight line / in R such that for every finite point p on the straight
line through £ and @, @ a point on C which is infinitely close to P, there is
a point on / which is infinitely close to p.
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Instead of taking the straight line through the standard point P and a
point O which is infinitely close to P on C, we might equally well have
taken the straight line through two distinct points £, and £, on C both of
which are infinitely close to C.

Suppose now that the functions x{¢), y(#}, z(¢) have continuous second
derivatives. In order to obtain the osculating plane at P, we may then
consider the ptane P Q| @, through points P={xq.¥o, 2o}, @1 = (X, ¥, 24 ),
@2={(x2,¥2,72), where

xo=x(to), Yo=y{to), zo=2z (/o) ,
xy=x{(t,—d1), yi=y{fo—din, zy=2z(1o—ds)}.
X, =x(ty+dt), y2=y{to+d1), zZy=2z(lg+di),

where d¢ is a positive infinitesimal number. The osculating plane to the
curve at P is then obtained as the unique plane p in R such that for every
finite point @ on PQ, 0, there is a standard point on p which is infinitely
close to Q.

The three (or more) dimensional space over *R provides an example of
a non-archimedean geometry which might be investigated for its own sake
but this line will not be pursued here.

3.9 Remarks and references. The existence of non-standard models of
Arithmetic was discovered by T. Skolem (skotem [i934]). Skolem’s
method foreshadows the nltrapower construction and is of interest also in
its own right. Among subsequent papers which are concerned wholly or
in part with Non-standard Arithmetic we mention HENKIN [1949] (where
the order type of non-standard models of Arithmetic is given), ROBINSON
[1952, 1961], GILMORE and ROBINSON [1955], KEMENY {1958}, MACDOWELL
and SPECKER [1961], scotr [1961], RABIN [1961], MENDELSON [1961],
MULLER [19643.

The first paper on Non-standard Analysis is ROBINSON {{96]a} which
uses the language of the Lower Predicate Calculus. The elements of the
Differential and Integral Calculus are expounded in ROBINSON {[1963] in
this framework. LUxeMBURG [1962] develops the theory with special
emphasis on the ultrapower construction. The use of higher order
fanguages in Non-standard Analysis was initiated in ROBINSON [1962].



CHAPTER IV

GENERAL TOPOLOGY

4,1 Topological spaces. A topological space consists of a non-empty
set A4 of individuals, called points, and a set Q of subsets of A4, said to be
the open sets of the space such that (i) the empty set (of individuals) and
the entire set of points 4 are included in @, (ii) the intersection of any two
elements of €2 is in £ and (iii) the union of any (finite or infinite) number
of elements of €2 is in £2. The reader is expected to be familiar with the
elements of the theory of topological spaces.

We shall identify a given topologtcal space with the full structure 7
which is based on the set of points of the space, 4, and in which the set
of open sets, £2, is a specified entity of type ((0)) which satisfies conditions
(i), (ii), and (jii) above.

Now let *T be an arbitrary but fixed enlargement of 7 (see 2.10.5 above),
and let *4 be the set of individuals of *T also to be called points, where
A<=*A. In agreement with our general convention the points of 4 will be
called standard points. The set of open sets in *T, *Q, is a standard set. It
is the set which has the same name as € in the vocabulary of K. The
elements of *Q are internal sets in *7, Moreover, some of them are
standard sets, having names in K which are the names of corresponding
sets in T. Thus, if U is an open set in 7, and *U is the corresponding set
in *7T then *U is by definition a standard set. Moreover, Uc*U; for if
pel then this can be stated by a sentence of K and the interpretation of
that sentence in *7T is that pe*U.

To the extent to which they can be formulated within K| the properties
of @ are (where necessary, with the appropriate reinterpretation) possessed
also by *Q. Thus, the empty set and *A4 are contained in *Q and the
intersection of any two elements of *Q is in *£2, The union of a subset @
of *02 also is in *Q, provided ® is an internal set, for the reinterpretation
of (iti) above in *7 applies oaly to this case.

Let p be any standard point, and let £2, be the set of all open sets which
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contain p (open neighborhoods of p). Then we define the monad of p, u(p)
by

4.1.1 wp= M *U,.

Uvefly

Thus, u(p) is the intersection of all standard sets in *7" which are open
neighborhoods of p. Evidently, pep(p). u(p) may well be an external set.
We shall see in due course that the present definition of a monad is
compatible with that given in Chapter 111

Let B={B,} be a base for the topology of 7. Then it is easy to see that
u{p) is also the intersection of all *B, which contain p.

4.1.2 THEOREM. Let p be any standard point. There exists an open
set ¥in *T (i.e., V is internal and an element of *2) such that V contains
p and is contained in p(p).

Proor. For a given standard point p, the following is a concurrent re-
lation of type ({(0),(0)} in 7.

‘x 1s an open neighborhood of p (an open set which includes p) and y
is an open neighborhood of p which is included in x",

The x-domain of this relation coincides with the set of open neighbor-
hoods of p. The relation is concurrent for if U,,..., U, are open neighbor-
hoods of p then V=U,n...0n U, is an open neighborhood of p which is
included in U,,..., U,. Thus, there exists in *T an opean set ¥V, Fe*Q2, such
that pe¥ and V<*U, for all standard open sets *U,. But if so then
Ve n*U, ie., Veu(p). This proves the theorem.

4.1.3 THEOREM. Let p and g be two standard points such that gen(p).
Then u{(q)<= 1{p).

This is obvious.
Let S be any set of points in 7. Any point p in T belongs to S if and
only if it belongs to *§.

4.1.4 THEOREM. A set of points Sin 7 is open tf and only if for every
point p in S, u(p) belongs to *S.



4.1] TOPOLOGICAL SPACES 91

Proor. The condition is necessary. For since u(p) is the intersection of
all standard open sets that include p it must be a subset of *S.

The condition is also sufficient. For let peS. Then u(p)<*S by as-
sumption. Hence, by 4.1.2, it is true in *7T that ‘there exists an open
neighborhood V of p, such that V< *S’. Reinterpreting the sentence in
quotation marks in 7, we find that there exists an open neighborhood ¥,
of p which is included in S, Hence

S=UV,

pEs
which shows that S is open.
Using the fact that a closed set is, by definition, the complement of an

open set, we obtain.

4.1.5 THEOREM. A set of points §in T is closed if and only if for any
standard point p which does not belong to S, the monad u(p) has no
point in common with *S.

For any S in 7, the closure operation S— S, where § is the intersection of
all closed sets that contain S, defines a mapping from the set of subsets
of A into the set of closed subsets of 4. On passing from 7 to *7, we find
that the corresponding operation - still to be indicated by a bar ~ maps
the set of internal subsets of *A4 into the set of closed internal subsets of
*A. Moreover, for any subset S of A, *S=*(S). For if s denotes the set
S in K, and § denotes the closure of S, and ¢ denotes the binary relation
which holds between a set and its closure, then @, ), {¢.5.5) belongs to
K. Interpreting this sentence in *7, where s denotes *S and § denotes *(§),
we obtain precisely *S=*(S).

4.1.6 THEOREM. A point p in T belongs to the closure $ of a set Sin Tif
and only if u(p) has a point in common with *§.

Proor. If u(p) has a point in common with *S then it has a point in
common with every set that includes *S, in particular with ¥$=*(5).
Hence, by 4.1.5, peS, the condition is sufficient.

The condition is also necessary. For suppose that u(p) and *§ are dis-
joint. By 4.1.2, there exists a set Ve*$2, peV such that V< u(p) and hence,
such that ¥ and *§ are disjoint. Let W=*A4— V, then W is an internal set
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in *T such that W is closed, and p¢ W, Furthermore, *S< W since *Sc W
and so p does not belong to *S=*(S). The corresponding fact in 7is that
p does not belong to §. This proves the theorem.

The boundary of a set of points SinT1s, by definition, the intersection of
S and A - S. The following theorem is an immediate consequence of 4.1.6.

4.1.7 THEOREM. A point p belongs to the boundary of a set Sin Tif and
only if u(p) has points in common both with *$ and with *(4—S)=
*A—*S.

Next we consider separation properties,

4.1.8 TueoreM. T isa Hausdorff (or T, —)space if and only if for any
two distinct points p and g in 7, the monads u(p) and u(q) are disjoint.

The condition is necessary. For if Tis a T, —space then the given p and
¢ have disjoint open neighborhoods U and V. Then Un V=0 and so
*UN*=0 and pu(p)<*U, u(g)=*¥, and hence u(p}n p(g)=9. This
shows that the condition is necessary. Conversely, if u(p)n u(g)=9 then,
‘there exist internal open sets U and V (in *7) such that peU, geV,
Un V=0 as we see by choosing Uc u(p), V< ulq), pel, ge¥. Such sets
exist, by 4.1.2. Since the sentence in quotation marks holds also in *T
with the appropriate verbal alterations, the theorem follows.

4.1.8 shows that for a Hausdorff space a point p in *T jsin the monad
of not more than one standard point g. We write g="p and we call ¢ the
standard part of p.

We prove by the same method.

4.1.9. T is a Ty—space if and only if for any two points p and g in T
either pgu(q) or g¢u(p).

Let S be any set in 7, and let {U,} be the set of open sets in 7 which
contain S. We then define the set u{(S) as the intersection (),*U,. Evi-
dently, this generalizes the notion of a monad introduced previously. The
method used in the proof of 4.1.2 leads to

4.1.10 Tueorem. Let S be any set in 7. Then there exists an internal
open set ¥ in *T such that *S< V< u(S).
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The proof of the following theorem relies on 4.1.2 and 4.1.10, just as
the proof of 4.1.8 relies on 4.1.2.

4.1.11 TueoreM. In order that the topological space T he regular it is
necessary and sufficient that for every set of points S in 7 and fot every
point p in T—S, u(S)n u(p)=9. Similarly,

4.1.12 THEOREM. In order that the topological space 7 be normal it is
necessary and sufficient that for any two disjoint open sets in 7, §; and
§,, the intersection u(S;) 0 u(S,) is empty.

The following characterization of compactness has important appli-
cations apart from its own intrinsic interest. A point p in *7 will be calied
near-standard if there exists a standard point ¢ such that peu(q).

4.1.13 THeOREM. A topological space T is compact if and only if all
points of *7 are near-standard.

PrROOF. Suppose that there exists a point p in *T which is not near-
standard. Then p is not contained in the monad of any (standard) point
in T. Thus, every point g in 7 possesses open neighborhoods / such that
p¢*U. Let {U,} be the set of all open sets in T such that p¢U,. As we have
justseen, \_J ,{U,} = 4, so that {U,} constitutes an open covering of T If
T is compact then this covering contains a finite subcovering {U,,..., U},
say, k> 1, such that

4.1.14 UuUsu-UU=A.

Now this equation can be formulated as a sentence of X which, in-
terpreted in *7, yields,
*U U0 U0 *U =74,

But this equation entails that pe*U, for some j, 1 < j<X, a contradiction
which shows that the condition of the theorem is necessary.

The condition is also sufficient. Suppose that T is not compact. Then
there exists a set of open sets in T, to be called ¥, such that the union
(U ¥ is equal to A4, but such that no finite subset of ¥ is a covering of 7.
Consider the relation R(x,y) in T which holds between x and y if x is an
element of ¥ and y is a point in T which does not belong to x, briefly
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xe¥ A T1yex. Then R is concurrent. It follows that there exists a point p
in *T such that p¢*U for all Ue¥. Now let ¢ be any point in T. Then
geV for some VeW, but péV. It follows that p¢u(g). This completes the
proof of 4.1.13.

By relativizing 4.1.13 to a set of points in 7 we obtain

4.1.15 CoroLLARY. A set of points B in a topological space 7 is
compact if and only if for every point ge*B there exists a standard point
peB such that geu(p).

If we wish to consider several topological spaces simultaneously, we may
think of their respective sets of points 4; as subsets of a single set of indi-
viduals 4. Then the full structure M with set of individuals 4 contains
full structures T; which are based on the respective 4;. Correspondingly,
if *T is an enlargement of T then it contains enlargements *T; of the
respective T (see above). We identify the topological spaces in question
with the respective T;. Going further, if we are given a set of topological
spaces {T,} which are indexed in an index set I={v}, we may assume that
both the sets of points 4, and the index set [ are contained in a full
structure M, and we may proceed from there to an enlargement *M of
M which contains enlargements *T,, *I of the spaces T, and of the index
set I. It is irrelevant whether the several spaces and the index sei overlap
in M or are disjoint.

Within this setting, let {T,} be a set of topological spaces indexed in a
set /={v}. The Cartesian product /7= x {7} is the set of all functions
f{(x) on I such that f (v)e4, for all vel, where A is the set of points in T,.
Thus, 7 is an entity within the structure 3 introduced above. We endow
11 with the usual product topology and we shall from now on use the
symbol 77 in order to indicate the space with its topology. We recalt that
a base of the product topology is given by the sets

4.1.16 U={f(x)f(v)el}, i=1,..k
where {v,,..., v} is any finite sequence of elements of /, and U is an open

setin T,, i=1,... k.

4.1.17 THeoREM. Letp= f(x}and g=g(x)betwo pointsin*fIsuchthat
p is standard. Then geu(p) if and only if g(v)eu( f(v)) for all standard v.
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Proos. If for some vq, g(vo)gu{ f(vo)), then there exists a standard open
neighborhood of f(vg), *U, such that g(vy)¢*U. But then g(x) does not
belong to the standard open set *V in * I which corresponds to

V= {h()lh (v0)eU}

although V¥ contains f(v). We conclude that the condition is necessary.
The condition is also sufficient, For if U is an element of the base
of fT as given by 4.1.15, thea g(v,)eu( f(v)), i=1,...,k and so g(v)e*U,.
Hence, g(x)e*U, is required. This completes the proof of 4.1.17,
Observe that the condition of 4.1.17 makes no mention of the non-
standard elements of */.

4.1.18 TiEOREM (Standard). Supposc that the space T, are Hausdorff
spaces. Then /7 is a Hausdorff space.

PROOF. Let p=f(x) and g=g(x) be two distinct points in f7. Then
S (vo)y£g(ve) for some voel and u{f(vo))0 u{g(ve))=0. But then the
monads u(p) and u(g) in *f7 cannot have any point int common, by 4.1.17,

4.1.19 THeoreM (Standard. Tychonoff). Suppose that the spaces T,
are compact. Then /T is compact.

ProoE. By 4.1.13 we only have to show that every point p=f{x) in */7
is near-standard. Now f(v) is near-standard for all vel, by assumption.
Hence, using the axiom of choice, we may determine a pointin /7, g=g(x)
such that /' (v)eu (g(v)) for all vel. But then peu(q), by 4.1.17. This com-
pletes the proof of 4.1.19.

We had to make use of the axiom of choice in order to determine g (x).
However, if the T, are Hausdorff spaces every f(v) determines uniguely
the standard point to whose monad it belongs so that, in this case, g{v)as a
function is determined uniquely, and the axiom of choice is not employed.

4.2 Sequences, nets, mappings. The discussion of infinite sequences of
points in a topological space T involves both T and the natural numbers,
N. Similarly as in 4.1, we shall suppose that both T and ¥ are embedded
in a full structure M. On passing to an enlargement *M of M we then
obtain within *f enlargements *7 and *N of T and N respectively, as
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explained. To an infinite sequence {p,} in M, where » ranges over & and
the p, are points in 7 there corresponds in *Af an infinite sequence, still
to be denoted by {p,}, which is defined for all »n in *N, while the p, now
belong to *T. In accordance with our general terminology this {p,} is to
be regarded as a standard sequence in *Af.

Let T be a Hausdorff space. The point p is the /imit of the sequence
{p,} in Tif for any given open neighborhood U of p there exists a natural
number v such that p,el for n> v. In that case p,e* U is certainly true for
all infinite » (since for such #, n>v). This (compare the proof of 3.3.7)
establishes the necessity of the condition in

4.2.1 Turorem. Let {p,} be an infinite sequence in the Hausdorff
space T. In order that p be the limit of {p,} in T it is necessary and
sufficient that, in *T, p,eu(p) for all infinite n.

To prove sufficiency, let U be an open neighborhood of p in 7. Then it is
true, in *7, that ‘there exists a natural number v (i.e., any infinite natural
number) such that p,e*U for all n> v (since in that case p,eu(p)<*U, by
assumption)’. Excepting the words in parentheses, we may express the
statement in quotation marks within X and reinterpret in M. This com-
pletes the proof of 4.2.1.

Since monads of distinct standard points in a Hausdorff space are dis-
joint there cannot be more than one limit to a given sequence.

For arbitrary T, p is a limit point of {p,} if for every open neighborhood
U of p and every natural number v, p,elU for some n>v,

4.2.2 THeOREM. Let {p,} and p be standard. Then p is a limit point of
{p,} if and only if p,eu(p) for some infinite natural number .

Let &/ be an open neighborhood of p in *7 such that U< u(p). Such a
U exists by 4.1.2. Let v be any infinite natural number. If p is a limit point
of {p,} then by the definition of a limit point which applies both in M
and in *M, p,el for some n>v. But then p,eu(p), proving necessity. We
omit the proof of sufficiency.

4.2,3 TueoreMm (Standard). In a compact space 7, every sequence
{p,} possesses a limit point p.
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PROOF. Choose au arbitrary infinite n. Then p, is near-standard, by
4.1.13, p,eu(p) for some standard point p. p is a limit point of {p,} by
4.2.2.

According to the classical definition a directed set is a non-empty set J
in which a transitive and reflexive relation < is defined such that any two
elements of J have a joint upper bound, i.e., such that for any @ and & in
J there exists a c in J for which a<¢, b<¢. This condition shows that the
relation x<y is concurrent. It follows that if *J is an enlargement of J
then there exist elements be*J such that a<b in *J for all 4 in J. Such
elements of *J will be called infinite.

A net f(x) is a mapping from a directed set J into a topological space
T. f(x)is said to converge to a point p in T if for every open neighborhood
U of p there exists an aeJ such that f(b)elU for all b for which a<b.
(Moore-Smith convergence).

Similarly as before, we shall suppose that the given topological space
and the directed set or sets under consideration are embedded in a single
full structure M, so that we may deal with their enlargements within *A.
In future corresponding provisions will be taken for granted without
mention.

4.2.4 THEOREM. A net f(x) converges to a point p in 7 if and only if
S (b)eu(p) for all infinite b in J.

The proof is parallel to that of Theorems 3.3.7 and 4.2.1 and will be
omitted.

A point p is a cluster point (limit point) of a net £ (x) if and only if for
any open neighborhood U of p and for any veJ, where J is the directed
set which is the domain of f(x), there exists an neJ, such that v<# and

JFmel.

4.2.5 THEOREM. In order that the point p be a cluster point of the
net f(x) in T it is necessary and sufficient that f(n)eu(p) for some infinite
ned.

Proof omitted.

4.2.6 THeoreM (Standard). In order that a point p belong to the
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closure of a set S in a topological space T it is necessary and sufficient
that there exist a net /'(x) whose values are in § and whose limit s p.

Proor.  Suppose p is the limit of a net f(x) on the directed set J whose
values are in S. We have to show that u(p) has a point in common with
*S (see 4.1.6). Now f(n)eA for all neJ and so f(n)e*S for ne*J, and in
particular for alt infinite 7 in *J. But, for such #, f{n)eu(p) by 4.2.4,and so
*Snou(p)£0, which shows that the condition of the theorem is suflictent,

The condition is also necessary. Supposing peS, we define the directed
set J as the set of all open neighborhoods of p, with the relation of in-
clusion o for <. Let UeJ, then we choose for f(U) any element of
Un S (which is a non-empty set). Then f(x) converges to p. For if U is
any infinite element of *J then U< u(p), since U is a subset of all standard
open neighborhoods of p in *T. Hence f{U)< u(p), showing that p is the
limit of £{x.

Next we consider mappings from a topological space T into a topo-
logical space §. As before, we suppose that 7 and S are embedded in
some full structure M and we consider their enlargements *7T and *§
within an enlargement *M of M.

Let f(x) be a mapping from (all of) 7 into §. By definition, or as an
immediate consequence of the definition, / (x) ts classically continuous at
a point p in T if for each open neighborhood U of f(p) there is an open
neighborhood ¥ of p such that the image of V under f, (¥} is contained
in U, f(V)cU.

4.2;7 THeoreM. In order that the standard mapping f{(x) be con-
tinuous, at the standard point p it is necessary and suffictent that

Su(p)cu(f(p)

Proor. The condition is necessary. For suppose f(x) is continuous at p.
Let U be any standard neighborhood of f{p). Then we have to show that
S (u(p))=U. Now, since f(x) is continuous at p, f(¥)=U for some
standard open neighborhood V of p. But then f{u(p))f (V)< U.

The condition is also sufficient. Suppose it is satisfied and let U be a
standard open neighborhood of f(p). Let V be an open neighborhood of
pin *T such that V< u(p). Such a set exists by 4.1.2. Then f (V) =f(u(p))
< u(f(p))< U. Hence, it is true in *M that ‘there exists an open neigh-
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borhood Y of p such that f(¥)< U’. The statement in quotation marks
must be true also in M. This proves the theorem.

4.2.8 THeoreMm. Let f(x) be a homeomorphism from T onto S. Then,
for every point pin T, f(1(p))=p{ S {(p)).

This theorem is an immediate consequence of 4.2.7. 1t shows that the
notion of a monad is invariant under standard topological transformations.
Let *7 be an enlargement of the topological space T. The internal open
sets of *7 do not, in general, constitute a topology of *7, for it may be
that the union of a set of internal open sets is not an internal set at all.
However, it is true that *7 as well as the empty set of points are internal
open sets. Moreover, since the intersection of any two open sets in T'is an
open set in T we find, on passing to *7,, that the intersection of any two
internal open sets is an internal open set. It follows that the internal open
sets in *T constitute a base for a topology in *7. We shall call it the
Q-topology. The corresponding topological notions will be indicated by
prefixing the letter Q, e.g., Q-open set, Q-interior, Q-boundary.

Observe that, in addition to the O-notions, we also have the notions
which are induced in *T by the notions of T. For example, in T there
exists the relation R{x,y) of type ((0),(0)) which assigns to every set of
points x its boundary, y. The extension of this relation to *T assigns to
every internal set in *T another internal set, its boundary (without quali-
fication). Thus, we obtain, at first sight, two kinds of boundaries. How-
ever, the following considerations show that the situation is less compili-
cated then might be expected.

4.2.9 THeorReM. Let B be an internal set of points in *7. Then B is
Q-open if and only if it is open.

Proor. If B is an internal open set then it belongs to the specified base
of the O-topology. Hence, B is Q-open. If B is internal and Q-open, con-
sider the set 7~ of all internal open sets which are included in B. Then I~
is an internal set. Moreover, the union of an internal set of internal open
sets is open, for this assertion is obtained by the reinterpretation in *7 of
a formal sentence of X which states, for T, that the union of a set of open
sets is open. But the union of I is precisely B. This proves 4.2.9.
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Given an internal set 8, we may characterize the Q-closure of B, D say,
as the complement of the union of all internal open sets which are disjoint
with B. But this characteristic shows that D is also the closure of B, D= 3.
Hence

4.2.10 TureoreEM. The closure and the Q-closure of an internal set
coincide. The interior and the boundary of an internal set coincide with
its @-interior and Q-boundary, respectively.

4.3 Metric spaces. Let 7 be a metric space with distance function
¢(x,¥). The definition and discussion of 7 involve 7 and the real numbers,
R, 50 we assume as usual that 7 and R are embedded, simultaneously, in
a full structure M. On passing to an entargement *M of M we can develop
the non-standard theory of the given metric space,

The topology of T is defined, as usual, by specifying as base the set of
all open balls B, where B={qle(p, ¢)<r} for a point p in T and a positive
real r.

For any point p in *T we define the monad of p, p(p) as the set of all
points ¢ such that g{p,q) is infinitesimai. Distinct monads are disjoint.
For a topological space, the notion of a monad u(p) was defined only for
standard p. For this case, the notion of a monad defined previously
coincides with that given just now. Thus, the results given previously for
topological spaces and involving monads of standard points apply also
here. We write p~g if ¢ (p,q)~0 i.e., ifiqgeu(p).

A point p in *T will be called finite if there exists a standard point g
such that o(p.,q) is finite. Compare this with the definition of a near-
standard point. p is near-standard if p is in the monad of a standard point
g, i.e., in metric terminology if ¢{p.q) is infinitesimal. Thus, a near-stan-
dard point p is finite. It possesses a unique standard part, %p.

A metric space is bounded if there exists a real number »7 such that
e{p,q)<m for all points p and ¢ in the space.

4.3.1 THEOREM. A metric space 7 1s bounded if and only if all points
of *T are finite.

Proof. The condition is necessary. For if p is an arbitrary point in *7
and g is any standard point then g(p,g) < for some finite m (asin T).
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Hence ¢f{p,q) is finite. Conversely, if T is not bounded, let ¢ be a fixed
point of 7. Then it is true in 7 that ‘for every real number in s there
exists a point p such that p(p,q) > »’. (For if not then 7 would be bounded,
with bound 2m). The statement in quotation marks can be formulated in
K and hence, holds also in *M. Choosing m positive infinite in *R, we
find that ¢(p,q) is infinite. But if so then ¢(p,q’) cannot be finite for any
standard point ¢' for ¢(¢’,¢) is standard, hence finite, and ¢(2.9) <¢(p.,4")
+0(q',9). This completes the proof of 4.3.1,

4.3.2 THEOREM. (Standard). A compact metric space is bounded.

ProoF. For any p in *T, g(p,q) is infinitesimal for some standard ¢, by
4.1.13. Hence, p is finite. This proves the theorem.

The condition that g(p,q) be finite, defines an equivalence relation
in *T. Indeed, ¢(p,p) is finite, o(p.q)} is finite if o(g,p) is finite and if
¢(p,g) and ¢(g,r) are finite then ¢(p,r) is finite. This equivalence re-
lation divides *T into a number of disjoint subsets which will be called
the galaxies of *T. The finite points of *7 constitute its principal galaxy.

Let {p,} be a standard infinite sequence, and let p be a standard point.
Then it is an immediate consequence of the corresponding theorems for
topological spaces (4.2.1 and 4.2.2) or, alternatively, of the corresponding
results for real numbers (3.3.7 and 3.3.12) that p is the limit of {p,} if
p,=p for all infinite n and that p is a limit point of {p,} if p,~p for some
infinite a.

Let B be any {internal or external) set of points in *7. Then the set of
points °B in T is defined by

°B={pl(39) [9eB A 0 (p.q)~01}

or, which is the same, by
*B={p|Bn u(p)*+0}.

4.3.3 TueoreM. If Bis an internal set of * T then °Bis closed.
ProoF. Let p be a point in T which belongs to the closure of °B, Then

the open ball of radius 5~ about p, # a finite positive integer, contains a
point p'e®B. The open ball of radius 5- about p' in turn contains a point



102 GENERAL TOPOLOGY [4.3

geB. Then ¢o(p,g)<1/n. Now let D be the set of natural numbers such
that the intersection of B and of the open ball of radius 1/r about p is not
empty. We have just seen that D includes all finite positive integers. The
usual argument shows that D contains also an infinite positive integer.
Thus, for some infinite », there exists a point g,eB such that g(p,gq) < 1/n.
But then g,cu(p), p®B. This proves the theorem.

4.3.4 THEOrREM. If B is a standard set then ®(*B)=58 where B is the
closure of Bin T.

Prooe. If B is a standard set then B<*B and so B<(*B). Moreover,
%(*B) is closed, by 4.3.3, so B<=°(*B). On the other hand if p¢B then
u(p)0 *B=9, so p¢°(*B). This proves B=°(*B).

43,5 THeoreM. If u{p)is an internal set then p is isolated.

PrOOF. Suppose u(p) is an internal set. Then the set of natural numbers
D which is defined by

D= {m(w;) [[e (P.g)< ;1]’[‘75“ v )ﬂ}

is internal. If p is not isolated, then D cannot contain any finite natural
number. For in that case, if n is a finite natural number, there exists a
standard point g=p such that ¢{p,q) <1/n. But then ¢(p,q) is a standard
positive number and so g¢u{p). This shows that » does not satisfy the
defining condition for D and hence, does not belong to D. On the other
hand, it is evident that D includes all infinite natural numbers. But the
set of infinite natural numbers is external (see 3.1.7). This contradiction
proves the theorem. Observe that if p is isolated then p{p)={p}.
A Cauchy sequence in 7 is a sequence of points {p,} in 7 such that
tim ¢{(p,.p,)=0.

n—oo
M=o

As an immediate consequence of 3.3.15, we obtain

4.3.6 THEOREM. {p,}is a Cauchy sequence if and only if all p, belong
to the same monad for infinite 7.
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T is complete if every Cauchy sequence in 7 has a limit.

43,7 TueoreM. Suppose 7is complete and let p be a point of * 7 which
is not near-standard. Then there exists a standard positive ¢ such that
o(p,g)=¢ for all standard points q.

Proor. Given 7 and p which satisfy the assumptions of the theorem
suppose that no & as asserted exists. For every finite positive integer n,
we may then determine a standard point g, such that ¢(p,q,)< 1/n. Then
{g,} is a Cauchy sequence, since

11
0(qudm}<e(qmp)+o(pgn) <-+—.
n m

But T'is complete so there exists a standard point g such that lim,_, . g,=4,
i.e., such that g,eu{q) for all infinite 7. On the other hand, since ¢{p,q,)
< l/n for all finite #, the usual argument shows that this inequality is true
also for sufficiently small infinite #. For such n, g(p.4,} is infinitesimal
and, at the same time g¢(g,,9) is infinitesimal as g is the standard point
which is the limit of {q,}. But o(p,9)<e(p.g,) +2(g.q) so that g(p.q) is
infinitesimal. Thus, peu(q), p is near-standard, a contradiction which
proves the theorem.

4.3.8 THEOREM. Let {p }beaninternalsequence,and let¢be astandard
positive number such that ¢(p;,p) =« for all finite j and k. Then there
exists a natural number » for which p, is not near-standard.

PROOF. Suppose on the contrary that p, is near-standard for all natural
numbers #. Define a standard sequence {g,} by g,=%p, for all finite ».
g, is then defined automatically also for infinite ».

¢(p,.q,) 13 infinitesimal for all finite n. Refering to 3.3.20, we conclude
that there exists an infinite natural number v such that ¢(p,.¢,) is infinite-
simal for all n<v. Choosing m infinite and smaller than v, and putting
g="p,,, we then have g,,6u(qg), so that g is a limit point of {g,}, by4.2.2.
This imptlies that there exists an increasing sequence of standard natural
numbers 1 <n,<ny<..., such that ¢(g,q,) <4e. Hence, for j+k, n;%n,
and

0 (g dn)<0(9.q, ) +0(q,q,) <36
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But
0(Prpdn)=0,  0(Ppoqn)=0

and, using the triangle inequality,

1@ (Pryo ) — € (@0 @) S@{PnypGn,) + € (Prrdn) -
Hence,
0 (PujsPu) =0 (4 00,) »
and thus,

@{PnypPu) <%t
This contradicts our assumption on {p,} and proves 4.3.8.

4.3.9 THEOREM. Thespace 7'is completeifand onty if for every standard
Cauchy sequence {p,}, there exists at least one infinite natural number v
such that p, is near standard.

The proof is straightforward and will be omitted.

4.3.10 THeEOREM. Let {p,} be an internal sequence such that the points
p, belong to the same monad yu, for all finite n. Then there exists an
infinite natural number v such that p,eu, for all n<v.

For the proof, choose pyep, and apply 3.3.10 for 5, =g (po.p.)-

4.3.11 THeOREM (Standard). Suppose every infinite sequence in a
metric space T has a limit point. Then T is compact.

This is the converse of 4.2.3, for metric spaces. To prove it, we shall make
use of the axiom of choice. Suppose that T is not compact. 1t then follows
from that there exists a point p in *7T which is not near-standard. We
distinguish two possibilities.

(i) There exists a standard ¢>0 such that g(p,g}=¢ for all g in 7. In
that case, we define an infinite sequence {g,} of points in T as follows.
We choose an arbitrary point of T as g,. Next we choose a point g, in T
such that g{g,.4,)=¢. Such a point ¢, exists. For the statement ‘there
exists a point x such that ¢(q,,x)>> ¢’ is true in * M (where we may choose
x=p) and hence, in M. Next we choose a point ¢, in T such that
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2(g4,9,)=>¢ and g(g,,4,)=¢. Such a point ¢, exists. For the statement
‘there exists a point x such that ¢(q,,x)>¢ and 9(q,,x) > ¢ is true in *}f
(where we may choose x=p) and hence, in M. Having chosen g¢,,....q,,
n2, we next choose ¢, in T such that 0(g5.9,41)28, €(9,.9,+1) 26, ..,
(4,9, + 1} =&, Where the consideration of p in *7 again shows that such
a point g, exists in 7. In this way we determine an infinite sequence
{g.} in T such that ¢(g,¢,,) =& for j&m. Evidently, {g,} does not have
a limit point.

(ii) For every standard e¢>0, there exist a point ¢ in 7" such that
o{p,q) <e. In that case we may select a sequence of points in 7, {g,}, such
that ¢(p,g,} <(n+1)"! for all finite natural numbers n. Now suppose
that {g,} has a limit point ¢ in 7. Since p is not near-standard, there
exists a finite positive integer m such that ¢(p,g}>1/m. Also, since gis a
limit point of {g,} there exists a finite #>m such that Q(q,,,q)<2—";‘. At
the same time, o(p,g,) <(n+1)"! <(2m+1)"". Hence,

1
e(p,q)<e(p,q,,)+e(q,.,q)<m+2;<,—n.
This contradiction shows that {g,} cannot have a limit point and com-
pletes the proof of the theorem.

Referring back to 4.3.3 we observe that the set °B can be defined by
°B={plBn u(p)+9} for any internal or external set of points in a general
topological space T. Under certain conditions we are then still able to
obtain the conclusion of 4.3.3 as shown by the following theorem.

4,3.12 THeoreM. If B is an internal set of points in *7, where T is a
topological space which satisfies the first axiom of countability then °8
is closed.

PROOF. Let p be a point in T which belongs to the closure of °B. By
assumption, there exists a sequence of open neighborhoods of p, {U,}
such that every neighborhood of p contains some U,. Replacing {U,} by
the sequence {V,}, where V,=Uyn U n ---nn U, if necessary, we see that
we may as well suppose from the outset that U,oU,>U,;>---. Then
U, < u(p) for all infinite w, For if U is any open set which includes p, then
Uo U, for some finite », and hence, certainly U> U,. Also, since p be-
longs to the closure of °B, any *U,, » finite, contains a point of °B,q, and
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hence contains u{g). But u(g)n B+0 and so *U,n B+0 for all finite n.
We conclude that U, n B+ also for some infinite w (otherwise N would
be an internal set, contrary to what has been proved). But U, < u(p), and
so u(p)n B+0, pe®B, °B is closed. This proves the theorem.

4.4 Topologiesin *T. Let D be an internal open set in *7. For every
point peD, there exists an open ball B8 with radius r>0 and center p
such that B D, for this i1s a property of open sets in 7 which can be
formulated within X and hence, is true also in *7. Now let " be the set
of all internal open balls which are subsets of D. [ is an internal set and
so its union is an internal open set. But this is precisely D. Thus, we may
take the set of all open balls in *T as a basis for the Q-topology of *T.
Recall that Theorems 4.2.9 and 4.2.10 are then applicable,

The Q-topology turns *7 into a HausdorfT space.

A set of points B in *T will be called an S-ball if there is a point p in
*T and a standard positive number r such that B consists of all points g
in *7 such that °(¢(p,q))<r. We denote this set by S(p,r).

Consider the intersection of two S-balls, S(p,7) and S{p’,r’), and sup-
pose that it is not empty. Then for any point ¢ in the intersection,

e{p.)+o(q,p)=0(p,p")
and hence

%o (pa))+°(e€a.p") = e (2.0"),
so that

®etp.p'N<r+r.

With the same assumption on ¢ let t=0(p,q), ' =¢{p’,g), so that °t<r,
%% <r’. Put n=min(r—°, r'=°") so that # is standard positive. We
claim that

S(gm<=S(pry,  S(gm<S(p.r).

Indeed, for any ¢'€S(g.7), we have

e(p.g)<o(p.q)+e(q.9")
®le(pa )< (p.))+%(0(gq,90) < t+r="t=r,

and so g'eS{p,r). The second half of the assertion is proved in the same
way,
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We have shown that every point in the intersection of two S-balls is the
center of an S-ball which is included in that intersection. It follows that
the S-balls may serve as a basis for a topology in *7. We call it the
S-topology. It is not difficult to see that every set which is open in the
S-topology is open also in the Q-topology. Thus, the O-topology is finer
than the S-topology. We shall indicate the notions of the S-topology by
prefixing the letter S to the appropriate term, e.g., S-open set, S-interior,
S-boundary.

4.4.1 THEOREM. A monad is the union of the open balls contained in
it and is thus a Q-open set. A monad is also the intersection of all S-balls
that contain it. Hence, it is the intersection of all S-open sets that contain

it.

The first half is obvious. As for the second half, let x4, be any monad, so
that u,= u(p) for some point p in *7. For any geu{p) and for any S-ball
S{p,r) we then have geS(p,r) since °(¢(p,g))=0. On the other hand,
if géu(p) then °(o(p.g))=ro>0. In this case, ¢ is not contained in the
S-ball S{p,r,). This proves our assertion.

4.4.2 THEOREM. Let B be any internal set in *7. Then the point p
belongs to the S-interior of B if and only if u(p)< B.

Proor. If p belongs to the S-intertor of B then S(p,#)< B for some r>0.
But x(p)=S(p,r) so the condition is necessary.

The condition is also sufficient, for suppose it is satisfied and let D be
the internal set which is defined by

D={nitva) [e(p) < e8]},

D contains all infinite natural numbers. It follows that D contains also a
finite positive natural number, v, Since the points g of S(p,1/v) all satisfy
e(p,q) <1/v, we conclude that S(p,1/v})< B, p is in the S-interior of B.

4.4.3 THEOREM. Let B be any internal set in *7. Then the point p
belongs to the S-closure of B if and only if u(p) has a point in common
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with B. And p belongs to the S-boundary of B if and only if u(p} has
points in common both with B and with the complement of B.

We define a relation of equivalence, ~, in *7 by the condition that p~g¢g
if p and ¢ belong to the same monad, i.¢., if ¢(p,q)~0. (This is compatible
with the relation introduced previously for the real numbers.) The re-
lation = gives rise to a sort of quotient structure T, as follows. The
points of T, are the monads of *T. Let  be the function which maps
every pe*T on the point {=u{(p) in T,. Then the open sets of T, shall be
the images of the S-open sets of *T under . The space 7, regarded as a
subspace of *7 is homeomorphic, under ¥, to the subspace T, of 7, that
consists of the monads which contain standard points.

Consider the distance function g(x,p) in *7. It is not difficult to see that
if pp’, g=¢q then g(p,g)=~o(p’.¢). Hence °(o(p.9))="(e(r'.q") pro-
vided one, and hence the other of these standard parts exist, i.e., provided
o(p,q) is finite. For points & and » in 7, such that ¢(p.q) is finite for
pet, gen, i.e., such that p and g belong to the same galaxy we now define
o(&.1) by ¢(¢,7)="(a(p,q)). Moreover, in that case we shall also say that
¢ and n belong to the same galaxy. Thus, the galaxies of T, are the images
of the galaxies in *7 under . The reader will verify without difficulty that
the function ¢(&,n) provides a metric for each galaxy, and that the topo-
logy provided by this metric coincides, for each galaxy G, with the
topology induced in G by the specified topology of T,.

4,44 THEOREM. Every galaxy in *7 is both S-open and S-closed.
Every galaxy in T, is both open and closed.

Indeed, let G be a galaxy in *7. Then
G=US(p.1).
peG

Hence, G is open. The complement of G is the union of all the other
galaxies, which are also open. Hence, G is closed. The second part of the
theorem now follows from the fact that ¢ maps S-open sets onto open sets,
by the definition of the topology of T,.

The subspace T, of T, was introduced above as the homeomorphic image
of T under . It is not difficult to see that all points of T, belong to the
same galaxy and that ¥ is an isometry on T.
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4.4.5 THrOREM. Suppose T is complete. Then T, is closed in T,.

PROOF. Let £ be a point which is in the complement of T, and let peé.
Then p is not near-standard. Let ¢ be a standard positive number such as
exists according to the conclusion of 4.3.7. Let B be the open ball of
radius 4¢ about &, Then B does not include any point of T,. Thus, the
unton of all open balls which are disjoint with T, coincides with the
complement of T,. This shows that T, is closed.

The next theorem provides a closely related result for the case that T
is not necessarily complete.

4.4.6 TureoreM. The closure of T in T, is isometric to the completion
of T.

Proor. Let C be the completion of T. C consists of equivalence sets of
Cauchy sequences of 7 taken with respect to the equivalence relation
n~yxiflim, .,  0(p,.4,)=0, where n={p,}, x=1{qg,}. In order to determine
the required isometric mapping from C onto T (the closure of T}) proceed
as follows. Let ¢ be an element of C and let z={p,} be a Cauchy sequence
which belongs to ¢. Then the p, all belong to the same monad y, for
infinite n. Moreover, the condition lim,, ,, ¢(p,,9,) =0showsthatif y = {g,}
also belongs to ¢ then ¢(p,.q,) is infinitesimal for infinite # and so g, also
belongs to u,, for such #. Thus, the relation p. = ¥(c¢) defines a mapping
from Cinto 7T,. For any given c, y. belongs to T, since, by the definition
of distance in T}, o(u,,u{p,)) tends to 0 as » tends to infinity, and u(p,)eT..
At the same time, we see without difficulty that different points of C are
mapped into different points of 7.

Now let ugy be any point of 7, and let pey,. For any standard positive
integer s, there exists a point ¢, of T such that g¢(p,q,) <1/n. We then see
as in the proof of 4.3.7 that y={q,} is a Cauchy sequence. Moreover,
¢(p.q,) is infinitesimal for infinite n so if y is an element of the point ¢in C
then p, = ¥(c). This shows that the mappingis from Conto T,. We leave it
fo the reader to verify that it is an isometry, completing the proof of 4.4.6.

The following notion is related to the S-topology. Let {p,} be an
(internal or external) infinite sequence in *7, i.e., a mapping from the
natural numbers of *N into *7T. We shall say that the point p in *T is an
F-limit for {p,} if for every standard positive ¢ there exists a finite natural
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number v such that ¢(p,p,)<e for all finite n>v. Notice that if p is an
F-{imit of {p,} then any other point in u(p) also is an F-limit of {p,}, and
that conversely, any two F-limits of p, must belong to the same monad.
Notice also that the question whether or not p is an F-limit for {p,}
depends only on the terms of the sequence which have finite subscripts.
However, if {p,} is an internal sequence then the fact that p is an F-limit
of {p,} affects the behavior of the sequence also up to some infinite sub-
script as shown by the following theorem.

4.47 THEOREM. Let {p,} be an internal sequence and let p be an
F-limit of {p,}. Then there exists an infinite natural number A such that
p,~p for all infinite n< A.

Proor. We define an internal sequence of non-negative real numbers,
{s,}, by s,=e¢(p,,p). Then the assumption of the theorem implies that
for every finite positive integer & there cxists a finite positive integer
v, such that s, <1/k for finite #>v,. Moreover, we may suppose that
vy <¥y<¥y<---. Next, we define a standard sequence {1,} by t,=0 for
n<v;and by t,=1/k for vp<n<v, .. This defines 7,, in the first instance,
for all fintte » and then, by passing from M to *M, for all infinite #n. Then
lim,, . t,=0and so t,~0for all infinite . Also, the set of natural numbers
D={n|t,>s,} includes all finite natural numbers greater than v,. Since D
is an fnternal set it must therefore include also all infinite numbers less
than some infinite 1. Then s,~0 for #n <4 and hence p,~p for such n.
This completes the proof of 4.4.7.

4.5 Functions, limits, continuity in metric spaces. Let /(x) be a function
which is defined on a set of points B in a metric space T and which takes
values in a metric space S (i.e., a mapping from B into S.) When stating
that a function is defined on a set B we mean by this that B is included in
the domain of definition of f(x). Let p be a point which belongs to the
closure of B. Classically, s is the limit of f(x) as x tends to p, lim_, , f(x} =5
(where B is ignored in the notation) if for every £¢>0 there exists a >0
such that ¢ ( f(g),s) <¢ for all g in B—{p} such that ¢(g,p)<é. The same
formal definition is then satisfied by f(x),B,p,s also in *M (which is the
chosen enlargement of the full structure M that includes T and S). We
prove without difficulty (compare 3.4.1)
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4.5.1 THroREM. Let f(x) be a standard function from the standard
set D in *7 (so that D=*B) into *5 and let p be a standard point which
belongs to the closure of D. In order that lim_, f(x}=s in D, where s
is a standard point in *S, it is necessary and sufficient that

fpn(Dd—{ph)culs)-

Now let f{x) be a standard function which maps the standard set
D=*FB into *S. Then the classical metric definition of continuity at a
point — lim,_, f(q)=f(p) — together with 4.5.1 yields the following
theorem which may also be obtained by the relativization of 4.2.7.

4.5.2 THEOREM. In order that the standard function f(x), which maps
the standard set D=*B into *§, be continvous at the standard point p it
is necessary and sufficient that f(u(p)n D)= p( f(p)).

Classically, the mapping f(x) is uniformly continuous on B if for any
given ¢>0 there is a 6> 0 such that o (f(p),Ag)) <e for all p and ¢ in B
such that g{ p,q) < é. The corresponding nen-standard condition is given by

4.5.3 TuHEOREM. In order that the standard mapping from the standard
set D=*B into *S be uniformly continuous it is necessary and sufficient
that f (p)=f(g) whenever p~gq, p and g in D.

The proof is straightforward and will be omitted.

From 4.5.2 and 4.5.3 it follows immediately that for compact B, conti-
nuity implies uniform continuity. For suppose Bis compact. Then all points
p and g in *B are near-standard. Hence, if p~g, p.geD, then p~p,. g p,
for some standard p,eB. Hence, if f(x)is continuous on B, f{p)~/(poy),
S(@y=f(po). Hence, f(p)~f(g), f(x) is uniformly continuous.

Next we consider functions which are not (necessarily) standard. It
turns out that the S-topology provides results which have classical appli-
cations. Throughout, f(x) is supposed to be defined on a set of points of
*T and to take values in *S. (Recall that the term S-fopology was intro-
duced in 4.4, and is unrelated to the name of the present range space, S.)

S{x) is said to be S-bounded on a set D if f(x) is defined on B and if
there exists a point g in *§ and a standard number m such that
e(f(p)hg)<mforall pin D,
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4.54 THeoreM. In order that the internal function f(x} be S-bounded
on the internal set D it is necessary and sufficient that all points of /(D)
{the set of images of points of D) belong to the same galaxy in *S§.

ProoOF. The condition is clearly necessary. To see that it is also sufficient
suppose that f(x) is not S-bounded on D. Let £ be the set of natural
numbers which is defined by

F = {n] for every point g in *S there is a peD such that ¢ ( /{p),q}>n} .

Then F is an internal set which contains all finite natural numbers. [t
follows that £ contains also an infinite natural number, v. Choose an
arbitrary poeD and put ¢=f(py). Then by the definition of v, ¢( f(p),
S (pe))>v for some p in £. But this implies that f{p) and f (p,) belong to
different galaxies and proves the theorem.

Let f'(x) be an internal function whose domain of definition includes a
monad g,. Let peyy, so that o= p(p). Then there exists a standard ¢>0
such that ' (x) is defined for all g for which ¢(p.g) <e. (For f(x) is defined
for all ¢ such that g(p.g) < 1/n, ninfinite. and so the set of # for which this
is true must include alse finite numbers.)

4.5.5 THeoreM. Suppose the internal function f(x) is defined on a
monad o= u(p) such that f'(u,) is a subset of the galaxy G. Then there
exists a standard £>0 such that f(B}cG where B is the closed ball

{qle(p.gr<e}.

Proor. Consider the product A{g)=0(/(p).f(¢))e(p,q). For any ¢geu,,
h(g) is inlinitesimal since ¢ ( /' (p), f (¢)) is finite and ¢(p,q) is infinitesimal.
Thus, ‘h(g) <1 for all ¢ such that ¢(p,q) < 1/n’,is true for all infinite n. But
if so then it must be true also for some finite positive n=v. We put
& =1/v. Then for any ¢ which is not in gy, ¢(p.g) is not infinitesimal
and so 1jo{p,q) is finite. Hence, for ¢ not in gy which belong to the set

{gle(p.qy<e},

i
) = ;
o (S (@)= i<

is finite. This shows that f{g) belongs to the same galaxy as f(p) and
proves the theorem.
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Let f{x) be defined on the set D and let p be a point which belongs to
the S-closure of D. We say that the point 5 in *§ is an S-limit of f(x) as
x tends to p in D if for every standard £>0 there exists a standard 6 >0
such that o{ f(g),s)<e for all g in D~ {p} for which ¢(g,p) <4.

4.5.6 THEOREM. Suppose D is an internal set, p a point of the S-closure
of D, and f (x) an internal function which is defined on D. Then the point
s is an S-limit of £ (x) as x tends to p in D if and only if

f(p)n (D ={p})=nis).

Proof. Suppose s is an S-limit of /(x) as x tends to p in D. If geu(p)
then g satisfies the condition g(g,p) <& for all standard positive 4. Hence,
if g is at the same time in D— {p} then (/' (¢),5)<e for arbitrary standard
positive &. This shows that f (¢)eu(s), from which it follows that the con-
dition is necessary.

Suppose that the condition is satisfied, and let & be any standard posi-
tive number. Then ‘¢ (£ (g),s)< ¢ for all gin D— { p} for which ¢(g,p) < 1/n’
where #n is any infinite integer since for such n, geu(p). But then the
staternent in quotation marks must be true also for some finite n. Setting
é=1/n we see that the condition of the theorem is also sufficient.

Observe that if s is an S-limit of /(x) as x tends to p, as above, then
the same applies to any other point in u(s). Moreover, all these are
S-limits also for x tending to any other point of u{p).

Let f(x) be defined on D, then f(x) is S-continuous at the point p in D
if f(p) is an S-limit of f(x) as x tends to p in D. Equivalently, f(x) is
S-continuous at p in D if for every standard £> 0 there exists a standard
>0 such that g(f(p),f(g))<¢ for any ¢ in D such that ¢(p,q) <.
Observe that this yields the correct notion of continuity for the S-topology
although the specified basis for that topology consisted of open balls
{q1°(p,q) <&} for any p and standard positive &. However, the condition
that for every standard £>0 there exists a standard é>0 such that
%e(f(p),f(g))<e for any g for which %¢(p,q)<4d is equivalent to that
given above,

As an immediate consequence of 4.5.6, we obtain

4.5.7 THeOReEM. Let s (x) be aninternal mapping from an internal set D
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into *S. Then f(x) is S-continuous at a point p in D if and only f (u(p)n D)
=u(f(P))

Reference to 4.5.2 shows that this is exactly the condition for continuity
of a standard function on a standard set at a standard point. We may in
fact see directly that in that case continuity and S-continuity coincide.
This is not the case in general. For example, if T and S are both given by
the system of real numbers regarded as a metric space then the function
defined by

1
f({®)=0, J{x)=asin - for x+0, « infinitesimal , & +0,
x

is internal. f(x) is S-continuous but not continuous at the point x=0.
On the other hand, the function f(x)=x? is continuous but not S-con-
tinuous at any point x=w where w is infinite.

Let £ (x) be defined on the set of points D in *7. We shall say that
f(x) is uniformly S-continuous in D if for every standard £>0 there
exists a standard 4>0 such that ¢( f(p), f(¢))<¢ for any two points p
and ¢ in D for which g{p,g)<é.

4.5.8 THEOREM. Let f(x) be an internal function which is defined and
S-continuous in (t.e., at ail points of) an internal set D. Then f(x) is
untformly S-continuous on D.

The theorem states, briefly, that, for internal functions and sets, S-con-
tinuity implies uniform S-continuity. Suppose the assumptions of the
theorem on f(x} and D are satisfied. It then follows from 4.5.7 that for
every pair of points p,g in D, p~q implies f(p)~f(g). Now let ¢ be any
standard positive number. Let F be the set of natural numbers # which
satisfy the condition that for all p and ¢ in D for which g(p.g}<l1/n,
e(f(p),fg))<e. Then F is an internal set which includes all infinite
natural numbers. Accordingly, it includes also some finite positive integer,
v. Putting d=1/v we see that f(x) satisfies the condition of uniform
S-continuity on D. This proves the theorem,

4,59 THEOREM. Let f(x) be a function which is defined and S-con-
tinuous at all points of a set D which is S-connected (i.e., connected in
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the S-topology). Then the points of £(D} all belong to the same galaxy
in *S.

Proor. Let peD. We have to show that for all ge D, ¢ ( f(p), f(g))is finite.

Let F be the set of all geD such that g (/' (), f(g)) is finite. Then peF.
For any ¢geF, f{x) is S-continuous at g in D. Hence, there exists a positive
standard ¢, such that % ( (¢}, f(r)) <1 for all reD for which %(g,r)<e,.
For such r,

o(f (p).fr<e(f DL f@)+e(f (@ fM=<e(f () f(D)+1.

Hence reF. Thus, Fis a union of sets which are S-open in D and is itself
S-open in D.

If F= D then we have finished. If Fis a proper subset of D let H be the
set of points 7&D for which there is a point ge D~ Fsuch that o ( f (g}, £(r))
is finite. Then H> D—F. Repeating the above argument we see that H
is S-open in D. Moreover, F and H are disjoint. For if reFn H, then
o(f(p), f(r)) is finite, and ¢( f(g), f(r)) is finite for some geD — F, and
hence o {(f(p), f(g)) is finite by the triangle inequality. But this implies
geF, a contradiction which shows that A= D— F. Thus, D is the union of
the two disjoint sets Fand H which are S-open in D. This contradicts the
assumption that D is S-connected and proves that F=D. Accordingly,
2{ f(p). f(g)) is finite for all p and ¢ in D. This completes the proof.

Let £(x) be a function which is defined on a set of points D in *7. The
sét D was defined previously as the set of all standard points p such that
#{p) has a point in common with D. We define a function °f(x), to be
called the szandard part of f(x) on a certain subset of °D as follows.
Given pe®D suppose that there exists a standard point g (in S and *S)
such that f(p)~q for all points p’ in u(p)n D. We then define °f (p)=gq.
Let D'<®D be the set of points at which °f(x) is defined in this way.
Passing to *M, we get a definition of °f(x) on *D'.

Some care is required in handling the definition of °f(x). Within our
framework, the domain of a function is implicit in its definition, and the
above D is supposed to be a subset of that domain. It follows that by
extending D to a set D, we may actually destroy °f(x) at some point p.
This will happen if, for a given pe®D, f(p’)=g¢ for all points p'eu(p}n D
but not for some p'eu(p)n (D, — D). It cannot occur if D coincides with
the domain of f(x). And it cannot arise, for a given pe®D, if u(p)< D.
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4.5.10 TreoreM. Lettheinternal functionf(x) be defined on an internal
set D such that f(x) takes only near-standard values on D and is S-con-
tinuous on (i.e., at all points of) D. Then the function %/ (x) exists and is
uniformly continuous on °D.

PrOOF. Let pe®D. Since f(x) is S-continuous on D, 4.5.7 shows that for
any two poeints p; and p, in D2 which belong to u(p), f(p,)=f{(p,)
Moreover, f (p,) is near-standard, by assumption, so °f (p)=(f(p,))=
O( £(py)). This shows that °f(x) is defined on °D.

Let £ be a standard positive number. Since f(x) is S-continuous on D
it is actually uniformly S-continuous on D, by 4.5.8. It follows that there
exists a standard >0 such that g{ /' (p,),f(¢,))<efor all p; and g, in D
such that ¢(p,,4,}<5. We claim that at the same time ¢(°f(9),%/ (¢)) < 2¢
for all p and g in °D such that o(p,q) < 3. Indeed, let p and ¢ be points of
D which satisfy this condition. By the definition of °D there exist points
pren(p) and g,ep(p) which belong to D. Then p~p,, g=~¢, and hence,
by the triangle inequality, o(p,q)~g(p,,4,). This shows that ¢(p,,q,)<$.
Hence, by the definition of 8, o (f(py), f{g,))<e. But °f(p)=/f(p,) and
°f{¢)~f{(g.), and so, again by the triangle inequality ¢{°/(p),%f (¢))=
e{/{p) f(q)). We conclude that o (°f(p).°f (g)) <2e, as asserted. This
shows that f(x) is uniformly continuous on ®D and completes the proof
of the theorem.

With the assumptions of 4.5.9, let p be a point in °D and let g be a
point in u(p) which, at the same time, belongs to both D and *(°D). Then
°f (pY=~/ (g) by the definition of °f(x) and °f(g) ~°f(p) by the continuity
of °f(x). Hence °f (q)=f{g).

4.6 Sequences of functions. Compact mappings. Let {/f,(x)} be a
sequence of functions which are defined on a set of points B in the metric
space T and whose range is in the metric space S. According to the
classical definition { /,(x)} converges uniformly on B, to a function f(x),
if for every positive ¢ there exists a natural number v=v(¢) such that
e(f(p), f,(pY)<e for all pin B and for all n>v.

4.6.1 TueoreM. The sequence of standard functions { f,(x)} converges
to the standard function f(x) uniformly on <7 (and hence, on *B) if
and only if £ {p)~f,(p) for all pe*B and for all infinite ».
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PROOF. Suppose that { f,(x)} converges to f(x) uniformly on B. The
classical definition then implies that for any standard £>0 there exists a
finite natural number v such that the following statement holds in M. ‘For
every peB and n>v, ¢( f(p). £,{p)) <&. Replacing B by *B we then ob-
tain a statement which is true in *M. This shows that, for infinite »,
e(f(p), f.(p)) is smaller than any standard positive number and, ac-
cordingly, is infinitesimal. Thus, the condition of the theorem is necessary.

Sufficiency is established by noting that, for given standard positive &,
the condition ¢( f(p), f,(p))<e is satisfied for all n>v where v is an
arbitrary infinite natural number, Transferring back from *M to M, we
complete the proof.

4.6,2 THEOREM (Standard). If the functions of the sequence { /,{x)} are
defined and continuous on a set B and converge to a function f(x) uni-
formly on B then f(x) is continuous on B.

PROOF. Let peBand geu{p) n *B. Then we have to show that ¢ { f(p), f(¢))
is infinitesimal, in other words that for any given standard £>0, g (f(p),
f(g))<e. Now the classical definition of uniform convergence (see above)
when applied to *A shows that there exists a finite natural number v,
such that ¢ (f(7), f,(r}) <}e for n>v and for all r in *B. Thus, putting
n=v+1,

e(f (), f (@< (S (), f(?) +e(fo(p), Lo @)+ e (fula), f (D) <,

since ¢ ( f,{p), f,(¢)) is infinitesimal. This completes the proof.

Observe that in proving 4.6.2 we have not made use of the non-standard
condition of 4.6.1. However, that condition will be applied presently in
connection with a classical result on equicontinuity.

Working with standard notions, let { f,(x)} be a sequence of functions
which map a metric space T into a compact metric space S. Suppose the
sequence is uniformly equicontinuous on 7. That is to say, for every ¢>0
there exists a >0 such that o(f.(»),f.(g))<¢ provided ¢{p.q)<4,
n=0,1,2,3,.... Passing from M to *M, we see that the condition of
uniform equicontinuity affirms that for given standard > 0 there exists
a standard 8>0 such that ¢(p,q) < implies o (f,(p), f,(§)) <¢ for any
points p,g in *T and for any natural number », finite or infinite, This
shows that f,(x) is uniformly S-continuous on *7.
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Now let @ be an arbitrary but fixed infinite natural number. Then £, (x)
takes only near-standard values since a/f points of *S are near-standard.
It follows that F(x)= ", (x) exists and is uniformly continuous on T, by
4.5.10.

Suppose that 7 is compact. Then the points of *7 are near-standard
and so, by the remarks made at the end of section 4.5, F(p)~f,(p) for
all p in *T. This discussion leads to —

4.6.3 TueoreM (Standard, Ascoli). Let { f,(x)} be an equicontinuous
sequence of functions which map a compact metric space T into a
compact metric space S. Then there exists a sequence of natural numbers
{n;}, no<ny <n, < such that the sequence { £, (x)},j=0,1,2,... conver-
ges uniformly on 7 to a function F(x) which is uniformly continuous on 7.,

To prove this theorem, we introduce F(x)="?/, (x) as above. Then F(x) is
uniformly continucus on 7" It remains to select a suitable sequence {n;}.
Since S is compact, ¢ (F{p), f,,()) is infinitesimal for all points p in *T.
Hence, for any standard >0 and any finite natural number v, it is true
in *M that there exists a natural number » greater than v (i.e., #=w) such
that g (F(p), f,(p))<e for all points p in *7. Passing from *M to M, we
conclude that there exists a finite natural number n>v such that
o (F(p), f,{p))<e for all points p in T. We put ;=(j+1)7", j=0,1,2,...
and determine the smallest n=n, such that ¢(F(p), f,,(p)) <&, for all
points p in 7. Next, we determine the smallest n=n; >n, such that
e(F(p), 1., (p))<g, for all p in T and then the smallest n=n,>n, such
that ¢ (F(p), /,,(p)) <&, for all p in T. Continuing in this way we obtain,
without using the axiom of choice, an infinite sequence {n;}, no<n; <
n, <--- such that o (F(p), f,(p))<¢;, j=0,1,2,.... This completes the proof
of 4.6.5.

If the f,(x) are real-valued, Ascoli’s theorem is proved on the as-
sumption that the functions are uniformly and collectively bounded. The
appropriate space S is then provided by some finite interval of real
numbers.

To conclude this section we shall prove some theorems on compact
mappings. Recall that a set of points B in a metric space 7 is bounded if
there is a (standard) real number » such that ¢(p,q)<m for all p and ¢
in B. Recall also that a point p in *T is finite if ¢(p,q) is finite for some
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standard point g. A mapping f{x) from a metric space T into a metric
space S is called compact if every bounded set of points B in T is mapped
by finto a set of points /(B) whose closure /(B8) is compact. The notion
is best known for the case that 7 and § are normed iinear spaces and f'is
a linear operator (see Chapter vii below).

4.6.4 THEOREM. Let f(x) be a mapping from a metric space 7 into a
metric space S. Then f(x) is compact if and only if it maps every finite
point in *7 on a near-standard point in *S.

PrOOF. Suppose f(x) is compact and let p be a finite point in *7. Since
p is finite, ¢(p,g) < m for some standard g and some standard real number
m. Consider the set B={r|p(r,g)<m} in 7. This is a bounded set (with
bound 2my) in T, so the closure of f{B)is compact. Moreover, ge*B, so
f(9)ef (*B)=*(f(B)) and hence, f{g)e *(/(B)) =*(F(B)). But f(B) is
compact, by assumption and so the points of *{ /(8)). including f(g), are
near-standard. This proves that the condition of the theorem is necessary.

The condition is also sufficient. Let B be a bounded set in 7. By ap-~
plying 4.3.1 to B (i.e., by taking B as the metric space of that theorem)
we find that the points of *B are all finite. If the condition of the theorem
is satisfied then it follows that the points of f(*B) are near-standard. We
have to show that, moreover, all ge*(f{B))=f(*B) are near-standard.
Let  be any positive infinitesimal number. Since g belongs to the closure
of £(*B), ¢(g,p) <n for some pef (*B). Then ¢g=p and p is near-standard,
and $o g also is near-standard. This shows that f(B) is compact (since
F(B) is closed) and completes the proof of 4.6.4.

4.6.5 TueoreM (Standard). Let {f{(x)} be a sequence of compact
mappings from a metric space T into a complete metric space S. Suppose
that { £,{x)} converges to a function f(x) uniformly on 7. Then f(x) is
compact,

PrROGF. Let p be any finite point in *7. It foilows from 4.6.4 that the
point f,(p) are near-standard for all finite n. We have to show that f(p)
is near-standard.

Suppose f{p) is not near-standard. it then follows by 4.3.7 that there
exists a standard £>0 such that ¢ (f(p),g)=¢ for all points ¢ in S. But
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{ £,(x)}} converges to f'(x) uniformiy, so o (f(p), /,(p)) <3} for sufficiently
large finite #. For such n, ¢( f(p),q)<1¢ where g=(£,(p)). This contra-
diction proves the theorem.

4.7 Euclideanspace. Let 7 be the n-dimenstonal Euclidean space. Thus,
there is a function p;=k(p, /) which yields for every point p of T and for
every natural number j, 1 <j<#n a real number p; which is the jth co-
ordinate of p. Conversely, for every sequence (p,,...,p,) of real numbers
there is a unique point with these coordinates, As a result, we may if we
wish refrain from introducing 7 separately from R, and we may regard
T as the full structure based on the set of all #-tuples of real numbers.
Looked at in this way, the set of points in T is 4” where A4 is the set of
standard real numbers and the set of points in the enlargement, *7, is
*(A")=(*A)", where *A4 is the set of all real numbers in *R. The results
obtained previously on metric spaces are applicable, where the distance
function in 7 and *T is given by ¢(p,g)=/{(x; =y )* + (33~ p)* + - +
(x,—y)’} where p=(x,%s,...,x,) and g={(¥,¥3,....,). In particular, the
distance of a point p from the origin, or norm of p is given by

ipll =e(p,oy=/{p}+pi+ -+ p?},

where 0=(0,0,...,0). The finite points of *7, i.e., the elements of its
principal galaxy, are those points whose norm is finite. For n=1, the
principal galaxy consists of the real numbers which were called finite
previously, so that our terminology is consistent.

Theorem 4.1.13 provides a very simple proof of the theorem of Heine-
Borel.

4.7.1 TucoreM (Standard. Heine-Borel). Let B be a set of points
in A" which is closed and bounded. Then B is compact.

ProOF. We have to show that for every pe*B there exists a geB such
that o(p,q)=0. Let p=(p,,p3,....p,). Then p is finite, by 4.3.1, since B is
bounded. Hence p,,p,....,», are finite and ¢=(°p;,%p1,...,%p,) exists.
Moreover,

(P =0~ )7 +(ps—°p2)* + - +(p,— °p)?} ~0.
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The point q belongs to B since peu(q) and B is closed. This completes the
proof.

Let D be the closed unit ball in 4", D={p| [Ip{ < 1}. Then the interior
of D, which is the same as its Q-interior, is given by |[p] <1 while the
boundary of D is the unit sphere. At the same time, the S-interior of D
is given by °[ip] <1 and is thus a proper subset of the interior of D, and
the S-boundary of D consists of the points p for which °llp| =1 and this
contains the boundary of D as a proper subset. The S-interior of D is not
an internal set. This is an immediate consequence of the following theo-
rem.

4.7.2 THeoreM. The only internal sets of points in *(A4") which are
S-open are the empty set and the entire space.

PROOF. Let D be an internal set in *(A") such that D+9 and D+*(4"),
and let p and g be points which belong to D and to the complement of D,
respectively. Let F be the straight segment from p to g, i.e., the set of
points r(A)=(1-2A)p+1g, 0<A<1. Let G be the set of all numbers 4,
0<A<1, such that r(1')eD for all <A <A. Then G is an internal set.
G is not empty since it contains A=0 and if 1,6G and 0<4, <4,, then
A,€G. Arguing from the corresponding situation in R, we conclude that
there exists a number 1y, 0< iy <1 such that AeG for 0< A <4, and 1¢G
for Ag<i<l.

Suppose that D is S-open. If #{A,)eD then 2, < | since r(1)=¢¢D. Also,
there exists a standard positive & such that seD for g(s,r(4,)} <e. But this
implies the existence of a 1;,A4;<4, <1, such that r(4,)eD for all A for
which 1, <A <4,. This contradicts the definition of 1, and shows that we
have to assume r(2,)¢D. In that case A,+0 since r(0)=ped. We may
therefore select a A, such that 0< 1, <4, and r{(1,)eD and

e(r(A)r(Ze))=lr(A)—r (o)l =12, — Aol e (p.q)

is infinitesimal. But then there exists a standard >0 such that seD for
all points s for which ¢ (7(4,),s)<e. This applies in particular to s=r(4,)
and forces us to conclude that r(1y)eD. Accordingly, we have arrived at
a contradiction, which proves the theorem,

Any straight segment in *(4") is connected, as we may see by transfer
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from A". On the other hand, a straight segment in *(A") need not be
S-connected. For example, in *4'=*4, the set D of points (numbers)
given by 0 <x<a where a is positive infinite i1s not S-connected since it
can be decomposed into two S-open sets consisting of the finite and of the
infinite elements of D, respectively. However, it is not difficult to show
that a straight segment in *(4")} which consists of finite points only is
indeed S-connected.

4.8 Remarks and references, Theorem 4.1.13 was presented at the
Berkeley Symposium on Model Theory 1963 (RosinsoN [1965)), with a
proof of 9.1.7 as an application. Immediately afterwards, S. Kripke, in
response to a question by M. O. Rabin, produced a corresponding proof
for Tychonoff’s theorem (4.1.19 above).



CHAPTER V

FUNCTIONS OF A REAL VARIABLE

5.1 Measure and integration. In the present chapter, we shall consider
a number of selected topics in the Theory of Functions of a real variable.
In the discussion, particular care will be necessary in order to avoid
confusion between the different kinds of finiteness and infinity.

Let R be the full structure on the set of ordinary real numbers, 4, and
let *R be an enlargement of R with set of individuals *4 > A4, all to be
called real numbers, as in previous chapters. We shall say that an internal
sequence of entities in *R, {a,}, is finite if n varies over a set of natural
numbers which is absolutely finite, i.e., » varies over subscripts n<v,
where v is a finite natural number. We shall say that {a,} is Q-finite if
there exists a natural number v, which may be finite or infinite, such
that for all subscripts » which occur in the sequence, n<v. Finaily,
we shall say that {a,} is infinite if n ranges over all the natural numbers
of *¥, or over a set which is in internal one-to-one correspondence
with the numbers of *N, e.g., the set of numbers of * greater than some
natural v.

Let {a,} be an infinite internal sequence of numbers in *R. Then the
sum Y 7. o, is given by the classical condition (whenever that sum exists).
That is to say, ) »_oa,=a, if for every positive £ in *R there exists a
natural number v in *N such that Izﬁ=0a,,-a|<s for k>v. The ex-
pressions Zf,=0a, all have a meaning, by transfer from R, as sums of
Q-finite sequences. The sum of an infinite series in R may also be regarded
as a function, o, from infinite sequences into real numbers. As such, o
extends to certain infinite sequences in *R and, whenever it exists, satisfies
the classical condition detailed above.

Let U be any open set in *R. We see, by transfer from R, that is the
union of a Q-finite or infinite sequence of disjoint open intervals {J,}. In
either case, we may write formally U={)_,{J,}, if necessary by setting
J,=0 for sufficiently high n. Denoting the length of an interval J by
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x©

m(J) - whenever that length exists — we write m(U)= 3+ ,m(J,), when-
ever the sum on the right hand side exists, and we call m{ ) the measure
of U. We can also obtain m(U) by transfer from R to *R of the set
function which defines the measure of (some, but not all) open sets in R.
The measure of a closed set in *R, whenever it exists, is then obtained by
complementation in the usual way. Notice that if U/ is measurable (pos-
sesses a measure) then for any e>0in *R, ) 2., . ; m(J,) <& for sufficiently
large k. Making ¢ infinitesimal, we may therefore write U= U, U U, where
U= Uﬁzo{.l,,} is the union of a Q-finite sequence of open intervals and
Uy=1J 7 x+1 {Ja} has infinitesimal measure, m(U,)~=0.

Now let B be any standard linear set (i.¢., set of points on the real line,
set of real numbers. It will be understood from now on until the end of
this chapter that a ser of points is a linear set.) If Bis Lebesgue measurable
then we denote its Lebesgue measure by m(B). On passing to the enlarge-
ment *R, the set function #(x) extends to certain additional internal sets
of points. Evidently, this notion of a measure is compatible with that
introduced earlier for open or closed sets.

5.1.1 THeoreM. Let B be a standard set of points. B is Lebesgue
measurable if and only if there exist internal sets of points, B, and B,,
open and closed respectively, such that B,=*B> B, and such that both
B, and B, possess finite measures which satisfy m{B,) ~m(B;). Moreover,
in that case, m(B)="(m(B,)}="(m(B)).

By a finite measure, we mean a measure which is a finite real number.
Similarly, the measure of a set is infinire if it exists as an infinite real value
in *R. In order to avoid confusion, we refrain from introducing oo (‘infi-
nity’) as a value, as is frequently done in Lebesgue theory.

Proof of 5.1.1.  Suppose the standard set of points Bis Lebesgue measur-
able. Then it is true, in R, that ‘for every positive x there exists an open
set of points y such that Bcy and m(B) <m(y)<m(B)+ x’. Transferring
the statement in gquotation marks from R to *R and taking x=» where n
is positive infinitesimal, we see that there exists an internal open set of
points B, such that *B< B, and m(BY<m(B)<m(B)+n. This shows that
m(B)="(m(B,)). Similarly, it is true, in R, that ‘for every positive x there
exists a closed set y such that y< B and m(B)—x <m(y)<m(BY. Trans-
ferring to *R and taking x=# again positive infinitesimal, we conclude
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that there exists an internal closed set B; such that B;=*B and m(8)—»n
<m(B;)<m(B), and hence °(m(B,))=m(B).

Conversely, suppose that there exist internal sets B, and B,, open and
closed respectivety, such that B,>*B> B, and such that m(B8,) and m(B,)
exist and are finite and m(B,) ~m(B,). Let °(m(B,)}="(m(B;))=a. Then
we are going to show that a is both the outer and the inner measure of B
and hence, is the measure of B. Indeed, let ¢ be any standard positive
number, Then it is true, in *R, that ‘there exists an open set (i.e., B,) such
that *Bc< B, and m(B,)<a+¢’. Transferring to R, we conclude that
n (B <a, where ni (B) is the outer measure of B. A similar argument
shows that m,(B)=a where m,(B) is the inner measure of B, But
ni, (B)<my,(B) and so we may conclude that m,(B)=ni (B)=a, a is the
measure of 8. This completes the proof of the theorem.

Instead of taking the notion of Lebesgue measure for granted we may,
in view of 5.1.1, assume only that the notion of a measure has been intro-
duced for open and closed sets, as above, and we may then define the
measure of a standard set B as °(nm(B,))="(m(B;)), provided °(m(B,))
and ®(m(8,)) exist and are finite for certain internat sets B, and B,, which
are open and closed, respectively, and such that B,2*85 B;. It is not
difficuit to show that this definition is unique whenever it applies.

As an immediate consequence of 5,1.1 we have

5.1.2 THEOREM. In order that a standard set B be of measure 0 it is
necessary and sufficient that there exist an internal open set D such that
*Bc D and m{D)=0.

We also observe that if an internal set D has infinitesimal measure (i.e.,
m(D)=~0) and if £ is an internal subset of D then F is measurable and
m{F)=0.

Now suppose that the standard set B is measurable, and choose internal
sets B, and B; as in 5.1.1. Then B, is open, and B; is closed and so
D=B,—B is open. Also, m(B,)=m(B,) and so M(D)=m(B,)—m(B,)
is infinitesimal. 1t follows that the measures of the sets D, =B,—*8 and
D,=*B— B, which are subsets of D, are infinitesimal as well. Given any
standard £>0 it is therefore true, in *R, that for any measurable set *5B,
thercexists an open set, 8,, and a set of measure < ¢, D, suchthat*By D, =
B,and *8n D =9;and thereexists aclosed set B, and a set of mcasure <¢,
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D, such that B,U D,=*B and B, 0 D,=9. Transferring this result to R,
we obtain a well known classical fact. Mcreover, as shown previously, we
may write B, as the union of two disjoint sets, B, and B, where B, is the
union of a Q-finite sequence of intervals and B, is an open set of infinite-
simal measures. Then *B=(B \} B;})— D, where B, n B,=0, D, =B, U B,,
B, is the union of a Q-finite sequence of intervals and (for any given
standard e>0), m(B,) <s, m(D,) <. Transferring to R, we obtain

5.1.3 TueoreM (Standard. Lebesgue). If the set B is measurable and
g is any positive real number then B can be represented in the form
B=(B,U B,})— D, where B, n B,=0, D,c B, u B,, B is the union of a
finite number of intervals, and B, and D, are measurable and such that
m(B,)<g, m(D|)<e.

Having defined the Lebesgue measure of a linear set in R, and by transfer
in ¥R, by either standard or non-standard methods, we may then discuss
Lebesgue integration. Let f{x) be a standard function of a real variable,
defined on a measurable standard set B and bounded and measurable on
that set. Thus, there exist standard real numbers « and S such that
u<f(x)<p for all xin B; and for any real numbers y, and y, such that
a<yy <y, <P, theset {x|p, </ (x)<y,} is measurable. Observe that there
is no need to specify more particularly whether f(x) is bounded {or
measurable) in R or in *R for since f/ (x) is a standard function it will be
bounded {or measurable) in R if and only if it is bounded {or measurable)
in *R.

Now let /7 be an internal fine partition of the interval x<y <f. That
is to say (see section 3.5) that /7 is a Q-finite internal sequence {y,},
Yo=a<y, <Y< <y=f such that y,, (~y, is infinitesimal for n=0,
{,...,k—1. In particular, {7 may be given by y,=x+{(n/A)}{(ff —x), n=0,
1,...,k, where & 1s an infinite natural number. The measure of the set
(X190 <f () <Yps1} n=0,1,...,k ~ 1, will be denoted by m,.

Consider the sums
k=1 k-1
514 s=3Y y.m, and S=3 YuyiM,.
n=490 n=1(
Then
k~1 k=1
aYy my=am(B)<s<S<f ) m,=pm(B),
H=0

n=0
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so that both s and § are finite. Moreover, since every finite sequence of
real numbers in R possesses a maximum it follows, by transfer to *R, that
the Q-finite sequence {y,,; — ¥}, n=0,1,..,k— | possesses a maxinium,
which will be denoted by 4. 1 is non-negative and inlinitesimal since it is
one of the ¥, —¥.. Then

k=1
5‘]'5 !S__Si=s-—5= Z(Yn+1—_yn)ntngznmnznin(g)'
n=0

Since m(B) is a standard real number, this shows that Sxgs, °S="%.
Moreover, if the internal partition f7, is obtained from /7 by subdividing
some of the intervals (y,,¥,,,) of f7, and s, and §, are the corresponding
sums S5.1.4 then it is not difficult to see that s<s;<S,<S and so
05=%, =05, =°S. By combining any two internal fine partitions (as in
the standard procedure) we may then show that °S=°S, for any two
internal fine partitions /7 and /7,. Accordingly, we may define the Lebes-
gue integral f5f {x)dx by

5.1.6 f f(x)dx="S

and we might take this definition as the starting point of the theory of
Lebesgue integration. Alternatively, we may take the standard definition
of the Letosgue integral for granted and we may then prove 5.1.6. The
reader will have no difficulty in verifying this assertion.

For an unbounded standard function f(x), which is defined and meas-
urable on the measurable set B, we may define { f(x)dx as a limit by the
following standard procedure. For any two standard numbers « and 8,
a < f we define the function f£,;(x) on B by

Jp(X)=[(x) for a<f(x)<B,
Sup(X)=0 for f(x}<a andfor f(x)=f.

Then fz(x) is measurable and bounded on B. The integrals [, f,5(x)dx
therefore exist, and we may consider the expression

5.1.7 lim g fp(x)dx.

=
g

If 5.1.7 exists then it is, by definition, the integral g f(x)dx.



128 FUNCTIONS OF A REAL VARIABLE [5.1

Let x<f<y. Then
jﬂfua(x)dx+jﬁfﬂy(x)dX=jBfay(x) dx.

Formulating the Cauchy condition for the existence of the limit 5.1.7 and
passing to *R, we obtain by the usual procedure the following test.

5.1.8 THeorRem, The integral j,,f(x) dx exists ifand only if the integrals
s fia(x)dx and [/, _, (x)dx are infinitesimal for all positive infinite
«and f>a,

Independently of the existence of the limit 5.1.7 we may define the integral
_fsfa,(x)dx for non-standard as for standard «, 8, a<f, as follows. We
introduce an internal fine partition /7 of the interval a<y<f and con-

sider the sums
k—1 k—1

519  s@p =3 yom, and S T)= Y y,im,.
a=0 n=0

Our previous argument (see 5.1.5) still shows that

5.1.10 s, ) ~S{.p,T).

On the other hand, we may deduce by transfer from R that
5.1.11 SB TV [ fop (X)) dx < S (2, 8,17)

and this shows, in conjunction with 5.1.10, that

5.1.12 S(ap Ty {5 fp(x)dx

for all internal fine partitions /7 of « <y<f;. Combining this result with
5.1.8, and choosing the particular type of fine partition mentioned earlier,
we arrive at the following conclusion.

The integral [,f(x)dx exists if and only if, for all «, § such that x<f
and « and £ are both infinite negative or both infinite positive, the sums
Zf‘, To¥as 1, are infinitesimal; where & is a positive integer such that
(LiK)(B—=) is infinitesimal and where y,=a+{n/k)(f—2x), n=0,1,... k.
Moreover. if Zf;“)ynﬂm,, is infinitesimal for a particular =, f, and for
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some k as detailed, then this condition will be satisfied for all such k.
Finally, if [/ (x}dx exists and if « is any negative infinite number and
is any positive infinite number, and (1/4)(# — ) is infinitesimal then the
integral [p f(x)dx is given by

k-1
jﬂf{x]d.\fz 0( ZO)",.+ I”in) 1

where
Yo=a+nfk(f—a), n=0,....k,
and
my=m{xy, < f (X)<y, e}, n=0,.,k=1,

We may consider notions of measure directly in *R. This is analogous
to a step taken previously in topology (section 4.4). We select for con-
sideration the following definition.

Let D be a set of points in ¥R, which may be internal or external.
Suppose that there exists a measurable open set 8 in R such that D« * B,
We then define the outer S-measure of D, Som(D) as the greatest lawer
bound, in R, of the measures of all standard open sets that contain D.
And we define the inner S-measure of D, Sim D, as the lowest upper
bound, in R, of the measures of all standard closed sets that are contained
in D. Thus, both the outer and the inner S-measure of a set D, whenever
they are defined, are standard real numbers, Evidently, Sim(D) <Som(D).
If, moreover, Sim{D)=Som (D) thea we call this joint value the S-measure
of D and we denote it by Sm(D).

For any sets of points 8 and Fin R, B F if and only if *Bc*F. It
follows that for every open set of measure m, say, which includes B there
exists a standard open set of measure m which includes *B. It follows
that the outer S-measure of * B coincides with the outer Lebesgue measure
of B and of *B. Similarly, the inner S-measure of *B wili be seen to
coincide with the inner Lebesgue measure of B and hence, of *B. We
conclude that *B is S-measurable (possesses an S-measure) if and only
if B is measurable and that these measures coincide whenever they exist.
However, a set may be S-measurable also in other cases. For example,
let i be a monad which includes a standard point, @, so that pg=u(a).
Then u is a subset of standard intervals of arbiirarily small length and so
Sm(p)=Som{u)=0. Observe that our definition does not apply to
monads that consist of infinite points for such monads are not contained
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in standard open sets of finite measure. However, it would be possible to
extend the definition so as to include this case, e.g., by permitting trans-
lation (shift).

A standard procedure shows that the S-measure is countably additive.
Thus (as can also be seen directly) a set which consists of the monads of
a countable number of finite points is of S-measure zero.

An application of the notion of S-measure will be found in the next
section.

5.2 Sequences of functions. Let { /,(x)} be a standard sequence of stan-
dard functions defined in a standard set D=*B (where B is a set of
standard points) and let f{x) be a standard function which is defined on
B. We know (see section 4.5) that { £,(x)} converges to f(x) uniformiy
on B if and only if £,{a) ~f (a) for all geD and for all infinite n.

According to a classical definition, { f,(x)} (regarded as a sequence of
functions in R) is uniformly convergent at a point g, a belonging to B or
to the closure of B, if and enly if the following condition is satisfied. For
every £>0 there exist 2 >0 and a natural number v such that, for ali »
in B, {b—a|l<d and n>v, m>vimply | £,(b)—f,.(b)l <&. In this definition,
a,b,e,8,n,m are all supposed to be standard. A simple non-standard charac-
terization of points of uniform convergence is provided by the following
theorem.

5.2.1 THEOREM. Leta be astandard point which belongs to B or to the
closure of B. Then a is a point of uniform convergence for the sequence
{ /,(x)} if and only if for all points beD (where D="*B), which belong to
the monad of a, £,(d)~f,,(b) fou all infinite n and m.

PROOF. Suppose that g is a point of uniform convergence for { f,(x)},
let ¢ be any standard positive number, and let >0 and v be suvitable
standard numbers such as exist according to the definition of a point of
uniform convergence. Then for any point beu(a) n D, we have |b—al <4,
and for any infinite » and m, we have n>v, m>v. Hence, for such b,n,m,
| £ (BY—f.{b)| <e. Since ¢ is arbitrary, except for being positive standard,
we conclude that | £, (&) — £, ()| is infinitesimal, f,(b) =1, (), as asserted.

In order to prove that the condition is also sufficient we suppose that
it is satisfied, and we specify a standard positive ¢&. Within *R, the con-
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dition that | £,(6)—/,, (D)l <¢ for |b—a|<d, n>v, m>v, is then satisfied
by infinitesimal positive é and infinite v. Transferring from *R to R, we
conclude that g is a point of uniform convergence.

Suppose now that { £,(x)} converges to f(x) at all points of B and of
D=*pB where the entities involved are standard, as before. In that case,
we have

5.2.2 THEOREM. Leta be a standard point which belongs to B or to the
closure of B. Then a is a point of uniform convergence for { £,(x)} if and
only if for all beu{a)n D, and for all infinite n, £, (b)=f(b).

Indeed, if £, (h)~f () for all infinite # then £, (b)=f (&)=, (b} for all infi-
nite # and m. Referring to 5.2.1 we therefore conclude that the condition
of the theorem is sufficient. The condition is also necessary, for if be D then
lim,_, .. f,(&)=F(b) holds in *R. It follows that if # is any positive infinite-
simal number then there exists an infinite natural number v such that
| f.(BY—f (B) <n for m>v. This shows that f,.(5)~f(b). But if » is any
other infinite natural number then f,(b)~/,, () for any & in the monad
of a, by 5.2.1. We conclude that £,(6)~f () for all infinite n. This com-
pletes the proof of the theorem.

We shall call any point of D at which £,(b) is not infinitely close to
f(b) for some infinite n, a peoint of intrinsic non-uniformity. We have
added the word intrinsic in order to distinguish such points from points
which are not points of uniform convergence in the sense of the classical
definition. Such points are, by definition, standard. On the contrary, since
we have assumed that lim, . . f,(x)=f{x) on D, the points of intrinsic
non-uniforntity are by necessity non-standard. The above argument does
show that the intrinsic points of non-uniformity are precisely those points
beD for which there exist infinite n and m such that £,(b) is not infinitely
close to £, (b).

5.2.3 THEOREM. Let {f,(x)} be a standard sequence of standard func-
tions f,(x) which are defined and measurable on a standard measurable
set D=*8. Suppose that B is bounded (or, which is the same, that the
points of D are all finite) and that { f,(x)} converges at all points of D.
Then the set of intrinsic points of non-uniformity of { f,(x)} is of S-
measure zero.
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Proor. We shall rely on the classical theorem of Egoroff, which affirms
that, on the assumptions stated in 5.2.3 and for arbitrary standard # >0,
the convergence of { f,(x)} is uniform in a measurable standard subset
D’ of D such that m(D)y=m(D)—n.

Let G be the set of intrinsic points of non-uniformity of { £,(x)} and,
for given n, let D, = D— D', Then m(D,} < 5. Also, sincelim,, , f,(x)=/(x)
uniformly on D, the set of intrinsic points of non-uniformity of { f,{x)}
in D" is empty, i.e., Ge D,. D, is u standard set of measure not exceeding
1, so there exists a standard open set F, of measure not exceeding 27 such
that D, < F, and hence G<F,, This shows that G has an outer S-measure
not greater than 24. Since # is standard positive, otherwise arbitrary, we
conclude that Sm(G)=0, as claimed.

Conversely, it is not difficult to deduce Egoroff’s theorem from 5.2.3,
However, no independent proof of 5.2.3 is known, nor does Non-standard
Analysis appear to offer any advantages in the proof of Egoroff’s theorem
as such. Nevertheless the recasting of the classical notions and results of
the theory of uniform and non-uniform convergence in the language of
Non-standard Analysis may be said to have an interest of its own. Let us
mention that it can be carried a good deal further still,

We shall now show how Egoroff’s theorem, as applied to *R, provides
a straightforward proof of Cantor’s lemmain the theory of trigonometrical
series.

5.2.4 THeoReM (Standard. Cantor). Suppose that s,(x})=a,cosnx+
b, sin nx tends to zero as n tends to infinity almost everywhere in an
interval a<x<b, a<b. Then g, and b, tend to zero as z tends to infinity.

PROOF. We have to show that lim,_, g’ +b? =0, or, which is the same,
that a2 +h2 ~0 for all infinite natural numbers . To prove this, for given
infinite w, it is sufficient to consider the case that a2+ 52+0. We define
a real number y by

a, . b,
oS H=————5= SN 3= ——————,
! 1= ez b3

' O0<n<2nm,
Vi{ao+bi}
where the positive square root is chosen in the denominator. Then

5, (X)=a,, cos wx + b, sin wx= (a2 +b2)¥ cos (wx—n).
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In every interval {<x <+ 2n/w, cos{wx—x) =>4 over one or two sub-
intervals of total length $r/w. Also, the numbers {;=a+(2jr)/w divide
a<x<bh into [(h—a)w/2n] intervals of length 2z/w (where [z] denotes
the largest positive integer not greater than z, as usual), plus a fraction of
such an interval. Hence, cos{wx —#) = % on an internal set of points D in
the interval a<x<b whose measure ts 1(b—a)—¢, ¢ infinitesimal, and
hence, is greater than 3 (b —a). On the other hand, by Egoroff’s theorem,
there exists a standard subset £ of a < x <&, of measure (b —a} such that
s5,{x) converges uniformly on F. It follows that s, (&) is infinitesimal for all
teF. But D and F cannot be disjoint since they are subsets of the interval
a<x<b,and m(Dy+m(F)>L(b—a})+§(b—~a)>b—~a. Let (eDn F. Then
s,(&)={al+b2}* cos(wé —n)~0 but cos{wé—n)=1. Hence,

\’/{ai + b{i} < st (é)

and further, a? +52~0. This proves the theorem.

5.3 Distributions. Working in R, we denote by C* the class of real-
valued functions which are defined for all real numbers and possess
derivatives of all orders everywhere. Passing to *R, we shall consider
certain functions of the class *C* and we shall show that they provide
adequate representations for the common type of Schwartz distributions.

Let F{the test space) be the subset of C ® which consists of the functions
g(x) with finite support, i.e., for which there exists a real number ¢ (in R)
such that g (x)=0for all |x| = ¢. Let Q, be the set of real-valued internal
functions f(x) in *R which are defined for all real x and are square
integrable over any interval of finite numbers (i.e., [2( f(x))*dx exists, as
a Lebesgue integral in *R, for any @< b such that both a and b are finite
real numbers) and such that the integrals % f(x)g(x)dx are finite for
all g(x)eF. We shall use the inner product notation for such an integral,

(f.9)= ff(x)g(x)dx.

The sum of two elements of Qy ts an element of O, and if f (x)eQ, and
4 is a finite number then A f(x)eQ,.

Evidently, every standard function which belongs to *C®, belongs also
to Q. Moreover, if g(x)eF and A(x)eC™ then A(x)g(x)eF. It follows
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that if /(x)eQ, and h(x)eC* then [* . f(x) h(x) g(x) dx is finite for all
g{x) in F and so f{x) A(x)eQ,. (Notice that here as elsewhere, we are
using the symbols #{x) and g(x), ambiguously, both for functions in R
and for their extensions in *R).

Let Q, be the class of functions of Qg such that ( £,g) =0 for all g{x)eF.
Then @, also is additive, and if f (x)eQ, and 4 is a finite real number then
2 f(x)eQ,; and if f(x)eQ, and A(x)eC™ then /(x) h(x)eQ,.

For every f(x)eQ,, we define a functional 4, on the set F by

4,191="f.g) forallg(x)eF.

If g,(x) and g,(x) are elements of F and 1 is a standard rea} number
we then have

vy [g1 +92]=0(f,.‘}1 +92)=O((f,gl)+(f’gz))=o(f:91)+o(f,92)
=4,0g.3+4,(9.].
and similarly,

A,[4g]="24,{9.]1=24,[g.].

This shows that the functionals 4, are linear from the algebraic point
of view. We denote the set of these functionals by ¢, and we denote the
mapping f— 4, from @, onto @ by . Both @, and @ constitute Abelian
groups with respect to addition, and the mapping ¢ is a homomorphism
from Q, onto @. The kernel of this homomorphism is Q, and the quotient
group Q,/Q, is isomorphic to @. If f~g¢ is the equivalence relation in @,
which is defined by f— ge@, then the elements of Q,/Q, are the equiva-
lence classes with respect to this relation. We shall call them pre-distri-
butions. Thus f(x) and g{x) in Q, belong to the same pre-distribution if
f—9e0,.

We shall now show that @ consists of all functionals on F which are
linear from the algebraic point of view. More particularly, we shall show
that for any given functional 4[g] on F which is linear from the algebraic
point of view there exists in *R a polynomial p,(x)} (i.e., p,(x)e*i],
where f7 is the class of polynomials in R} such that (p,,g)=4[g] for all
g(x) in F. Since a polynomial is square-integrable on any interval {in R
and hence, in *R) and since (p,,g)=4{g] is finite for all g(x} in F, we
conclude that p,(x)eQ,.

In order to prove the existence of such a polynomial p,(x) for given
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A4{g] we first consider a finite set of linearly independent functions
g;(0ek, j=1,...,m, m=1. Working in R, we claim that for every set of
real numbers a,,...,a,, there exists a polynomial p(x) such that

x

5.3.1 (pa)= | P9, dx=ay j=1..m.

- a0

Since the functions g ;(x) have finite support, there exists a positive real
¢ such that g {x)=0 for [x|=¢, j=1,...,m. And a simple transformation
of the independent variable (x"= x/2&) shows that we may, without loss
of generality, suppose that < 1. Then 5.3.1 becomes

1

5.3.2 fp(x)gj(x)dx=aj, j=1,...,.m,

=1

where the g;(x) vanish in the neighborhood of the end points of the
intervals of integration.
We represent the functions g;(x) by their Legendre expansions

gj(x)=aépo(x)+a{Pl (x)+a.}2.P2(x)+"" j'”_'ls-“snlv

where, in view of the stated restrictions on the g;(x), the series on the
right hand side converges to the correct value on the closed interval
—1<x<I, the convergence being uniform in any interval—0<x<9 for
8< 1. Since the g;(x) are linearly independent, by assumption, the matrix

as a; aj..

.
L3

m m
al Q...

o

must be of rank m. It follows that there are subscripts 0</, </, < </,
such that the matrix

I J2 M im
xd= . :
m m m
a; 4j---4a;,
is non-singular. Writing

g, (x)
« :

4n®/)  \hn(0)
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we then obtain
hi(x)=P; (x)+k,(x), [=1,..,m,

where the Legendre expansions of the functions &,(x) do not contain terms
involving P; (x),...,P; (x). Furthermore, defining b,,....h,, by

a, b,
am b’ﬂ ?

we see that 5.3.2 is equivalent to

5.3.3 J-p(x)h,(x)dx=b,, i=1,...m.
-1

We now set

5.3.4 p(xX)=c,P; (x)+ P, (x}+ -+, P (x).

Then 1

J.p(x)k,(x)dx=0, f=1,...m,
-1

and 50 5.3.3 becomes
1

~fp(.v()P;,(x)dx=b,, I=1,...m.
-1

But {L, (P,(x))* dx=2/(2n+ 1) and so 5.3.4 is satisfied by ¢;= (2/,+ 1}h,,
!=1,...,m. This shows that

5.3.5 pxy=32; + Db Py (x) + $(2/7, + Db Py, (x}+-- +
12),+ Db, P, (%)
is a polynomial which satisfies 5.3.2, as required.
Now let 4[g] be any functional on F which is linear in the algebraic

sense, and let g,...,g, be an arbitrary finite set of elements of F. Then
we claim that there exists a polynomial p(x) such that

o

5.3.6 fp(x)gj{x)dxzd[gj], j=1,.,k.

— 0
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Indeed, to satisfy 5.3.6, we only have to select a linearly independent
subset of the g, e.8.,91,..., 9, and tosatisfy 5.3.1 fora;=4[g;]./=1,...,m.
This implies that the first m equations of 5.3.6 are satisfied directly while
the remaining k& —m equations (if any) are satisfied by virtue of the line-
arity of A4[g). (If k=1 and g, (x)}=0 the assertion is trivially true.}

We have just shown that, for a given functional 4 as above, the relation
T(g,p) which is defined as follows is concurrent in R.

‘g 1s a function which belongs to the set F and p is a polynomial and
IZ.0p(x) g(x) dx=4{g7".

This shows that a p,(x) as required exists in *R,

Instead of selecting p,(x)} as a polynomial in x we might equally well
have determined it as a trigonometrical polynomial (or in terms of certain
other sequences of orthogonal polynomials). Again, since the behavior
of p,{x) for infinite values of x makes no difference to the value of (p,,g)
for g{x)eF, we may modify p,(x) in such a way that the function resulting
from the modification still belongs to *C ® but vanishes for |x| > a, 2 posi-
tive infinite. This can be done, for example, by multiplying p,(x) by a
function g(x)e*C* which has the property that g(x)=1 for |x| <4a and
g{(x)=0 for x| =a. The fact that such a function g(x) exists can be es-
tablished by transfer from R since it is known that there are functions in
C™ with the stated property for standard a.

QOur result shows that every pre-distribution (element of Qo/Q,) con-
tains at least one function of the class *C®. We write P,=0Q,n *C™,
P,=0Q,n*C*, so that P, and P, are again additive groups and P,/P, is
isomorphic to Q,/Q, and to &.

In the Schwartz theory of distributions, a linear functional 4[g] on F
is a distribution only if it satisfies a further requirement, of continuity, as
follows. Let {g,(x)} be a sequence of elements of F such that g,(x)=0
for all n, and for |x| > a, for some standard real a and such that g{* (x)—-0
uniformly in x as »n tends to infinity for £=0,1,2,3,.... Then the require-
ment is that lim,_ , 4{g,] =0. We shall say that the pre-distribution ¢ is
a Q-distribution, if the image of the elements of a in @ satisfies the con-
dition of continuity just mentioned, i.c., is a distribution in the sense of
Schwartz’s theory.

Thus, to every distribution in the sense of the theory of Schwartz there
corresponds a Q-distribution, which is a particular class of non-standard
functions. For example, to the Dirac Delta function as a distribution
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there corresponds the Q-distribution which contains, among others, the
function (a/n)* exp (—ax?) where @ is any positive infinite real number.
On one hand, the standard theory has the advantage that in it, the Delta
function is unique by its very definition, whereas in the non-standard
theory uniqueness is achieved only by combining the candidates for the
rule of Delta function, such as the various (a/r)* exp (—ax?) into a single
equivalence class. On the other hand, the fact that the elements of the
equivalence classes are proper functions helps to make the theory more
intuitive. However, we should mention here that even in standard theory,
distributions can be given a degree of concreteness through representing
them by equivalence classes of sequences of functions.

5.3.7 THEOREM. Let o be a pre-distribution, and let f(x) and g(x) be
two elements of o which possess continuous derivatives for all x. Then
f7(x) and g'(x) belong to the same pre-distribution.

ProoOF. On the assumptions of the theorem, the functions /' (x} and g’(x)'
are square integrable over any interval. Also, for every A(x)eF, integration

by parts yields ( f',h)= —( f./’). Since A'{x) also is an element of F, (f,4'}

is finite. Hence, ( f ',#)} is finite, and so f'(x),and similarly, g’(x), belong

to Qy. Now consider the difference k(x)=f(x)— g(x). Since f and g belong

to the same pre-distribution, (.4} is infinitesimal for all #(x)eF, and so

(k' ,hy= —{(k.,n") is infinitesimal for all #(x)eF. This shows that £'(x)eQ,,

and hence that /'(x) and g'(x} belong to the same pre-distribution.

5.3.8 CoroLLARY. On the assumptions of 53.7, if f{x) and g(x)
belong to the same Q-distribution then the pre-distribution to which f'(x)
and g'(x) belong is a Q-distribution.

As we have seen, every pre-distribution « contains a continuously
differentiable function (even a polynomial) f(x), and 5.3.7 shows that
the pre-distribution £ to which £’ (x) belongs is then determined uniquely.
We call § the derivative of @ and we write S=«', or f=da/dx.

The following theorems provide some information on the structure of
Qo and P,

5.3.9 THreoreM. The only standard function which belongs to P, is the
zero function, f(x)=0.
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PrOOF. f(x)is continuous, by assumption. If / (x) does not vanish every-
where in *R and hence, does not vanish everywhere in R, then f{x,)+0
for some standard x,. A familiar procedure now shows how to construct
a function g (x)eF which is nowhere negative, and is positive only in some
sufficiently small neighborhood of x,, such that (f,g):ji’mf(x) g(x)dx
+0. And since { f,g) is a standard number, it follows that it cannot be
infinitesimal. In more detail, supposing, without loss of generality, that
S (x0)>0, let a be a standard positive number such that f(x) >4 f(x,) for
Xo—a<x<xy,+a and determine a function x(x)ef such that A(x)=0
everywhere and

A{x)=1 for |xj<ia, h(x)=0 for |x|za.

Putting g{(x)=h{x—x,), we then have g(x)eF and

w© xqta
5310 [ 1me@ds= [ 1@e@dr>tef (o),
- xp=a
as required.
8.3.11 THEOREM. In order that an internal function f(x) which is
defined for all x and is square integrable over every interval of finite

numbers, belong to Qy it is sufficient that §(/(x))* dx be finite for all
finite a, b.

Proor. Let g(x)eF, and let g(x}=0 for |x| = ¢>0, ¢ standard. Then

5.3.12 (jif (x)g(x) dx>2=(j.f (x)g(x) dac)2
< j (f (x))*dx j (g(x))*dx,

by Schwarz’s inequality. But [< _(g(x))? dx is finite since it is a standard
number, and so [% f(x) g(x) dx=(f.g) is finite, fQ,, as asserted.
Another application of 5.3.12 proves
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5.3.13 THEOREM. Let f{x)e @,. In order that f(x)e @, it is sufficient
that §5( f(x))* dx be infinitesimal for all finite a,b.

In general, a pre-distribution does not possess a numerical value at a
point, since two functions may well belong to the same Q-distribution or
pre-distribution yet differ, at a given point, by an amount which is not
infinitesimal. For example, the functions (a/n)* exp (—ax?) belong to the
(distribution for the) Dirac Delta function for all positive infinite a, yet
for x =0, the functions equal \/(a/n) and thus may take any positive infinite
value whatever.

Let x;, be any standard real number. We shall say that the pre-distri-
bution « is standard at x, if there exist elements f'(x) of & such that f(x)
is S-continuous at x,.

5.3.14 THEOREM. Let o be a pre-distribution which is standard at the
standard point x,. Then there exists a standard y, such that f{x,)=y,
for all £ (x) in a which are S-continuous at x, and for all x, in the monad
of x, i.e. for x; ~x,.

PrOOF. Let f(x)ex be S-continuous at x,. We show first that f(x,) is
finite. Supposing that this is not true and adding, without essential loss
of generality the assumption that £ (x,) is positive (so that f (x,) is positive
infinite) we then have f(x;}>1 f(x,) for all x, >~x, since f(x;)=f (x,)
for such x,. Defining the internal set of positive real numbers D by

D={blb>0A f (x,)>4f (xg) for |x, —xol < b}

we then see that D contains all positive infinitesimal numbers. But if the
set of positive infinitesimal numbers were internal, then the entire monad
of zero would be internal and we have already seen that this is not the
case. It follows that D contains also numbers which are not infinitesimal
and hence, contains also positive standard numbers. Denoting one of
these by a, we then define the functions #(x} and g(x) as in the proof of
5.3.9, and obtain ‘f"_"mf(x) g(x) dx>3af (x,), where the right hand side
ts positive infinite. But this is impossible since g(x)eF. We conclude that
f{x,) is finite.

Now let | (x;) and f,(x) be two elements of & which are S-continuous
at x,. We propose to show that f; (xod>/5(xo). Let f(x)=f,{(x)—f5(x)
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and suppose that f'(x,) is not infinitesimal and (without loss of generality)
that it is positive. Since f(x) is the difference between two elements of a
pre-distribution, it belongs to Q,. It follows that ( f,g} is infinitesimal for
all geF. On the other hand, f{x) is S-continuous at x, and so, as in the
first part of the proof, there exists a positive standard a such that
f{x)>1 flxg) for |x; —xo]<a. Defining g(x) and A(x) as before, we
obtain again ( £,g)> 1af (x,), which contradicts the earlier conclusion that
(f.g) is infinitesimal. Thus, f(x,)=/5(x,)} as asserted. Putting y,=
°( f1(x,)) for some f, {x)ex which is S-continuous at x,, we then have
Yo="(f(xp)) for any f (x)ea which is S-continuous at x, and hence, by
S-continuity. yo="(f(x,)) also for any other x, in the monad of x,. This
completes the proof of 5.3.14.

If the pre-distribution o is standard at the standard point xg, then we
regard the y, which exists according to 5.3.14 as the value of 2 at x4 and
we write yo=a{x,). In this sense a(x) is a real valued function (in R}
which is defined for certain values of the argument. For example, if  is
the pre-distribution which contains (2/n)* exp ( —ax?) for positive infinite
a (i.e., the O-distribution which corresponds to the Dirac Delta function)
then 8({x) exists and equals zero for all standard x+0.

If f(x) is a standard function which belongs to a distribution « then
a(xy=/(x) for all standard x. And if 2(x,) and B(x,) exist for certain
pre-distributions = and $ and for some standard x, then y=«+£f is
standard at x, and y(xy)=a(x,)+ B(xo).

$.3.15 TueoreM. Let « be a pre-distribution and let f'(x) be a standard
continuous function (so that f(x) belongs to Q,). Suppose that for ali
standard x, x is standard and a{x)=/{x). Then f(x)ex.

PrROOF. Let § be the pre-distribution which contains f(x). Then g ts
standard for all standard x and {x) =/ (x). Consider the pre-distribution
y=u—f. y is standard for all standard x and, for such x, y(x)=a(x)—
B(x)=f{x)—/(x}=0. We propose to show that y is the zero pre-distri-
bution, i.e., y=,. For this purpose, we only have to verify that if k{x)ey
and g{x)eF then (4,g) is infinitesimal.

Since g(x) has finite support there exists a standard positive ¢ such that
g{x)=0 for |x|=c. Let a be any standard real number such that |g|<c.
We know that there exists a function f,(x)ey such that f,{x,)~0 for all
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x,~a. It follows that, for any specified standard >0, the assertion
4 f.(xl<e provided |x, —al <#," is true for all infinitesimal ,. The usual
argument establishes that there even exists a positive standard n, such
that | f,(x,)| <e for all x, such that |x, —a| <#,. Having chosen a suitable
1. for each & in the interval —c<x<c, for a pre-assigned ¢, we denote
the open intervals a—n,<x <a+#n, by U,. The theorem of Heine~Borel
now shows that there are among the U, a finite number of open intervals,
Uy, Us,..., U, whose union includes the interval —c<x<c. To each U;
there belongs a function f,(x) such that | £,{x)| <e¢ in that interval. It will
be renamed f;{(x). Moreover, we may shorten the intervals U, as necessary
(and perhaps omit some of them} so as to ensure that no point of
—c<x<c is included in more than two of the U; and moreover, so that
the total length of the overlap, together with the length of the intervals
by which U 7., U; extends beyond —c<x<c is as small as we please.
Thus, we may certainly assume that the total length of the intervais U;
does not exceed 4c. Let A=max|g(x)|. We shall make use of the fact that
g(x) can be written as a sum of functions g;(x)eF

g(x)=g,(x)+g,(D+ - +gn.(x)
such that g,(x)=0 outside U, and jg(x})| < Aon U, j = I....,m. Then

J k(x)g(x)dsz.k(x)g(x)dx= .Z] k(x)g;(x)dx

2

=§1 (k(x)—fj(x))gj(x)dx—i-il (09, (x)dx
i= i=

u; U;

But j‘b-}(k(x) —f;(x))g;(x) dx must be infinitesimal since (x) and f;(x)
belong to the same pre-distribution, . At the same time

m

<y | eddx<dced.
i=1

U vy

m A

3 J £,(09,(x)dx

i=1

We conclude that

=4}

f k(x)g{(x)dxj<n-+4dcei,

o
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where 5 is positive infinitesimal. Since ¢ is standard positive, but other-
wise arbitrary this inequality shows that (k,g) is infinitesimal. Hence,
y=0,, and hence, 2=, f (x)ex. This completes the proof of 5.3.15.

The last theorem shows that to every standard function f{x) which is
of class C?, i.e., which exists and is continuous for all x, there corresponds
a unique pre-distribution x such that x(x)=7/(x} for all standard x, and
this is precisely the pre-distribution which contains f{x). In general it will
cause no confusion if we say that in this case « s a functton. Moreover, if
the pre-distribution =« is a function then it is actually a Q-distribution. For
if {g,{x)} is a sequence of functions from F such that g,(x)=0 for all n
and |x|=c¢, ¢ a standard number, and lim,_ . g,(x)=0 uniformly for
|x| <c, then { f,.g.)="( f.9.) tends to zero as » tends to infinity, and this
is sufficient to ensure that « is a Q-distribution.

Let f{x)eC™ be an element of the pre-distribution x {so that « is a
function and a Q-distribution), and let § be any pre-distribution. Then
the set of functions f(x)g(x), g{x)eB is a subset of O, and moreover, is
a subset of a single pre-distribution y. We shall say that y is the product of
o and f, y=af. The reason why we cannot define the product «f8 for
arbitrary pre-distributions {(or Q-distributions) « and f is that, in general,
we have no assurance that the products f{x)g(x), where f(x)ex and
g(x)ef, all belong to the same pre-distribution. This is the price paid for
the transition from internal functions as such to equivalence classes of
such functions.

5.3.16 THEOREM. Letf(x)e C*, be an element of the pre-distribution «
(so that a is a function, and «(x)}=£{x) for all standard x). Let S be a
pre-distribution, which is standard at the standard peint x,. Let y=«f.
Then y is standard at x, and y(xq) =a{x0) #(x;).

Proor. It follows from the assumptions of the theorem that f'(x) is S-
continuous at x,, and f(x¢)=x(x,); also, that there exists a function
g(x)ep such that g(x) is S-continuous at x, and °(g(x,))=B(x,). Con-
sider the function A{x)=/(x)g(x). This function belongs to y. Also, for
any point x, in the monad of x,,

h(x))=h(xgy=Ff(x;)g(x}—f (xo)g(xo)=f(xl)(g(xl)_g(xo))
+ (f (xl)—f(xo))g(xo)-
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But f£(x,){(g{x,)—g(xo)) and ( f(x,)—f(x0))g(x,) are both infinitesimal
since they are products of iwo factors one of which is finite and the other
infinitesimal. Hence, A(x,}—#(x,) is infinitesimal, £2(x) is S-continuous at
xo. It follows that y is standard at xg and y(x,) = °(A(xo))=F (x0) °(g(x0))
= (xp) f{xo). This proves the theorem.

5.3.17 THEOREM. Let « be a pre-distribution and let /(x} be a standard
continuous function. Suppose that « is standard at all standard points x
of a closed interval a < x <5, a and b standard, a<b, and that for such
%, a{x)=£(x). Then °(h,g)=(f,g) for any g(x)eF whose support is in-
cluded in the interval a<x <5 (i.e., which vanishes for x<a and x>6)
and for any h(x)ec.

Let £ be the pre-distribution which contains /' (x} and let y =« — . Then
y is standard at all standard points of the interval a<x<b, and

P{(x)=a(x)—f(x}=f(x}—f(x)=0

for the standard points of that interval. If we can show that for any
function k(x)ey and for any g(x) as described in the statement of the
theorem, °(k,g)=0 then this will entail the theorem since #—fey. And,
in order to show that %(,g)=0 in this case, i.e., that (k,g)=0, we only
have to use the method employed in the proof of 5.3.15.

We have seen already that if the pre-distribution « is a function, i.e., if «
contains a continuous standard function f(x), then « is a Q-distribution.
The same is true if « is the kth derivative of a function for some finite 4.
For let f=a'%), where o is a function which contains the continuous
standard function f(x). Let {g,(x)} be a sequence of functions from Fall of
which vanish outside some interval — ¢ < x < ¢, where cis a positive standard
number, and supposethat lim, , g% (x)=0 uniformly in x, for all finite k.
Choose a function 2(x)e*C * which belongs to «. We established previ-
ously that such a function exists. Then A*’(x) belongs to 8 and we have
to verify that °(hA"*',g,) tends to zero as n tends to infinity (in R). Inte-
gration by parts shows that

oL

(", g,)= J W' (x)g, (xydx=(-1)" J- n(x}g (xydx=(=D*(h,g’).

-0
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At the same time, f and # both belong to «, and so (4,95} ~(/,g'¥). But
gf,“(x)—’O uniformly in x and so

c

(f.g¥H= Jf(x)gf,“(x)dx= (f(x) g¥ (x}dx—»0, asn—o

2 -c

1t follows that
g =(=1) *(h,ga=(=D"(£.9,")

tends to zero as # tends to infinity, as required.

5.3.18 THEOREM. In order that a pre-distribution & be a Q-distribution,
it is sufficient that for every standard positive ¢ there exist a finite natural
number % and a pre-distribution 8 which is a function such that the
distribution y=x—f#"" is standard at the standard points of the interval
—c<x<c and p(x)=0 for such points.

Proor. Suppose that the condition of the theorem is satisfied and let
{g.(x)} be a sequence of functions from F such that, for some standard
positive ¢, g,{x)=0 for |x| 2 ¢ and lim, . g"*(x)=0 uniformly in x for
finite k. Let f(x)ex then we have to show that °( f,g,) tends to zero as
n tends to infinity (in R). By assumption, there exists a pre-distribution
B which is a function such that for some finite k, y=ua— 8% is standard,
and equals zero, at all standard points of the interval —c<x<e. Let
h(x) be a function of class *C* which is contained in f. Then
S (x)=h*(x) belongs to y. Applying 5.3.17, with —¢ and ¢ for the
a and b in the statement of that theorem, with the zero function for
the /' (x) mentioned there, and with f(x)—A™'(x} for #(x), we find that
o%(f-h"*,g,)=0 and hence % f,g,)="(#"*,g,). But, as shown in the dis-
cussion preceding the statement of 5.3.18, °(4'“,g,) tends to zero as n
tends to infinity, in R, and the same is therefore true of °( f.g,). This
proves the theorem.

5.4 Remarks and references, The non-standard theory of Riemann
integration is developed in ROBINSON {1963] within the framework of the
Lower Predicate Calculus. For the non-standard approach to Lebesgue
integration the use of a higher order language appears to be essential.
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Non-standard functions which represent the Dirac Delta functions are
detailed in ROBINSON [1961]. LUXEMBURG [1962] contains a non-standard
theory of distributions which is based on the approach given in MIKU-
SINSKI and SIKORSKI {1957}, The theory presenied here is closer to the
point of view of L. Schwartz (scuwartz [1950, 1951]).



CHAPTER VI

FUNCTIONS OF A COMPLEX
VARIABLE

6.1 Analytic theory of polynomials, Let Z be the two-dimensional
Euclidean space with the algebraic structure of the complex numbers.
The points of Z may be regarded as pairs of real numbers in R and the
formal statements that can be made about Z can all be expressed as
statements about R. Let *Z and *R be corresponding enlargements,
For any entity (set, relation, function) in Z or R there is a corresponding
entity in *Z or *R. Since *Z is included in *R in the sense explained we
shall usually think of such a correspondence as relating to R and *R.

A complex-valued function of a complex variable w=f(z) may be
represented in the formal language in various ways, ¢.g., as a binary re-
lation whose arguments are pairs of real numbers, or as a quaternary
relation where @4 o 0,0, (¥, X,y,u,0) stands for u+iv=f(x+iy), x+iy=z,
u+1v=w. Although the particular choice of the representation is irrele-
vant to our arguments the one just mentioned is quite suitable if we wish
to express a given statement within the formal language A.

Let J7 be the set of complex-valued polynomials of one complex vari-
able so that the elements of /7 map Z into Z. Let */7 be the corre-
sponding set in * R, so that the elements of *J7 map *Z into *Z. Following
our custom, we call the elements of */T also polynomials.

With every polynomial p(z)el7 and with every natural number ke N there
is associated a complex number a,, which is the kth coefficient of p(z}. For
non-zero p(z) there is a greatest & for which a, +0, the degree of p(x). For
any p(z), the number of coefficients which are different from O will be called
therank r of p{z) sothatr > 0. All these functionals extend to * /7 automatic-
ally, although the degree and the rank of a polynomial may now be infinite
natural numbers. We shall be interested chiefly in non-zero polynomials of
* [T whose rank is finite, reN. Such polynomials can be written in the form

6.1.1 p(z)=c ;2" +c2" 4o 402", r>1,
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where 1, <n, <---<n,, and ¢; %0, 1 < j<r. In this expression, neither the
n; nor the ¢; need be standard although the number of terms, r, is stan-
dard, by assumption. 6.1.1 implies that for any particular complex
number in *Z the value of p(z) can actually be obtained by the evaluation
and addition of the individual terms on the right hand side.

Another functional which extends automatically to the non-zero poly-
nomials of *I7 is the number of zeros of a polynomial p(z} (taking into
account multiplicities) such that |z{| < R,. We denote this functional by
Q=Q[p(2),R,], where R, ranges over the positive real numbers and Q
ranges over the natural numbers. If Q[p(2),R,]=v, where v is a finite
natural number then this fact can be expressed equivalently by the semi-
formal statement

6.1.2 (3z))...3z)[[1z;| <Ry A|2z| <Rg A+ Alz,| <Rg]
A[AD[DP (r ) Ap(2)=(z—2))..(z—2,)¢
A [(¥2)[g(2)=021z| = R ]T11]

where 7 is the constant which denotes J7in R and */7in *R, and 7 is the
type of n, 1=({0,0,0,0)). 1t is not difficult to see that 6.1.2 can be trans-
lated into a sentence of K. If 2[p(2),R,] is infinite there is no corre-
sponding single sentence quantifying the individual roots as in 6.1.2,
However, in that case the statements

6.1.3 (3z)...3z,)[[{z,|<Rg A |z3] <Ro A+ Az, < R,]
A A [P, (ma) A p(2)=(z—-2,)..(z—2,}4]]]

hold for all finite natural numbers v.

A monomial p(z)=az" is a polynomial of rank 1. Thus, it is implied in
the definition of a monomial that ¢ +0. Let az™ and bz" be two monomials
in *I7 such that m+n. We shall say that 52" dominates az™, in symbols
bz">>az", if there exists a finite positive number ¢ such that 62" > {az™|
for all finite z such that |z| > g. Clearly, this is equivalent to the condition
|bfale”~™ > 1 for all > ¢, ¢ finite,

Let az™, bz", ¢z* be three monomials such that Hz"»az™, ez*> bz,
(This implies that n<m and &k %=n). Suppose that k4 m. Then we claim
that cz*>az™.

By assumption, there exist finite positive numbers g, ¢’ such that for
all finite g, o>g entails |b/a|lc® ™>1 and ¢>¢’ entails |¢/blc* "> 1.
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Hence, for all finite ¢ >max(g,0")

¢

b

O_k—-m —

2

“le"m>1-1=1,
ad

<
a

showing that ¢z* dominates az™.

For any two monomials az™, bz", n$m, the function f (¢)=1|bfale" ™™,
o >0, is strictly increasing for n>m and strictly decreasing for n<m. In
the former case, it is smaller than 1 for sufficiently small ¢ and greater
than 1 for sufficiently large g, in the latter case, greater than 1 for suf-
ficiently small o, smaller than 1 for sufficiently large . In any case, there
is a single o =0, such that |b/a|¢" ™=1. If n>m and o, is finite then
bz">az". If n>m and o, is infinite then |¢/b]¢” "> 1 for all finite ¢>0
and so az"» bz". On the other hand, if m > n and g, is finite then az™> hz";
while if m># and o, is infinite then b2"> gz™. This exhausts all possible
relations between az™ and bz" and shows that (for # m) either bz"> az"
or az"» bz". It will be seen that two monomials cannot dominate each
other.

Now let p(z) be a non-zero polynomial of finite rank as given by 8.1.1.
The terms of p(z) as they appear on the right hand side of 8.1.1 constitute
a set of » monomials of different degrees, which are totally ordered by the
relation . Accordingly, one of the terms of p(2), ¢;z%, dominates all
others. Its degree, n;, will be called the order of p(z), in symbols »,=
ord p(z).

We now come to the principal result of this section.

6.1.4 TueoreM. Let p(z) be a non-zero polynomial of finite rank, r.
If ord p(z)=p is finite (i.e., if ueN) then the number of finite zeros of
p(2) is u. If ord p(z)=p is infinite (l.e., pe*N— N) then the number of
finite zeros of p(2) is infinite.

The multiplicities of the zeros have to be taken into account in the in-
terpretation of this theorem. For finite yx, this does not present any
problem. For infinite u, we shall take the italicized word infinite in the
conclusion to mean that for every finite natural number v we can find
(equal or different} finite complex numbers z,,...,z,, and a polynomial
g(z)e* i such that p(z)=(z—~z,)(z—2,)¢(2).

In the proof of 6.1.4, we shall make use of Rouché’s theorem —
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6.1.5 Tureorem {Standard. Rouché}.  If the functions f; (z) and £, (z) are
analytic on and inside a Jordan curve I and | f,(2)| <1 /f1{z)| on I then
f1(2) and f, (2} +£5(2) have the same number of zeros inside I,

We shall require this theorem for the particular case that f](z) and
f2{(z) are polynomials and the curve " is a circle. For this case the transfer
of the theorem from R to *R presents no problem,

PrOOF of 6.1.4, Let ¢;z™ be the term of p(z) which dominates all other
terms, so that #,=u=ord p(z). Supposing that p(z) is given by 6.1.1.,
consider any term ¢;2" of p(z) such that j<i. By assumption, there exists
a finite positive number g, such that

C:
SIPIRC PN | for |z]>¢;.

s

Let go=r max, ., ¢;, where r is the rank of the polynomial then for ail
finite z such that |z| > g,

!
e etz

I
e AR
e (zfry™

r

6.1.6

"y
e

On the other hand, if j>i then we claim that the ratio [c¢;z"/c;z"] is
infinitesimal for all finite z. Suppose, on the contrary, that |c;z5'/c;zp] 2 ¢
for some finite z, where ¢ is a standard positive number. Put
0 =|zole” M " then for |z} > ¢,

s
7 <
[
which contradicts the assumption that c;z" dominates ¢;z". Hence,
{e;z"/e;2™| is infinitesimal for all finite z and bence, a fortiori,

le;z%/e;z"| < t/r for all finite z.

Iz~ > z|M e T Pz ee T =1

ni
¢z ¢

Put ,
p(2)=cz"+4{(z) where g (2)= Zc}.z"f,

j*i
Then, for |z|> g,

@I S le, 2 < (=12 Je2™),

JEi r
and so

6.1.7 g (2)] <]e;z"™} for |z]> g4 -



6.1] ANALYTIC THEORY OF POLYNOMIALS 151

Suppose first that n;=p=ord p(z) is a finite natural number. Then
¢;2" has just n; zeros, all at the origin. Hence, by the special case of
Rouché’s theorem mentioned above, and taking into account 6.1.7, p(2)
has just #; zeros in any circle of finite radius ¢’ >g,. This shows that p(z)
possesses just #; finite zeros, taking into account multiplicities.

Suppose next that »;=y is an infinite natural number. It is then a
consequence of Rouché’s theorem that for every ¢'>¢, and for every
finite natural number v, there exist z;, k=1,...,v, |z;,| <o’ such that p(z)
is divisible by (z—z,)...(z—2z,). This completes the proof of 6.1.4.

6.1.4 enables us to establish the following theorem on lacunary poly-
nomials.

6.1.8 THeOREM {Standard. Montel). Let
6.1.9 p@=1+az+a,2°+ -+ a2 a2 o a2

where 0 <k <ny.,<---<myyy, 121, g, +0. Then there exists a positive ¢
which depends only on «,.a,,...,4,, and / (and not on the particular
ey 5By J=1,...,1) such that p(z) possesses at least & roots in the circle
lzl<e-

PrOOF. Suppose, contrary to the assertion of the theorem, that no such
o exists for a given set @,,a,,...,a,, and /. Then the following statement
can be formulated as a sentence of X, which holds in R and hence in *R.

6.1.10 ‘For every g> 0 there exists a polynomial p(z) of the form 6.1.9
such that p(z) possesses not more than £ —1 zeros in the circle |z| <g.’

Working in *R and choosing ¢ as an infinite positive number we deduce
from 6.1.10 that there exists a polynomial p(z)e* 7 of the form 6.1.9 which
possesses at most k—1 finite roots. Let us consider the order of this
particular polynomial, Since the numbers 1,4,,a,,...,4; are standard, and
since 4, +0, the term a,z* in p(z) dominates | and all a;z/ for j<k for
which a;40. All the remaining terms of p(2),a,, ;2" j=1,...,/ are of
degree greater than k. Accordingly, ord p(z)= %, where ord p(z) may be
finite or infinite. This shows that p(z) has at least k finite roots, by 6.1.4,
We have obtained a contradiction and the theorem is proved.
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We shall now give a generalization of Montel’s theorem in a new di-
rection. Two polynomials will be called disjoint if they do not contain
any terms {monomials) of the same degree. For example, if one poly-
nomial is odd and the other one even then the two polynomials are
disjoint.

6.1.11 THEOREM (Standard). There exists a function ¥(rs5k) whose
arguments range over the positive integers and whose functional values
are real positive such that the following condition is satisfied. If p(z) and
g(z) are two disjoint polynomials of ranks not exceeding r and s re-
spectively, and if both p(z) and g(z) have at least k roots whose moduli
do not exceed any given ¢>0 then the sum p(z)+4¢(z) has at least &k
roots whose moduli do not exceed gy (r,s,k).

Proor. Itis sufficient to prove the existence of y(r,s5,k) for the particular
case ¢=1 since the general case can be reduced to this by putting z=pz’.

Suppose that, for a particular set of finite natural numbers 7, 5, and &,
there does not exist a ¥ =y (r,5,k) as described in the theorem. Then the
following statement holds in R and can be expressed within X and hence,
holds also in *R.

6.1.12 ‘For every ¢ >0, there exists two disjoint polynomials p(z) and
g(z) of ranks not exceeding r and s respectively, each possessing at least
k roots in the unit circle, |z| <1, and such that the sum p(z}+4(z) pos-
sesses at most £ —1 roots in the circle |z] <o’

Working in *R, and choosing for ¢ any infinite positive number, we find
that there exist disjoint polynomials p(z) and g{(z) in *77, of ranks not
exceeding r and s respectively, each with at least k roots in the unit circle
such that p{(z) +¢(z} possesses at most k—1 finite roots. Clearly, in this
case, p(z)+q(z) cannot reduce to the zero polynomtial, and neither p(z)
nor ¢(z) can reduce to that polynomial. Since p(z) and ¢(z) are disjoint,
the set of all terms of p(z) +¢(z} is the union of the set of terms of p(z)
and the set of terms of g(z). Suppose that the term of p(z) which domi-
nates all others is ;2™ while the corresponding term of g(z) is b;z™. Thus
ord p(z)=n; >k, ord g(2y=m;>k. Evidently, the dominant term of
p(2)+¢(2)is then either a;z" or &;z™. This shows that ord (p(2) +g(2)) = &,
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implying that p(z)+ ¢(z) has at least k£ finite roots. We have obtained a
contradiction, which proves the theorem.

Montel’s theorem, 6.1.8, follows from 6.1.11, by taking r=%k+1, s=1
and by choosing g in 6.1.11 so that all roots of the polynomial 1+a,z+
a,2> + --- +a,2* have moduli |z| <g.

We now turn to the proof of some results which are related to Kakeya’s
theorem on the zeros of the derivative of a polynomial.

6.1.13 THEOREM (Standard. Kakeya). Let p(z) be a polynomial of
degree not greater than » such that at least £ > I roots of p(z} are situated
in the circle {z| <. Then there exists a number ¢ which depends only on
n and k, 8=0(nk) such that p'(z)=dp/dz has at least X —1 roots in the
circle |z{ < g0.

Clearly, one obtains an equivalent result by stating in the conclusion that
zp'(z) has at least k roots in the circle |z| <gf. In this form Kakeya’s
theorem is a special case of the following result which is considerably
more general.

6.1.14 TuroreMm (Standard). There exists a function ¢(r.k} whose
arguments range over the positive integers and whose functional values
are real positive such that the following condition is satisfied. For any
polynomial of rank not exceeding #,

p(y=c,2" +c 2"+t 2™, 0<n <n, < <n,,
such that p(z) possesses at least k£ roots in the circle |z{ <g, and for any

set of complex numbers 4; such that

0| A< <A,
the polynomial
g()=2,¢,2" +A,0,2"+ -+ 4,¢,2™

possesses at least £ roots in the circle |z] < gé(r,k).
ProOOF. Again, the substitution z=gz’ shows that it is sufficient to con-

sider only the case ¢ =1. If for particular r and &, no ¢(r,k) as described
in the theorem existed then the following statement would hold in R,
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6.1.15 ‘For every ¢ >0, there exists a polynomial p(z) and constants A
which satisfy the conditions of 6.1.14 with g=1, such that the corre-
sponding ¢(z) possesses not more than k—1 roots in the circle {z] <.’

Applying this statement to *R and choosing for ¢ an infinite positive
number, we should then obtain p(z) and A; which satisfy the conditions
of 6.1.14 while g(z) would have less than % finite roots. We are going to
show that this is impossible. At any rate it cannot happen if p(z) vanishes
identically and we may rule out this case.

Suppose that

p(Zy=cZM ez + -+ 2™,

where c;#0 for at least one j, has at least k roots in the unit circle. Then
ord p(z) = k. Thus, if ¢;z" is the dominant term in p(z), then n,>k. The
terms of ¢(z} are those 4;c;z" which do not vanish identically. Since g(2)
has less than X finite roots it cannot vanish identicaily and has a dominant
term, A,c,2™, n,<k—1, and so #,,<n;. Then |2 >|4,| and so

Y

i

c:z™ |

6.1.16 -

A

But ¢;z"'» ¢,z"" and so the right hand side of 6.1.16 is greater than }
for sufficiently large finite |z|. This shows that A,c;z"> 4,,c,.2"™, a contra-
diction which proves 6.1.14.

6.1.13 is obtained from 6.1.14 for 2;=n;=j—1, j=12,...,r. The fol-
lowing theorem can be proved by the same method.

6.1.17 THeoREM (Standard). There exists a function y(r,k), defined for
all positive integers and taking real positive values such that if
p(2y=c. 2" +cyz" 4+, 2™, O <n,<--<n,
and
0< MIISI’?’ZiS 'S}‘lrl s

and moreover,
O<k <k, < 5k,,

where the %, are natural numbers, then — if p(z) possesses at east &k roots
in the circle |z} < g, the polynomial

+ oy
g(2)=2A,¢.2" M 4 02 o 4 A e 2R

possesses at least & roots in the circle |z| < gy (#.,k).
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6.2 Analytic functions. Let ¥ be the set of all complex valued functions
of a complex variable within R, i.e., of mappings from subsets of Z into
Z. Let 2 be the binary relation which holds between an element £(z) of
¥ and an open set of points D in Z if f(z) is analytic in D, i.e., if f(z) is
differentiable at all points of 0. Passing to *R, the relation holds between
functions f(z) which belong to *¥ and open internal sets D in *Z if £(z)
is differentiable at all points z, of D according to the classical definition
as applied within *R. Thus, f'(z,) is the derivative of f(z) at z, if for
every ¢>0 in *R there exists a 4>0 in *R such that
Leatht )

provided (4| < 4.

If B is a set of points in *Z, which may be internal or external, and
S (2)e*¥ then we shall say that f(2) is analytic in B if there exists an open
internal set of points D in *Z such that B< D and such that Z( f(z),D)
holds in *R.

6.2.1 TuroreM. Suppose that the function £(z) is analytic in an S-open
set of points B in *Z, and that f(z) is finite (G.e., | £(2)| is a finite real
number) everywhere in B. Then f(2) is S-continuous in B.

ProorF. Let z; be a point of B. Then there exists a circle with center z,
and radius g, ¢ a standard positive number, such that the set D which
consists of the points z in the interior of the circle and on its circumfer-
ence, [z—zo{ <@, is included in B. Since f(z) is an analytic internal
function in B, we may make use of known properties of analytic functions,
with the appropriate interpretation for *R. In particular, f(z) attains its
maximum for the circumference of the circle at some point z,, |z, — zo| =p,
and since f(z) is finite everywhere in B, we have | f(z,))=m, a finite
number. Now let z° be any point which belongs to the monad of z,.
Then |2’ —z,] is infinitesimal and

2
(f (2= (Z)I |2 = 2o ;”

by Schwarz’s lemma. This shows that | f(z'}—/f(z,)| is infinitesimal,
f(2Neu( f(zo))- It now follows directly from 4.5.7 that f(z) is S-con-
tinuous at z,. This proves 6.2.1.
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6.2.2 THeOReM. Suppose that g(z) is analytic in a set of points
Bc*Z, Suppose further that, for a point z; which belongs to the S-
interior of B, the difference g(z)—g(z,) is finite for all points z that be-
long to the monad of z,. Then g(2) is S-continuous at z,,.

PROOF. Let ¢ be a standard positive number such that the set D=
{z]lz—zol <@} is a subset of B. Then the function f(z)=g(z)—g(zo) is
defined and analytic in D, and is finite in the monad u(z,). It then folows
from 4.5.5 that £ (2) is finite for all z such that |z —z,| < ¢ where ¢ is some
standard number 0 <o <g. We now conclude from 6.2.1 {taking as the
S-open set mentioned there the set {z[°|z —z,| <o}) that f(z), and hence
g(2), is S-continuous at z,. This proves the theorem.

Let B be an S-open set which contains only finite points. In agreement
with a notation introduced previously, we write °B for the set of points
zo of Z such that u(z,) has points in commeon with B. If z’su(z,) 0 B then
|z —z4| = 0. At the same time, since B is S-open, u(z")< B. Hence, z,eB,
and hence, °B< B. 1t is not difficult to see that °B is open. Also, if °Bis
extended to *°B on passing from R to *R then B<*°B since the monad
of every point of °B belongs to *°B and since every point of B belongs to
the monad of some point of °B.

Now let £{z) be an internal function which is analytic and finite in B.
As we have shown (see 6.2.1) it follows that f(z) is S-continuous at all
points of B. Accordingly, the function °f{z) can be defined for all points
z4€®B as the joint value of the standard parts of the values of f(z) for
7€1i(zo) N B=pu(z,). Theorem 4.5.10 now shows that °f(z) is continuous
at all points of °B (where we may take for the set D in 4.5.10 any circle
which, together with its interior, belongs entirely to B). Moreover, with
the stated assumptions, we are going to prove

6.2.3 Tueorem. °f(z) is analytic in °B.

PrOOF, Put g(z)="2f(z) so that g{(z) is defined in °B and, passing to
*R, is defined in *°B, and hence in B. Let z,e®B. Then there exists a
positive standard ¢ such that the set D={z||z—z,|<¢} in *R belongs
to B. Then a point z belongs to ODif and only if |z—z4| <, for z in R.
Hence D and °D have the same definition in *R and R respectively
and hence, D=*°D. Let D, be the S-interior of the circle D and D, its



6.2] ANALYTIC FUNCTIONS 157

circumference. Thus, D,=/{z||z—zo|=g}. It is not difficult to see that
D,=*"D,,

Since g(z) is continuous in °D it is continuous also in D=*°D, In
particular, g(2) is continuous, hence S-continuous, on D,. At the same
time, f(z) also is S-continuous on D, and, at all standard points of
D,, g(2)="f(2) and hence g(2) >~/ (2). It follows that | /' (z) —g(z)| is infin-
itesimal everywhere on D, and hence, that | f(z)—g(2)| <# forall zeD,,
for some infinitesimal #.

Now in order to prove that g(z) is an analytic function in °D, it is
sufficient to show that for all z,€°D,, i.e., for any standard z, such that

{z) =2zl =01 <0o,

1
6.2.4 g(z,)=-—,J 9(2) dz.
2ni ) z—2z,

¢p,

But both sides of the equation 6.2.4 are standard numbers. Hence, in
order to prove that they are equal it is sufficient to show that they differ
only by infinitesimal amounts. As for the left hand side, we have

/()

Z—=2z

1
6.2.5 g(zl)zj(z,)=2—mj dz.

D2

On the right hand side of 6.2.4, we may pass from R to *R, without
changing the value of the integral. Thus, it remains te be shown that

(9@, 1 (/@

ri} z—2z,  2mijz—z,
Dy D,

6.2.6 dz.

Now the difference between the left and right hand sides of 6.2.6 is

equal to IJ‘g(Z)—f(z)
— | ————4dz
2nt zZ—2z,
and D2
1 Jg(zw(z) gl L [l0@=1GN
ZniD z—2, _Z?ID lzt=lz4] B
1
o | e =
ﬂn 2— 01 2— €y

which is infinitesimal.
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This proves that g(z) is analytic in °D, (within R), and, in particular,
that it is differentiable at z,. Since z, was chosen as an arbitrary point of
98 the theorem is proved.

The precise rendering of an integral within the formal language A
is to some extent a matter of choice. For example, we may think of the
integral as a functional of three variables one of which is the integrand,
while the other two are functions which describe the contour of inte-
gration. Whatever the formal representation, an integral in *Z has the
same properties as an integral in Z to the extent to which these properties
can be expressed within A.

6.2.7 TuroreM. With the assumptions of 6.2.3, let - be any point in °B.
Then Cf @) =("(z) forn=12,..., neN.

[n order to prove 6.2.7, we have to replace Cauchy’s formuiae in 6.2.4
and 6.2.5 by Cauchy’s formulae for the first and higher derivatives,

6.2.8 THEOREM., With the assumptions of 6.2.3, suppose that °f(z) is
not a constant. If °f(z,)=» for some point z,£°B, then f(2) takes the
value / somewhere in the monad of z,. Conversely, if f(z)}=& for zepu(zy),
where b and z, are standard. and z,€°B, then f (z,) =b.

Proor. To prove the first part of the theorem suppose that %/ (z,) =5
where z,e°B. Let C be the circle |z —zo] =¢ in Z where the positive stan-
dard ¢ is chosen in such a way that C and its interior belong to ®8 and
9(2)="f(z)— b does not vanish on or inside C except at z,. Since [g(z)|
does not vanish on C it attains its minimum 40 somewhere on C. On
passing from R to *R we find that 1 is also the minimum of g() on *C,
which is the circle [z—z4| = ¢ in *Z. Moreover, g(z)+0 for all z such that
O<lz~zyl < o, for this also is a fact which is preserved on passing from R
to *R. At the same time, g{z,)="f(c)—h=0.

Similarly as in the proof of 6.2.3, { f(z}~b—g{z)| is infinitesimal on
*C. Also, m is standard and positive and so

|f(2y=b—g(2)|<m=<yg(z) on *C.

Hence, by Rouché’s theorem as applied to *R there exists a point z,
|z; = =ol <@, such that
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(f(@)-b—g(2)+g(2)=f(2)~b

vanishes for z=z,, i.e., such that f{z,)=5.

In order to show that z, may be supposed to belong to the monad of
zo, we use a slightly more precise argument. Suppose that °f(z)—b
vanishes at z=z, with multiplicity n, where # is by necessity finite. The
above argument then shows that f(z}—» has just »n zeros z;, j=1,...,n,
counting multiplicities, such that |z;—z,|<¢ where ¢ is a sufficiently
small positive number, otherwise arbitrary. This shows that the z,,
j=1,..,n, all belong to the monad of z,. For otherwise there would
exist a standard positive ¢ such that for some z;, 0<g<|z;] and the
number of zeros of £(2)— b, |z| < ¢, would then have to be less than . This
proves the first part of the theorem. In order to verify the second part,
we observe that % (z,) is, by definition the standard part of f(z) for an
arbitrary z in the monad of z,.

We remark that a function may be analytic and finite on an S-open
set B and yet possess an infinite number of zeros in a monad which
belongs to B. For example, the function exp (— w?) sin wz where  is posi-
tive infinite, has an infinite number of zeros in the monad of 0. This is
possible because the set of these zeros does not possess a limit point (in
the sense of *R) anywhere in *Z, However,

6.2.9 Tueorem. With the assumptions of 6.2.3, suppose that °f(z) is
not constant in °B. Then the set of zeros of f (z) cannot possess an S-limit
point in B.

PrOOF. Suppose on the contrary that z, is an S-limit point of the zeros
of f{(z). Choose a standard positive number g such that °/(z) has no
zeros on the circle |z--°z,| =¢. Then the function °f(z) can have only a
finite number, n, of zeros inside this circle, #>0.

The argument used in the proof of the first part of 6.2.8 shows that the
number of zeros of f£(2) inside the circle [z —°z,| =¢ also is precisely .
This shows that z, cannot be an S-limit point of the set of zeros of f(2).
Putting the result in a different way, no monad in B can contain an infinite
number of zeros of f(z).

6.2.10 THEOREM. With the assumptions of 6.2.3, suppose in addition,
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that °f(z) is not constant. If /'(z) is univalent (schlicht) in B then °/(2) is
univalent in °3.

PROOF. Suppose that °(2) is not univalent in °B so that °f (z,}=°(z,)
where z, and z, are two distinct points in °B. By 6.2.8, f(z})=b for some
zyeu(z,) and f(z,)=>b for some z,€u(z,). But the monads of z, and z,
are disjoint and so z} % z5. This shows that f(z) is not univalent in B and
proves the theorem.

We may also consider meromorphic functions on the Riemann sphere
in *R. Identifying this sphere with the unit sphere in *R* and relating it
to the complex plane by stereographic projection in the usual way, we
find that the monad of z=c0 on the Riemann sphere contains, in ad-
dition to z=c0, precisely those points which correspond to the infinite
points of *Z,

6.3 Picard’s theorems and Julia’s directions

6.3.1 THEOREM. Let f(z) be an internal function which is analytic for
|z—z,] < g where g is standard and positive. Let ¢, b, and ¢ be three finite
complex numbers such that ¢ and & do not belong to the same monad.
Suppose that f(z})=c for some zeu(z,) but that f(z) takes neither the
value a nor the value b in u{z,). Then f(z) is S-continuous at z,,.

ProoF. We have to show, on the assumptions of the theorem that if z’,
2", are any two points in u(z,) then | f(z'}—f(z"})| is infinitesimal. It is
sufficient to prove this fact for a=0, b=1. Forif 2 and b are more general
but still subject to the restrictions of the theorem, consider g(z)=
(f{2)—a)/{b—a). Then g(z)%0, g{z)+1 for all z in u(z,). Moreover, if
f(z,)=c then g(z,)=(c—a){(b—a) which is again a finite number since
|b—a| is not infinitesimal. On the other hand,

f{D)=(b—a)g(z)+a,
80 if z’, z" are any two points in u(z,) then
J (@) =f(2)=(b-a)(g(z)—g(z").

But |6 —gq] is finite and so, supposing that we have already proved that
lg(z)~g(z")| is infinitesimal, we obtain the same conclusion for
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| f(2)Y—=f(z")]. Accordingly, we shall suppose from now on that =0,
b=1.

The assumption that £ (z) does not take the values 0 or 1 in u(z,) entails
that there even exists a circle with center z, and radius r <g, r a standard
positive number, such that f(z) does not take the values 0 or 1 in the
interior of the circle. For, at any rate, there exists a first positive integer
n=ng such that £(z) does not take the values 0 or 1 for {z—z,| < 1/n and
1/n<g. No infinite » can be the first positive integer of this kind. Hence,
ng is finite. We set r=1/n,.

Let ¢=f(z,) where z,€u(z,) and ¢ is the number specified in the state-
ment of the theorem. We map the circle [z— 24| <# into the vnit circle in
the complex {-plane by means of the function {=F(z)=A(f(z)) where
w=v({)}is the elliptic modular function which maps the equilateral cusped
triangle with vertices exp }in, exp Zin, exp Llin into the upper half of
the w-plane, and {=2A(w) is its inverse. v({} is analytic for |{{| <1 while
A(w) is analytic but many-valued for all w0, 1 in the w-plane and has
branch points at w=0,1. Observe that these descriptions apply both in R
and in *R.

We determine F(z) uniquely by requiring that y=F(z,)=21(c) be situ-
ated in the fundamental triangle if iIm{c) >0, or else in one of the adjacent
triangles. For R, the fact that this definition determines £(z) as a one-
valued function for |z~ z,| < r is established by means of the monodromy
theorem. Without going into a detailed discussion of the meaning of this
theorem in *R we may infer that the conclusion applies also in *R.

|F(z)} is bounded by 1 for |{z—zy| <r. Accordingly, by 6.2.1, F(2) is
S-continuous in the S-interior of this circle. Hence, F(z)en(F(z,)) for all
zeu(zo).

Suppose first that °c=0so that ¢ belongs to the monad of 0. If f(2)ex(0)
also for all other zeu(z,) then the theorem is proved. Suppose then that
for some z,eu(z,), d, =/ (z,) does not belong to the monad of 0. Suppose
that 4, is not finite so that |d,]=|f(z,)|>3. On the other hand, |c|=
| £ (z3)] < 1. Consider the variation of f(z) along the straight segment from
z, to z, in *Z, This segment is contained entirely within pu(z,). By the
theorem of Bolzano—Weierstrass on continuous functions (3.4.6) there
exists a z, on the segment such that if dy=f(z;) then |d3|=2. d; is a
finite number which belongs neither to the monad of 0 nor to the monad
of 1.
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Suppose next that 4, =/ (z,) belongs to the monad of 1. By considering
again the variation of f(z) along the segment from z, to z,, we find that
for some z; on the segment, |d;| =1 where d; =/ (z;). Thus, 4, is again a
finite number which belongs neither to the monad of zero nor to the
monad of 1. Finally if d, is finite but °4,# 1, put 4, =4d,.

If ceu(l) then we may obtain a z,eu(sy) such that d,=/(z,) is finite
but belongs neither to the monad of 0 nor to the monad of 1 by an exactly
similar procedure. If ¢ belongs neither to the monad of 0 nor to the monad
of |, we take -; =z, so that dy=f(z;)=c is again finite.

Now let %, be the standard part of {;= F(z;)=(d,), in accordance
with our usual notation. Then °{;=A(°d,) and so {°,| < 1. It follows that
{5 belongs to the S-interior of the unit circle, so that v{{} is S-continuous
at {={,. This shows that f(z)=v(F(2)) is S-continuous at z=z,. But z;
belongs to the monad of z, and so f(z) is S-continuous at z,,. This com-
pletes the proof.

6.3.2 THeOREM. Let Bbean S-open and S-connected set (an S-domain)
in the * Z-plane and let () be a function which is analytic in B. Let @ and
b be two finite points in *Z which do not belong to the same monad.
Suppose that f(z) takes neither the value @ nor the value b in B but that
it takes a finite value at some point of B. Then f(z) is finite and S-con-
tinyous in B.

Proor. We may suppose that g=0, =1 as in the proof of 6.3.1. By
6.3.1, f(2) is S-continuous at all points of B in whose monad f'(z) takes
at least one finite value, and there are such points, by the assumptions of
the theorem to be proved. Let D« B be the set of peints of B in whose
monad f(c) takes a finite value and let D’=B—D. For any z,eD,, all
other points of the monad of z, also belong to D, u(z,) = D. Similarly,
z,€D" entails u(z, )= D’. We are going to show that D and D’ are S-open.

Indeed, let z4eD then f(z) is finite in the entire monad of z,, by 6.3.1.
But f(z) is defined in some S-circle with center z,, ie., for |z—zy|<g
where ¢ is positive standard. Hence, by 4.5.5, there exists a positive
standard o, o <g, such that f(2) is finite for °|z—zy| <. This shows that
D is S-open.

D’ also is S-open. For let z,eD’ and consider the function g(z}= 1/ (z).
This function is analytic in D and is infinitesimal in the monad of z,. It
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follows, again by 4.5.5 that g(z} is finite for |z —z,| < ¢ for some positive
standard ¢. Consider the function A(z)=g(-,+z). #(2) is analytic and
finite for |z] <¢ and so it is S-continuous in the S-interior of that circle,
i.¢., for the points of the set E={z|(°z| <g}. By 6.2.3 °A(z) exists and is
analytic (within R) in the set °E, where it is not difficult to verify that °£
is given by |z| <g. Also, °A(0)=0 since (0} =g(z,) is infinitesimal. But
h(z)%0for |°z| < ¢, and by 6.2.8, this is possible only if °#(z) is constant
in °E, and hence °A(z)=0 for |z} <g in R. Since #(z) is S-continuous for
|°2z| < ¢ we conclude that k(z) is infinitesimal in that set and, in particular,
is infinitesimal for |z| <}o. It follows that f(z) is infinite for |z—zy| <o
and this proves that D’ is S-open.

We have now shown that both D and D’ are S-open. It follows that
these sets are S-open also relative to the set B of which they are subsets,
But D is not empty, and B is S-connected, by assumption, so D’ must be
empty. This shows (see 6.2.1) that f(2) is finite and S-continuous every-
where in B, and completes the proof of 6.3.2.

6.3.3 THEOREM (Standard. Picard’s first theorem). An entire analytic
function which is not a constant takes all complex values except, possibly,
just one.

PROOF. Suppose, contrary to the assertion of the theorem that some
non-constant entire function f(z) does not take the values @ and b any-
where, where @ and b are two different complex numbers. [t is understood
that we contemplate this possibility in the first instance within R. Going
on to *R, consider the function £(z) =f(w:) where w is an infinite positive
number. f(z) does not become equal to a or b in *Z either, by transfer
from R to *R. It follows that F(z)=a, F(z)=b for all z such that |z| < 1.
On the other hand, F(0)=/(0) is a finite number. Hence, by 6.3.1, F(z)
is S-continuous at the point z=0. But f(z) is not a constant and so, for
some standard z, such that |z, <1 (more precisely, for all such z, except
for a finite number), f(z,)=%/(0). Put z, =z, ™", so that z,ex(0). Then
F(zy)=f(wz)=f{wz,0” ) =f(z,) and so |F(z,)— F(0)| is not infinite-
simal. This contradicts the fact that F(z) is S-continuous at the origin and
proves the theorem.

6.3.4 THEOREM (Standard. Landau). For given complex a, and a,,
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a, #0, there exists a positive number ¢, such that if /(z} is any function
which is analytic in a circle |z] < ¢ and such that f(0)=aq, /' (0)=a, and,
moreover, f(z)+0, f(z)$1 for all [z| <g — then ¢ <g,.

ProoF. Suppose that no such g, exists in R for given complex standard
numbers g, and a,. Then ‘for every ¢ >0, there exists an f(z) which is
analytic in a circle |z] <p, g¢> 0, such that f(z)+0 and f(z)=+1 in that
circle and such that f(0)=a, and f'{0)=a,’. The statement in quotation
marks is true equally in R and *R and so, working in *R and choosing ¢
infinite, we find that there exists a function f{z) which is analytic for
{z| <o and does not take the values O and 1 for such z in *Z and for
which f(0)=a,, f'(0®)=«,. Consider the function g{z)})=f(}cz). This
function is analytic in the S-interior of the unit circle and does not take
the values 0 and 1 in that set. Also, g(0)=a, and g'(0)=}af’'(0)=1ca,
so that ¢'(0) is infinite. g{0) is finite and |1 — 0| is not infinitesimal. Henee,
g{(z) is S-continuous at the origin, by 6.3.1. It follows that there exists a
positive standard 7 such that |g(z}| <lap| +1 for [z] <r. Hence, |g'(0)| <
(lag| + 1)/r by one of Cauchy’s inequalities. This contradicts the fact that
g'(0) is infinite and proves the theorem.

Other versions of Landau’s theorem can be proved in the same way.
For example, as a slight variation of a theorem of Montel, we may
establish the conclusion of Landau’s theorem for families of functions
which satisfy, for given complex a, b +0 and positive ¢, that f(0)=a and
that there exists a zq, [24] < ¢ such that f(z,)=b.

Next we prove,

6.3.5 THEOREM (Standard. Schottky). Let x and g be specified positive
numbers and consider the family of functions f(z) which are analytic for
|z] < ¢ such that | f(0} <« and such that f{z)=*0, f(z)=+1 for |z] <g. Let
@ be any positive number less than 1. Then there exists a constant A which
depends only on & and « such that for ail functions of the family in
guestion | f(2}] <A for |z{ <8p.

ProOOF. Suppose first that g=1 and that the theorem is untrue for some
particular « and 6. Then ‘for every A >0, there exists an f'(z) which satisfies
the assumptions of 6.3.5 for p=1 and for the specified @ and 8 and such
that | £ (zg)| > A for some |z4| 8.’ The statement in quotation marks must
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be true equally in R and *R and so, for infinite 4 in *R, there exists a
particular f(z} which satisfies the assumptions of the theorem but such
that f(z,) ts infinite for some z,, [z,| < 8. Let B be the S-interior of the
unit circle, so that B contains 0 and z,. Since f(0) is finite it follows from
6.3.2 that £(z) is finite throughout B. This contradicts the fact that f(z,)
is infinite and proves the existence of a A= 2(«,8) as required, for ¢=1.
[f, to begin with, ¢+ 1, we only have to consider the function g(z)=/ (¢2)
in place of f(z).

We shall now give some new results which imply, among other things,
the existence of a Julia direction for an analytic function with an isolated
essential singularity at infinity and hence also Picard’s second theorem.
We begin with some auxiliary considerations of a geometrical nature.

As pointed out at the end of section 4.7, a straight segment z,z, in the
*Z.plane is S-connected if z; and z, are both finite so that all points of
the segment are finite. A related result is the following.

6.3.6 THEOREM. Let B==x =, be a circular arc in the *Z-plane whose
measure in radians is @, 0 <& < 2n, and which consists of finite points only.
Then B is S-connected.

Proor. We may write the equation of the arc in the form

i(@y +al)
’

6.3.7 z=2z5+ e 0<igt

where z, and ¢ may be finite or infinite. Let z;,z, be any two points on
the arc, corresponding to 45,4, respectively. Then

24_Zs=gei(61+aA4]_Qei(0|+a/13)
=Qei(91+ﬂ(14-b)i2) (eiﬂ(h—lalz’z _\_.e—ia[ia"l:)lz)
and so
6.3.8 24— 23| =2¢)sinda (A, —A3)| < pa)d,—As).

Now pa is the length of the arc B. All points of the arc are finite, and
since the points of a circular arc in R attain their maximum modulus for
some point on the arc, the same applies to all circular arcs in *R. Ac-
cordingly, that maximum, for B, must be a finite number, ¢,. Then B is
included in a circle B;, with radius ¢, about the origin, where g, is a
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positive standard number. Elementary considerations show that the
length of B cannot exceed the length of B,, pa <2ng,. Hence, 6.3.8 implies

6.3.9 124 =25 <270, |[Aa— A4l

This shows that the mapping y defined by 6.3.7 1s S-continuous, for in
order to make |z, — z5| smaller than any given positive standard 6 we only
have to take {4, — 2;| smaller than the positive standard number §/2ng,.
It follows that the inverse mapping, ¢~ ', from B onto 0<)<1 maps
S-open sets into S-open sets. Thus, if it were possible to decompase B
into two non-empty S-open sets, the same would be true of the segment
0 <4< 1. But this segment is S-connected and so our claim follows.

6.3.10 THEOREM. Let Bbe an S-connected set which 1s contained in an
S-open cet, D. Let f{z) be an internal function which is defined and
analytic in D. Suppose that there exists points z(,z, which belong to 8
such that f(z;) is finite and f(z,)} is infinite. Then there exists a point
z4€8 such that all finite values which are not taken by f(z) for some
zeu(zy) all belong to the same monad.

Proor. We show first that there exists a point z,€8 such that f(z) takes
both finite and infinite values in u{z,). Let D' be the set of points zeD
such that f'(2) takes only finite values in u(z). Then D' is S-open by 4.5.5.
We may suppose that O’ contains the point z; for if f(z) is not finite
everywhere in the monad of z; then we may take zy=2z,. Let B'=D'n B
so that B’ is not empty and is S-open in B. Next, let D” be the set of
points zeD such that f(z) takes only infinite values in u(z). We may sup-
pose that D" contains the point z,, for if this is not the case then f{z} is
not infinite everywhere in x(z,) although f(z,} is infinite, so that we may
set zo=12,-

D" also is S-open. For let z,eD" then f(2) is infinite everywhere in
i(z3), and hence, does not vanish anywhere in that set. There exists a
first natural number » such that f(z)#0 for all z for which |[z—z,] < 1/n.
This # cannot be infinite (for in that case it would not be the first number
with the property in question) so » is finite, f(z}+0 for [z — z,] <¢, where
eo=n"" is positive standard. The function g(z)=1/f(2) is analytic for
lz—z,| <&y and is infinitesimal in x(z;). Moreover, g(z) is finite for
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|z—z3] <&, where £ <¢g, is some positive standard number (compare
4.5.4,4.5.5). Hence, the function h(2)=g¢(z;+2) is analytic and finite for
|z| <&, and so A(z} is S-continuous for |°z] < ¢,, by 6.2.1. At the same time,
%h(0)=0ssince #(0)=g(z,) is infinitesimal, and °4(z) is analytic (in R, and
hence in *R) for |z|<¢,. But A(z)+0 for |z|<¢, and by 6.2.8 this is
possible only if °4(z)=0 for all |z| <¢,. This shows that A(z) is infinite-
simal for |°z| <¢, and in particular for |z| <ic,. It follows that () is
infinite for |z —z3] <&, and s¢ D" 1s S-open and the set B"=D"n B is
not empty and is S-open in B. But B is S-connected, by assumption and
D" and D" are disjoint. This shows that D'y D" cannot exhaust B. We
conclude that 8—(D’U D") is not empty, there exists a point 7,8 such
that f(z) takes both finite and infinite values in g(zg).

Now suppose that there are finite values @ and b which do not belong
to the same monad such that /(z)+a and £ (z) %5 for all zeu(z,). At the
same time, £ () takes some finite value, ¢ say, in the monad of z,. Then
the conditions of 6.3.1 are satisfied and so f(z) is S-continuous at z,. But
this is impossible since f(z) takes both finite and infinite values in p{zo).
We conclude that the finite complex numbers which are not taken as
values by f(z) in u(zy) — if there are such numbers — all belong to the
same monad. This proves 6.3.10.

Let z, be a complex number, and define B by

6.3.11
8=1{z|there exists a positive infinitesimal & such that |z —z,] <8|z,}.

Thus, B is non-empty only if z540 and it then consists of ail z such that
{(z{z)— 1| is infinitesimal, i.e., such that z/z; belongs to the monad of 1.
Then = =0 will be called a P-center for a given internal function f(2}if f(z)
is defined and analytic in B and if the finite points which are not taken as
values by /() in B (if any) all belong to the same monad. Equivalently,
a point z, is a P-center for f(2) if z,+ ¢ and if the function ¢ (2) =£(z/z,)
is defined for the monad of I, u(1), and if g{(z) takes in u(1) all finite
values with the possibie exception of a set of values contained in a single
monad. The set B introduced above will be called the P-circle with center
2,.

If z, and z; are two complex numbers different from @ (in *Z) then
z, belongs to the P-circle with center zg if and only if (z,/z5)=>1. It is
not difficult to see that this condition defines an equivalence relation
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between z, and z,. The equivalence classes with respect to this relation
are precisely the P-circles. Thus, if z, +0 belong to a P-circle with center
zo then it is itself a center for that circle. It follows that if z, is a P-center
for f(z) then any point z, such that z, =0 which belongs to the P-circle
with center z, also is a P-center for f(z).

The following definition will be used in connection with some standard
theorems, i.e., theorems within classical Function Theory. Thus, although
we do not say so explicitly in the definition it is supposed to refer to
numbers and functions within R. Of course it can (and will) be re-inter-
preted also for *R.

6.3.12 DeriNnitioN (Standard).  The set of complex numbers J will be
called a P-set for the function w=f(z) if -

‘Fhere exists a complex number w, such that for every positive r, 4,
and e, there exist a complex number zoe/ and a positive number 3§y,
|zo] > r and &, <& such that the circular disk C(z4,8,) which is given by
|z =2zl < gzl belongs to the domain of definition of f(z) and such that
S (2) takes in C(z,,8,) all values w which satisfy the inequalities |w|<1/z
and {w—wg|>e."

Observe that wy is supposed to be the same for all circles C(z,,6,). The
definition also includes the possibility that w, is actually redundant, i.e.,
that all values w such that [w| < /e are taken by f(2) in the circular disks
C(20,90). In order to satisfy the definition formally in this case, we may
introduce an arbitrary complex number as w,, e.g., wo=0. The circles
C(z4,00) were introduced by Milloux and are known as ‘cercles de rem-
plissage’.

6.3.13 TueoreM. Let f(z) be a standard analytic function in the set D
which is given by |z| >, ¢ standard, ¢ >0, and let J be a standard set of
complex numbers. Then J is a P-set for £(2) if and only if there exists a
point z, in *J, |2,| infinite, such that z, is a P-center for f(z).

Proor. The condition is necessary. Suppose that J is a P-set for f(z).
That s to say, the statement given in quotation marks in 6.3.12 holds in
R. We fix the standard number w, and we re-interpret the remainder of
the statement (‘for every positive r, J, and ¢, ete.”) in *R, so that the
symbol J refers to *J. Choose r infinite and é and ¢ infinitesimal. Then
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the point z; which exists according to the assertion of the statement ts
infinite while 0, is infinitesimal. Let B be the P-circle with center z,. Then
Bc*D, For if z' is any point in 8 then |2/|>|z,/(1—8)>r(1-06") for
some infinitesimal ¢’ and so |z'| >g. Also, the function f(z) takes any
finite value in the circular disk [z — zg| < 8| z,l, with the possible exception
of values which belong to the monad of w,. This shows that z; is a
P-center for f(z).

The condition is also sufficient. Let z,e*J be a P-center for f{z) such that
z4 is infinite and let B be the P-circle with center z,. f(z) takes all finite
complex numbers as values, with the possible exception of a set of numbers
which all belong to the same monad. If there are such numbers, let w, be
their joint standard part. 1fno such numbers exist, put wo=0. Choose any
three positive standard numbers, r, § and ¢. Choose J, as the smaller
one of the two numbers }, 14. Then the circular disk [z —z4| <84 |2,| be-
longs to *D and includes B as a subset. Thus, the following statement
holds in *R.

6.3.14 ‘There exist a complex number zoe*J and a positive number d,,
[zo] >#, 8o<8, such that the circular disk C(z,,d,) which s given by
|z —z4| <84 lzy] belongs to *D and f(z) takes in C(zy,0,) all values w
which satisfy the inequalities |w| <1/, {w—wy|>¢.’

Expressing 6.3.14 within the formal language A and re-interpreting in
R, we see that 6.3.14 holds in R provided we replace *D by D and *J
by J. This shows that J is a P-set for f(z) and completes the proof of
6.3.13.

The argument which proves the sufficiency of the condition in 6.3.13
leads also to the more general

6.3.15 TueoreM. Lctf(z)and J be a standard function and a standard
set of complex numbers, respectively. [f the infinite point z,e*/ is a
P-center for f(z) then J is a P-set for f(2).

We are now in a position to prove the principal new result of this
section.

6.3.16 TaeoreMm{Standard). Letf(-) be a function whichis defined and
analytic for [z] > ¢, ¢ a specified positive constant, and let {B;}, j=1,2,3,...
be a sequence of circular arcs or finite straight segments. Suppose that
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the angular measure of the circular arcs is less than 2z and that the end
points of the arcs or segments are included in all cases. (Both arcs and
segments may occlr in a given sequence.)

Suppose further that the following conditions are satisfied:

(i) 1f 2" and 2§ are the end points of B, then lim,.. , |z{”| = o0;

(i) There exists a positive constant 5 such that for all zeB,,

ntZPlslzlsn 2 =120

(ii) Lim |f (M) =0
joo
(iv} There exists a positive constant »z such that

fEMNsm,  j=123,...

Then there exists a sequence of points »eB;, j=1,2,3,... such that
J={b;} constitutes a P-set for f(z).

ProOF. lLet w be an infinite natural number and consider the set B,,
with end points z{"’,z4”. B,, is either a circular arc or a straight segment.
Z{* is infinite, by condition (i) while £ (z{*") is infinite, and £ (z5") is finite,
by conditions (jii) and (iv). Let »=|z{""] and introduce a new variable z’
by z'=z{r. Consider the function gz} =1 (2) =f (+z’), then ¢ (2') is defined
and analytic for |2’} > g/r. Let B, be the arc or segment which is the image
of B, in the z’-plane. Then the points 2" of B, satisfy the inequality
I/n<|z’{<#. Since l/y is positive standard and g/r is infinitesimal the
points of B, belong to the S-interior of the set {z'|z'>g/r}. And since the
points of B, are all finite, B, is S-connected (see 6.3.6). It now follows
from 6.3.10 that there exists a point zeB,, such that all finite values which
are omitted (not taken) by g(z*) in the monad p{zg) all belong to a single
monad, u(w,) say, where w, is standard. (If there are no such points put
wo=0). Let zy=rz; then the transformation z=rz" maps u(zy) on the
P-circle with center z,, to be denoted by n(z). Indeed, let zen(z,), then
|z —z4| < 8|z,| for some infinitesimal 8. But |z,| < 57 and so {rz" —rzg| < yr,
and hence |z’ —z) < 0n, |2’ — 24| =0, 2’epu(zy). Conversely, if z’eu(zy), then
|2’ —zp| < 8, for some infinitesimal 8, and so |rz’ —rzy| < 6r, |2 — zo| < 6nlz,)
since r<#(z,| and hence, zen(z,). Since f(z) takes the same values in
(2o} as g(2) in u(zy) we conclude that z, is a P-center for f(2).
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For any natural pumber j, we may describe B; by the parametric

equation
z=(1-Az{+ 225, 0<i<l,

if B; is a straight segment, and by

i iy _He I daln;
Z=ZE}J)+QU)6‘(91 a /),

0<i<l,

if B; is a circular arc (see 6.3.7). Let 4, be the value of the parameter 4
which corresponds to z; and to z,. We may suppose that 4, is a standard
number. Indeed, if this is not the case from the outset, then the standard
part of 4,,%1,, yields a point in the z’-plane which belongs to the monad
of z5 and hence, may be taken in place of z,. Thus, we may suppose that
z, and z; are given by a standard A,. We now define J={b;} as the
standard sequence which is obtained by choosing b; as the point of B;
which corresponds to the parametric value 4= 4y, for all finite j. Then
b; is given by 4, also for all infinite j and, in particular, b,=z,. This
shows that *J contains a P-center for f'(2), 1.e., z,, and proves the theorem
by 6.3.13,

If the standard function f(z) possesses an isolated essential singularity
at infinity then we can always find a sequence of circular arcs {B;}
which satisfies the conditions of 6.3.16. For this purpose, define a complex
valued function of the real variable r,g(r), for sufficiently large r,r >, in
such a way that |g(r)|=r and | f(g(r))|=max ;.| f(2)|. Then lim,_,
lg ()] = 0. Since f(x) has an essential singularity at infinity, there exists
a standard sequence {z%}, o <|z8|<{z¥| < |28 <, lim,, )28 = o0,
such that | /(z¥")| is bounded. Put r,=[z{"| and z\’=g(r;). By con-
sidering only sufficiently large 7, we may suppose that 247425, j=1,2,....

We now choose B; as one of the two arcs with endpoints z{”,z%” on the
circle [z]=r;. Then the conditions of 6.3.16 are satisfied for any n>1.

A more arbitrary choice of circular areas is possible if there exists a
¢>0 such that f(z) is analytic and omits a value for |z]>¢. We may
suppose without loss of generality that this value is 0, and we may then
define a complex valued function of a real variable, A (), for r> ¢ in such
a way that |h(r)|=r and | f(h{r))l=miny, _,|f(z)|. For any standard
sequence {r,} such that g<r, <r,<--- and lim;., ., r;= o0, put z{” = g(r),
2 =h(r), j=1,23,... and choose B, as one of the two arcs on |z|=r,
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which connects z\”’ with z%’. Then the conditions of 6.3.16 are again satis-
fied for any n>1.

In any case, the condition of 6.3,16 has now established the following
result.

6.3.17 THEOREM. Let f(z) be a standard function which is analytic for
|z| > ¢, ¢ standard, and which possesses an isolated essential singularity
of infinity. Then there exists an infinite complex number z, which is a
P-center for f{z).

Under the conditions of 6.3.17, let ,=argz,, 0<0,<2n, and let 0,
be the standard part of 8,, 8, = %C.. Then =z, =|z,|e® belongs to the P-
circle with center z, since

. 91 _90
sin

=Iei(0|—50)__ II=2

is infinitesimal. I follows that z, also is a P-center for £ (z). Since the ray
given by arg z=0, includes z, we have, taking into account 6.3.13.

6.3.18 THEOREM (Standard. Julia, strengthened by Milloux). Let f(2)
be analytic for |z| > g, with an essential singularity at infinity. Then the line
arg z=0, is a P-set for at least one value of 8,.

Let 8=v(r) be a standard real function which is defined for r>p, ¢
positive standard, and which may or may not be continuous. y(r) de-
termines a set of potnts I in the complex plane, which is defined by
r={z|z=r """}, Consider the family of sets {I;}, 0<¢<2n, which is
given by £,={z|z=r """} Then Iy=1, and the sets 7, are disjoint
for different ¢, 0<¢<2x, and together they exhaust the set {z{|z] >¢} in
the Z-plane if ¢ and r take standard values, and in the *Z-plane if ¢ and
r are supposed to take also non-standard values. Strengthening resu:ts by
Julia and Valiron, we prove as our last theorem in this section:

6.3.19 THeoreM (Standard). Let /() be analytic for |z] > ¢ with an
essential singularity at infinity and, for given y(r), let the sets I be ob-
tained as detailed above. Then there exists a t;, 0<¢; <2n, such that [,
is a P-set for f(2).

PROOF.  As an exception to our general practice, we shall find it con-
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venient to denote corresponding sets of the family *{77} in the Z and *Z
planes (for standard ¢) by the same symbol 7.

f(2) possesses a P-center zg, by 6.3.17. Since the sets [, as interpreted
in the *Z-plane, cover the set {z]|z| >¢), there exists a f,, standard or
non-standard, 0 <f,<2n such that [, coantains z,. Still working in *R,
consider the set I, where 7, =, unless %¢,=2xr, in which case we put
t;=0. Let z, be the point of [ for which |z,|=]z,|. Then arg z; —arg z,
is infinitestmal {provided the arguments are taken with the appropriate
determination) and so z, belongs to the P-circle with center -, and is
itself a P-center for f(:). It now follows from 6.3.13 that / . taken
within R, is a P-set for f(z). This proves the theorem.

6.4 Compactness arguments in classical Function Theory. When com-
paring the theory of the preceding section with the method of normal
families one observes, informally speaking, that the notions of a normal
family, of equicontinuity, and of the oscillation of a function at a point
in the latter order of ideas are related to our notions of an internal
analytic function which is S-continuous where it is finite, of S-continuity,
and of the behavior of an internal analytic function in a monad. A precise
correlation of this kind is not possible. Thus, a given standard normal
family of functions does not give rise to a single internal function. It may,
however, give rise to a set of internal analytic functions in a way which
is illustrated by the following theorem.

6.4.1 THEOREM. Let F be a family of meromorphic functions which are
defined in a domain (open connected set) D on the Riemann sphere, all
notions referring to R. Then Fis normal in D if and only if all the elements
of *F are S-continuous in the S-interior of *D on the Riemann sphere
in *R.

In this connection, *F is the extension of the family F from R to *R,
as usual. The functions of this family are defined in the set * which is
the extension of D from R to *R. The notions of S-continuity and S-
interior are to be interpreted in terms of the chordal metric on the Rie-
mann sphere.

Proor of 6.4.1. ltis known that a necessary and sufficient condition for
a family of functions to be normat in a domain D on the Riemann sphere
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is that it be equicontinuous at all points of D. Now let -, be any standard
point which belongs to *D and hence, to D. [f £ is equicontinuous at z,
then for any positive standard é there exists a positive standard ¢ such
that y{z,zo) <e implies y (f(2), f(z0)) <4 for all f(z)eF and for all zeD,
where y stands for chordal distance. But this must be true also when re-
interpreted in *R and so we conciude that any function which belongs to
the family *F is S-continuous at z,. Next, let =, be any point of *D which
belongs to the monad of z,. Then for any ze*D such that y(z,z,)<1e,
we have at the same time, y(z,z,)<¢ - since y{zy.z;) is infinitesimal -
and so

2(fEhfENS(f @ Fz))+ (S (z5). f (2 ))<26.

Thus, f(z) is S-continuous also at z,. But the Riemann sphere is compact
and so every point which belongs to the S-interior of *D is in the monad
of some standard point of *D, This shows that £(z) is S-continuous at all
points of the S-interior of *D, the condition of the theorem is necessary.

The condition is also sufficient. Suppose that it is satistied but that at
some point zoeD, F is not equicontinuous. Thus, there exists a positive
standard & such that

‘for every positive € there exist a zeD and an f(z)eF suchr that
1 f(2), /(z5)) 28 while 1(z, zo)<e’

Formulating the statement in quotation marks as a sentence of X, re-
interpreting it in * R, and taking for £ a positive infinitesimal number, we
find that there exist a point ze*D and a function f(z)e*# such that
x(f(2), f(zo)) 2 6 although x(z, z4) <¢, and hence, although z belongs to
the monad of z,. This shows that f{z) (s not S-continuous at z,, although
2o belongs to che S-interior of *D. We conclude that the condition of the
theorem is sufficient.

However, as we have seen, the theory of generalized complex functions
provided by Non-standard Analysis actually replaces the theory of normal
families in some cases and is more effective in others. At the same time,
we may use our methods also in order to define compactness arguments
regarding families of functions and related results. We prove as an ex-
ample

6.4.2 THroreM (Standard. Vitali). Let {f,(z)} be a sequence of func-
tions which are analytic and uniformly bounded in the interior of (i.e., on
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every compact subset of) a domain D. Suppose that { f,(2)} converges
for an infinite set of points z; in D, k=1,2,... with a limit point z, in D.
Then { f,(z)} converges everywhere in D and the convergence is uniform
in the interior of D.

Proor. Let @ be an infinite natural number and consider the function
£.,(z), which belongs to *{ f,(z}}. Let z’ be any standard point which be-
longs to *D and hence to D, and let >0 be a standard number such that
the points for which |z—2z’| < all belong to *D. Such a number 9 exists
since D is open. By assumption, there exists a positive standard m such
that it is true in R that ‘| f,(z){ <m for |z—2|<d, m=0,1,2,3,...". Ac-
cordingly, the statement in quotation marks is true also in *R and, in
particular, | £, (z)| <m for |z—2'| < 5. This shows that f,,(z) is finite in the
monads of the standard points of *D, i.e., in the monads of the points
of D. Denoting the union of these monads by B, we have D="B. B is
S-open and se £, (z) is S-continuwous in B, by 6.2.1. Moreover, the function
F(z)=°f,(z) is analytic in D="B, by 6.2.3.

The function F(2) is independent of the particular choice of the infinite
natural number . For since lim, . . f,(z,) exists for k=1,2,..., we have,
in R, that | f,(z,)—f.(z)] <9d, for arbitrary positive § and »>v(8),
m>v(8). It follows that, in *R, | £,,(z,) —/,(z/)| is infinitesimal for all finite
natural numbers k and for all infinite natural & and 5. Hence %, (z)=
(2} for all finite natural k, and hence °f,(z)="/,(z) by the identity
theorem for standard analytic functions.

For any standard zeD and for any positive standard & it is true in *R
that ‘there exists a natural number v such that | £,(z)— F(z)| <8 for all
n>v’, Indeed, this is true in *R for any infinite natural v since | £, (z)— F(2)|
is then infinitesimal. But the statement in quotation marks can be formal-
1zed within the vocabulary of X and so it is true also in R. This proves
that lim, ., f,(2)=F(z) for all zeD, so that the sequence { f,(z)} con-
verges in D,

We still have to show that the convergence is uniform on any compact
subset of D. Let Ec D, E compact, i.¢., closed and bounded, and suppose
that the convergence of { f,(z)} in E is not uniform. Then there exists a
positive standard § such that it is true in R that for any natural number
m there exist a natural />m and a z’eF such that | fj(z")— F(z)] = 3.
Passing to *R and choosing m infinite we then find that there exists an
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infinite natural number / and a point z’e*£ such that | £,(z')— F(z')| = 4.
Now z’ s finite since £ is bounded and so it possesses a standard part
z"=%2'. z" belongs to *E since £ is closed and so z’eE and z"eD. It
follows that F(z") is defined and that f,(z") — F(z"} is infinitesimal. At the
same time, F(z")— F(z'} is infinitesimal since F(z} is analytic, hence con-
tinuous on D; and £;(z"}—f(z") is infinitesimal, by 6.2.1. Accordingly,

L@ - F@)=(fi@)- LN+ {(fi(z") - F(2N)+(F () - F(&))

is infinitesimal. This contradicts the relation | f;(z')— F(z'}| = and com-
pletes the proof of Vitali’s theorem.

6.5 Remarks and references. The theory and results described in this
chapter were reported previously in ROBINSON [1962], in slightly different
form. For the classical background consult CARTWRIGHT [1957], JuLia
[1923], KaKEYA [1917], MARDEN [1949), MiLLOouX [1924, 1928], MONTEL
[1923, 1927, 1933], osTrOWSKI [1926], vaLiron [1923]. Related results
will be found in ROBINSON [1965a].



CHAPTER VII

LINEAR SPACES

7.1 Normed spaces, Let B be a finite or infinite dimensional normed
linear space whose field of scalars are either the real or the complex
numbers. In either case, the definition and discussion of B involve B
together with the real numbers, R, so we assume as in previous cases
that 8 and R are embedded, simultaneously, in some full structure
M and we develop the non-standard theory of B in an enlargement
*Mof M.

Let ||a| be the norm of any point a of B. Since B is a metric space
under the definition g(a,b) = |a—b| the theory of sections 4.3 through 4.6
is applicable. The finite points of B in the sense of Chapter 1v are precisely
the points of B whose norm is finite.

Let 7 be an operator on B which is linear in the algebraic sense, i.e.,
T(a+b)=Ta+Tb and Tia=ATaq for all a and b in B and for all numbers
A in the appropriate field of scalars. Then the extension of T to *B (which
will still be denoted by 7, as usual) is linear in the algebraic sense, We
consider operators with domain and range in the same space, B.

7.1.1 THeoREM. The standard operator T is bounded if and only if T
transforms every finite point  in *B into a finite point.

Proor. The condition of the theorem is necessary. For if T is bounded,
and | 7| is the norm of T, so that [jTj| is a standard real number, then for
any point a in B orin *B,

I Tal<iT)lal.

This shows that if a is finite then Ta also is finite.

The condition is also sufficient. Suppose T is not bounded, then there
exists a standard sequence {a,} of elements of B such that [a,]=1,
n=0,1,2,..., but {|7q,| is unbounded in M. Passing to *M we see that this
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implies that ({74, is infinite, for some infinite @, although {a,|l=1
so that a, is finite.

7.1.2 Theorem. The standard operator 7 is bounded if and only if T
transforms every point in the monad of the origin, 0, into a point in the
monad of 0.

ProoF. A point is in the monad of 0 if and only if its norm is infinite-
simal. The necessity of the condition is thus obvious. To prove its suf-
ficiency, choose {g,} as in the proof of 7.1.1, so that [ia,]| =1 while {Ta,}
is unbounded and |Ta,| is infinite for a particular infinite w. Consider
the point b=a,f|Ta,l|. Then & =1/|Ta,l so that |4| is infinitesimal,
b is in the monad of 0. At the same time ||Th|| =[Ta[l/|!Ta,| =1 so that
Th is not in the monad of 0. This completes the proof of 7.1.2.

7.1.3 TueoreMm. The standard operator 7 is bounded if and only if 7
transforms every near-standard point into a near-standard point.

Proor. The condition of the theorem is necessary. Suppose a is near-
standard, then a="C"a+5 where ||bi is infinitesimal. Then Ta=7("a+b)
=T(%°a)+ Th. Suppose T is bounded, then T(°q) is a standard point while
76l is infinitesimal, by 7.1.2. This shows that Ta is near-standard, as
required.

The condition is also sufficient. Suppose that 7 is not bounded and
choose {a,} and w as in the proofs of 7.1.1 and 7.1.2 so that ||Ta,| is
infinite. Put b=a,/,/1Ta,il, where the positive square root is to be taken
in the denominator. Then & is near-standard since it belongs to the monad
of 0, 6]l = 1// i Ta,]l is infinitesimal. On the other hand, || 75| = VIiTa,l
is infinite and so || Th|| cannot be near-standard. This completes the proof
of the theorem.

The notion of a compact mapping from a metric space into a metric
space has been dealt with in section 4.6. Specializing 4.6.4 to the case of
an algebraically linear operator from 8 into B, we obtain

7.1.4 TuroreMm. The standard operator T is compact if and only if it
maps every finite point into a near-standard point.
In the theory of normed linear spaces a compact operator is also said
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to be completely continuous. Comparing 7.1.4 with 7.1.3 we see that a
compact operator is by necessity bounded {and hence, continuous).

Now suppose that B is complete, i.e., a Banach space. Making use of
4.6.5, we obtain the well known

7.1.5 TueoreM (Standard). Let {7,} be a sequence of compact linear
operators from a Banach space B into B. Suppose that the sequence
converges in norm to an operator 7. Then T is compact.

In order to reduce this theorem to 4.6.5, we take as the space T of that
theorem the unit ball U 1n B, which is given by |l <1, while § is identi-
fied with B. Then it is not difficult to verify that the convergence in norm
of {T,} to T, lim,_  |IT,— 7| =0 implies that lim,_  T,a=7Ta uniformly
on U. We conclude that every point of U is mapped by 7 on a near-
standard point, and hence, that every finite point of B is mapped by 7
on a near-standard point.

As an example of the application of our order of ideas to a concrete
function space, we shall establish the compactness of certain integral
operators.

Let B be the space of real continuous functions of one variable defined
in the closed interval 0 <x <1, with the norm [|¢(x}]| =max, . .| (X)].
It is not difficult to verify that B is a normed linear space over the field
of real numbers. (B is actually a Banach space, but we shall not require
the completeness of B.)

Define the operator 7 on B by

1
7.1.6 Wi(x)=T¢= f K (x,0) $(1)dt,
0

where K(x,f) is continuous in the closed square 0<x <1, 0<¢<1. It is
not difficult to see that ¥ (x) is continuous, i.e., 7 maps 8 into B. More-
over, T is clearly linear in the algebraic sense.

7.1.7 THeoreM (Standard). The operator 7 is compact.
Proof. In the present case, we may identify M with R, i.e., with the full

structure based on the real numbers as set of individuals. Then the points
of B are given by certain functions {i.e., formally, by certain relations)
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within M. On passing from M=R to an enlargement *M=*R, B is
carried into an enlargement *B, and the preceding theory is applicable.
Thus, in order to prove that 7 is compact, we only have to show that
every finite ¢ in *B is mapped by 7 into a near-standard . Now if ¢ is
finite there exists a standard positive number m such that |[¢(x)|<m for
0<x<1. At the same time, K(x,?) is bounded by a standard positive 4,
and this bound applies both in R and in *R. Hence,

<km

lth ()| =

1
fK(x,r)cp(t)dr
]

so that ¥ (x) is finite for 0<x<1 in *R. We propose to show that (x) is
S-continuous at all points of this interval.
Indeed, for any x,,x, in the interval of definition of ¥(x),

1
¢&9—¢&0=[Uﬂhﬂ—Kﬁhm¢UNh
0

Now suppose that x, 2~ x, so that x, and x, belong to the same monad.
Then K(x,,t}— K(x,,f)~0 since K is continuous. Putting
1K {x1,0) = K{(x2,0)| =1 (1),

we then have
1

|¢@»—¢@Msmja@dz

0

where 7{)~0 for 0<1< 1. Clearly [3n(#) dt 0. Moreover, this integral
must be infinitesimal for if ¢ is any positive standard number then

1 1

Osjn(t)dtsfsdws.
) 0

We conclude that ¥ (x,}—y(x,) is infinitesimal for infinitesimal x, —x,
and hence, that ¥(x) is S-continvous in the closed interval 0<x<1. It
follows that the function °Y(x) is defined and continuous and that
(%) 2=y (x), for all x in this interval. Thus, ®¥(x) is a point in B and
¥ (x) belongs to the monad of ®Y(x) since [ (x)— Y (x)| =maxpc cs
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[ (x) —%%(x)| is infinitesimal. We conclude that (x) is near-standard,
T is compact.

In section 4.4, we showed how to define a space T, whose points are
the monads of an entargement *7 of a given metric space 7. We may
adapt this construction to the case when 7= 58 is a normed linear space.
The norm of a point § =pu(p) in B,=T, will now be defined provided one,
and so, all of the elements of ¢ (which are points of B) are finite, and we then
put ||¢] =°llp|l. Defining addition and multiplication by a scalar in B, in
a similar way, we find that the points of B, which, as monads, belong to
the principal galaxy of B constitute a normed linear space B. If we denote
by Bg the subspace of B; whase points, taken as monads, contain points
of B, then By is isometric and algebraically isomorphic to B and (compare
4.4.6) the closure of Bs in B is isometric and algebraically isomorphic to
the completion of B.

7.2 Hilbertspace. Let / bean abstract Hilbert space with the complex
numbers as scalar field and suppose, specifically, that H is infinite-
dimensional, separable, and complete. While we shall thus consider the
case of complex Hilbert space, our analysis is applicable also to the real
case, with minor verbal or formal alterations.

We take for granted some of the more elementary facts about Hilbert
space. Denoting the inner productin A by (x,y), the definition [|x|| = /(x,x)
turns A into a Banach space, so that the theory of section 7.1 becomes
applicable. Let {e,}, n=1,2,3,... be an arbitrary but definite orthonormal
basis of H.Then any point ain 4 has a unique representationa=>3 ., a,e,
where the coordinates a, are complex numbers. We shall indicate this re-
lation also by a=(a,,2,.23,...). In terms of its coordinates, the norm of
is given by llal| =\/(a,d, +a,d; +a,ds + ), and the inner product of any
two points @ =(a,a,,ds,...) and b=(b,,b,,b,,...) equals (a,b) =a b, +a,b,
+ayby+oee.

Following our usual practice we suppose that both H and the real
numbers R are contained in some full structure A, and we develop the
Non-standard Analysis of the subject in an enlargement *M of M. On
passing to *M, H and R are carried into */ and *R, respectively. At the
same time, the basis {a,} of H is extended to an internal sequence of
points in *H, which is defined for all positive integers in *N, finite or
infinite. As usual, we retain the notation {e,} also for the enlarged se-
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quence. The scalar products (e,,e,,} are equal to 1 or 0 according as n=m
or ns#=m, also within *M, as we see immediately by transfer from M.
Every point ¢ in *# has a unique representation,

w
7.2.1 a= 3y ae,,

n=1
where the a, are complex numbers within *M and » varies over all
positive integers, finite or infinite. The equation 7.2.1 is to be interpreted
in terms of the classical definition as applied to *M. That is to say, for
every positive ¢ in *R there exists a natural number n=m(e) in *N such

that
k

Ha~ 3 a.ell<e forallk>m.

n=21

In this connection, an expression ZL 1 @ne, though not necessarily a finite
sum in the ordinary sense is nevertheless defined in *M by transfer from M.

Leta=(a,,a,,a;,...) be any point in *H. Then ||a||? =Y, a,d,, so that
a is finite in the sense defined previously for metric spaces and more

particularly for normed linear spaces if and only if } ;> ; a,d, is finite.

7.2:2 THEOREM. A point a=(a,,a,,d4,...) In *H is near-standard if and
only if @ is finite and the sum » ;_, . 4,4, is infinitesimal for all infinite &,

Proor. The condition is necessary. Suppose first that a is standard, a is
a point of H. Then a is finite. Also, the sequence {s,} which is defined by
S5y= n=y 4,4, is a standard sequence which converges to s=3 2 a,d, and
SO §— 8, =3 i+ dudy is infinitesimal for all infinite &.

Suppose next that @ is any near-standard point in *H and let b=%=
(by,b3,b3,...) be the standard part of a. Then |[a—b| is infinitesimal. But
la—64%=Y < (a,~b,)(d,—b,) where the terms of the infinite series on
the right hand side are non-negative. Hence, Y vi,.,(a,—b,)(@,—5,) is
infinitesimal for all natural numbers k, finite or infinite. At the same time,
as shown already, ¥ ,%,,,b,8, is infinitesimal for all infinite k. Now, by
Minkowski’s inequality, which is valid by transfer from M,

123 (5 aa)<( 5 @osoa-t)+( 5 os)

n=k+1
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(This is simply a special case of the triangle inequality.} For infinite &,
both sums on the right hand side of 7.2.3 are infinitesimal. Hence
Sk +1a4d, Is infinitesimal, the condition is necessary.

The condition is also sufficient. Suppose that it is satisfied, so that
S a,d, is finite, while Y . ., @,4, is infinitesimal for all infinite k. Then
a,d,=|a,|? is finite for all n, and a, possesses a standard part, %a,. We
define a standard point b=(b,,b,,...) by setting b,="Ca, for all finite
positive integers n. In order to prove that & is indeed a point in H, we
have to show that the sums Z:= 1 b,b, are uniformly bounded by a stan-
dard positive number m as & varies over the finite positive integers. Now
foraltsuch k the difference Y - 1 b,b,— > v 1 2,8, =Y n=y %0, 80— h= 18,4,
is infinitesimal, while } ;- ; a,d, is known to be finite. It follows that if
m—1 is any standard positive number greater than ) ,.,a,d, then
Y %=18,d,<m—land henceY s ,b,b, <m. Thisshowsthatb=(b,,b,.b;,...)
is a point in H, i.e., equivalently, that b is a standard point in *H. We
claim that a belongs to the monad of & or, which is the same, that [la — bl
is infinitesimal. Now

0 k
7’2’4 "a - ‘b"z = Z (an - bn) (dn - Bn) = gl(an - bn) (dn - Bn)

n=1

+ ¥ (a,—b)(d,~b).
n=k+ 4
The first sum on the right hand side of 7.2.4 is infinitesimal for all
finite k& since, for finite n, (@, — b,)(d,—b,)=(a,— °a,){d,— °d,) is infinite-
simal. In view of 3.3.20, we may therefore conclude that ¥ s.,(a,—b,)
(d4,—b,) is infinitesimal also for some infinite k. Choosing such a &, we
obtain for the second sum on the right hand side of 7.2.4,

(f (a..—b,.>(dn—5,.))*s( i a"d,)*+( i bnbn)*

=k+1 2=k+1 n=k+1

by Minkowski’s inequality, and so the second sum on the right hand side
of 7.2.4 also is infinitesimal. This shows that g is near-standard and com-
pletes the proof of the theorem.

Now let {a,} be an internal sequence of points of *H which is defined
for n=1,2,...,w, where o is an infinite natural number. According to the
terminology of section 5.1, {a,} is thus a Q-finite sequence.
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7.2.5 THEOREM. Suppose that there exists a positive standard number ¢
such that |la,—a;| = ¢ for all finite / and j, i+/. Then there exists ann<w
such that a, is not near-standard.

ProoOF. Suppose a, is near-standard for all # for which it is defined, and
consider the standard infinite sequence {b,} which is determined by
b,="a, for all finite n. Then |a,~4,| is infinitesimal for all finite n. It
now follows from 3.3,20 that there exists an infinite natural number m<w
such that {|a,~b,|} is infinitesimal for all n<m. Put b="b,="a, for some
infinite & which is not greater than m, otherwise arbitrary. Then b is a
limit point of the sequence {5,} in M. This implies that there exist distinct
finite natural numbers / and j such that |b—b;fl <le and |b—4;| <}e. We
conclude that |[&;—bfl<3e. But this contradicts the assumption
la;~a;| = & since the difference between |a;—a;|| and [|b;—b;|| is infinite-
simal, and completes the proof of 7.2.5.

Now let a=3Y ;% a,e, be an arbitrary point in *H. For any positive
integer &, finite of infinite, we consider the projection operator P, which
is given by

k
Pia-b=Y ae,.
n=1

P, is an internal entity, and if & is finite then P, is even standard. P, is
linear in the algebraic sense. Moreover, P, is bounded, withnorm [{P]| =1,
since for any a in *H,

Il k
”Pka |‘ = ‘ Z anen

n=1

~($ee) =(F an) =tal

while Pe, =¢,.
Also, if a is near-standard (in particular, if a is standard) and % is
infinite then it follows from
J|(1-Pk)an=||a—ﬂa||s( > ad,)
n=k+1
and from 7.2.2 that |[(/— P)a| is infinitesimal, where 7 is the identity
operator. Suppose now that T is a compact standard operator, so that

Ta is near-standard for any finite g, by 7.1.4. Then [(T-BT)a| =
I{I— P ) Tal| is infinitesimal for all infinite ¥ and all finite a. In particular,
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this is the case for |la| =1, from which we may conclude that |7— BT
is infinitesimal for all infinite k.

Now let ¢ be any standard positive number. Then there exists a first
natural number m such that |7—P,7| <&, and m must be finite since
[[T— P, T| <e for all infinite 4. Transferring from *3 to M, we conclude
that |T— P, T| < ¢ for some (finite) natural number m. But the operator
7'=P,Tis of finite rank, that is to say, it maps H into a finite dimensional
space (i.e., the space spanned by e,,e,,.e,,...,¢,). Accordingly, we have
proved the following theorem.

7.2.6 THEOREM (Standard). Let T be a compact operator on H. For
every £>0 there exists a bounded operator of finite rank T, such that
1T-T" <e.

It is well known that this result can be used as a starting point for the
development of the Fredholm theory for compact operators.

7.3 Spectral theory for compact operators. We turn to the study of a
self-adjoint compact operator T in H. Thus, we suppose that Tis defined
and compact on & and that

(Ta,b)=(a,Th)

for all @ and 4 in H and hence, for all 2 and 4 in *H.

Let w be an arbitrary but fixed infinite natural number. We denote by
H,, the subspace of * H which is spanned by e,,e,,...,€,. Thus H, consists
of all points which are linear combinations of e,,e,,...,e, with complex
coefficients in *M. Since H, is finite-dimensional in the sense of *M, all
the standard results of the theory of linear transformations in finite-
dimensional spaces apply to H,, by transfer from M.

Let P, be the projection operator from *H onto H,,

P (ae +ae,+--)=aje,+ae,+ - +aye,.

Then |2, =1, and |(f—P,)a| is infinitesimal for all near-standard a, as
shown above. For any compact self-adjoint operator T on H, we define
an internal operator, T,, in *H by

T,=P,TP,.
Clearly, T, is linear and bounded, and [T, <{P,{ ITH [P,I=IT].
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Moreover, if a is any finite point in *#, T4 is near-standard. For T ,a=
P,T(P,a) and || P a| < |lal| so that P,a is also finite. It follows that T(P,a)
is near-standard, T(P,a)=¥&+14 where b is standard and )] is infinite-
simal. Now
T.a=P,(b+m)=b—-(I—-P)b+Pny
and so
I Tya— bl < =P) bl + Pl .

iP.nl < |7l is infinitesimal, and (7 — P,)b| is infinitesimal, as shown
above. Hence, [T, a—b|| is infinitesimal, T,q is near-standard, as asserted.

T,, maps *H into H, and so, in particular, maps H, into itself. Finally,
T, is seif-adjoint, by transfer from M (for all projection operators in H
are self-adjoint) and

(P,TP,ab)=(TP,a,P,b)=(a,P,TP,b).

Let T' be the restriction of T, to H,. Then it follows from the above
that 7’ is a self-adjoint linear operator on H, and [T’ <\ T, <IT . 7’
can be represented by a Hermitian matrix with respect to the basis
{e,.es,....e,} of H,.

Consider the characteristic equation

7.3.1 (' —~T)x=0,

where /' is the identity operator in H, By standard theory, transferred
to *M, there exist real numbers 24,,4,,...,4,, {the eigenvalues of T'), equal
or different, and arranged in non-increasing order of their absolute values,
and corresponding non-zero points of H, (eigenvectors of T'} 11,75, .s¥ s
which may be taken to have norm |r;{=1, such that {r;,n)=0 for
j¥kand.

7.3.2 A =T)r;=0, j=12,..,0.

Equation 7.3.2 shows that 4, is finite for j=1,2,...,® since it implies
Al =T i< NT I ek < QTN

and so |4,| < ||Tl. We are going to prove

7.3.3 THEeOREM. The eigenvector r; is near-standard for any eigenvalue
A; that is not infinitesimal.
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Indeed, we may rewrite 7.3.2 as
7-3-4 A‘Jr} = Twrf .

since T,a=T'afor allain H,. Butr;is finite and so T, is near-standard.
Thus, 4;r; is near-standard, and so long as 4; is not infinitesimal, this
implies that r;=4; '(4;r;) is near-standard, the theorem is proved.

7.3.5 THeEOREM. Let & be positive standard and suppose that [1[>¢ for
Jj=1,2,....,k. Then k is finite.

Proor. It follows from 7.3.3 that, for ¢ and & which satisfy the as-
sumptions of the theorem under consideration, r, is near-standard for
n=12,....k. On the other hand, [ir;~r]=(r;—r, r;,—r)*=/2. Hence,
by 7.2.5, r; cannot be near-standard for all n=1,2,...,k if & is infinite.
This proves the theorem.

7.3.6 CoroiLarY. Forany A; which is not infinitesimal, the number of
eigenvectors r, for which 4, = 1, is finite (i.e., is a standard natural number).
In other words, the dimension of the eigenspace which corresponds to
A; is finite (a standard natural number).

Now renumber the eigenvalues so as to ¢cmit repetition, still in non-
increasing order of absolute values. Call the result {v,,v,,...,v,} so that
u<w and for each v; there exists a j={ such that v,=4;. Let H|,H;,....H,
be the subspaces spanned by the corresponding eigenvectors and let
P|,P;,...,P, be the projection operators from H, to H,H,,....H,, re-
spectively. Then by standard theory (spectral theorem for finite-dimen-
sional spaces)

737 Hi®@H,® - ®H,=H,,
7.3.8 P,+P,+-+P=I,
7.3.9 Vi P{+v, Pt 4y, Pi=T,

where @ indicates the direct sum.

We are going to show how to carry over the results of spectral theory
from H, to the original Hilbert space H.

Let ¥V be any internal operator on H, which is linear in the algebraic
sense. We have, by transfer from M, that V possesses a norm which is
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defined by
V| =max|Valf, aeH,,, flall=1.

If Vv is self-adjoint, then 7.3.7 — 7.3.9 apply, with V for 7.

7.3.10 Tueorem. If the eigenvalues, v,,...,v, of V' are all infinitesimal
then | V| is infinitesimal.

Proor. Let v={v,|=max, o;,|v, then v is infinitesimal. Let a be any
point in H, such that fja| =1. Then

tall=(la\*+ - +|F0Lilz)*=1,
where aj,...,a, are the projections of a onto Hj,..., H, respectively, and
fVal =(H"1a':||z+"'+1|Vua;|§2)*S(V2(|fa'1||z+"'+ ||0,',||2)*SV

and so [[Val| < v. This proves 7.3.10.

If the number || V| is finite then we call the operator V finite. If Va is
near-standard for every near-standard point @ in H,, then we call V near-
standard. It is not difficult to see that in that case V is finite (compare
7.1.3). For every near-standard linear operator V on H,, we define a
bounded linear operator °V on H as follows.

Let @ be a point in H, a=(a,,a,,.-.). Then there exist points in H,
which belong to the monad of a, e.g., the point P a=(a,,a,,...,4,,0,0,...}.
Thus the set u(a) N H, is non-empty, where u(a) is the monad of a, as
usual. Moreover, the points b= Va’' for a'eu(a)n H, are infinitely close
to each other since V is finite, and they are near-standard since ¥V is near-
standard. We define (°¥)a as the joint standard part of these points 6.
In particular, therefore, (°V)a=VP,a). From this fact it is easy to de-
duce that °V is linear in the algebraic sense. Also, if |alj=1, a in H, then
IP.a|<1. Hence |°Va| = [[*(VP,a)|=°|VP,all<®|¥|. This shows that
°y is bounded and |°¥ | <°| V1.

If a is any near-standard point in H,, with standard part 9% then
0y % =%Va), since acu(®a)n H,,.

.We return to a self-adjoint compact operator 7 on H and consider the
related operators T,=P, TP, and 7', where 7" is the restriction of T, to
H,. Since the norm of T cannot exceed [T, | <HPINTH 1Pl <liTH, the
operator 7" is finite. T is even near-standard for if ¢ is a near-standard
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point in H, then T'a=T,a=P, TP a=P, Ta. Now Ta is near-standard
since a is at any rate finite and so P,(7a) also is near-standard, as as-
serted.

7.3.11 Treorem. The operator °(7”) exists and is equal to T.

ProoOF., %(T") exists since T is near-standard. Now let a be any point in
H then we have to show that %(7)a=Ta or, in other words that
T'Pa)=Ta. But T'P,a=P,TP,a and P, a~a, TP,axTa, and so
P, TP a~P Ta~Ta, °(T'Pa)=Ta, as asserted.

Now let 4; be an eigenvalue of T, and ; a corresponding eigenvector
as in 7.3.2, such that 4; is not infinitesimal and |7,/ =1. As we have seen,
4; is then finite and r; is near-standard.

7.3.12 THEOREM. %2, the standard part of 4, is an eigenvalue of T
(in H) and °r » the standard part of r; is a corresponding eigenvector.

Proor. 7.3.2 can be written in the form

This entails

7.3.13 (i) ="(T'r)=0.

But °(T'r;}=(°T")(°r,), as shown above, and so *(7'r;)=T(% ), while
°(,r)=°2"r,. Hence, from 7.3.13,

7.3.14 °40r; =T (°r))=0,

which proves the theorem.

Let {v;,v;,...,v,} be the eigenvalues of T’ ranged as before in non-
increasing order of absolute values, without repetitions, and let ¥ be the
set of natural numbers i such that v; is not infinitesimal. W is not neces-
sarily an internal set and may be finite or infinite in the ordinary sense.
For any v; such that e, %, is an eigenvalue of T, by 7.3.12. Let m be
the number of 4; which coincide withv;; mis finite, by 7.3.5. Also, m is the
dimension of the subspace H; of H, (see 7.3.7), and H; is spanned by
of the vectors r;. These will be denoted for convenience also by r;y,.... 7.
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For any A; which is not infinitestmal, °r_,- exists and |%ll=|ri=1.
And, for j#/,

1(0?’ja0":)l = t(o?‘j,orr)"("p?'a‘)f =
|(§”j‘“"j,0r1)+(”jaur1‘ﬁ)| ﬂ!(orj"’po"x)] + |("')j,o"1“"“1)| <
1% =, HOrll + A 1% =l =11 % ;= 1l + % = 1 =0,

so that (°r;,%r)=0. But (°r;,°r)) is standard and so (°;,°r)=0.

For any given ieW, let °H; be the subspace of  which is spanned by
O ysenes OFi. We have just shown that the vectors are orthogonal and so
9H/ is m-dimensional, like H,. The same argument shows that for distinct
icW, the corresponding °H; are orthogonal to each other.

Let P, be the projection operator from H to °H;. We are going to show
that P;=°P/ where P/ is the projection operator from H,, to H/ as intro-
duced previously (see 7.3.8). To see this, let a be any point in H. Then
°(P,a)=a. Moreover there exist finite complex numbers y; such that

7.3.15 Pa=pry+--+u,r,+a’, where
7.3.16 Pl (Pya)=pro+ -+t im

and @' is a point in H, which is orthogonal to H;. Taking standard parts
in 7.3.16 we obtain
O(Pi’(Pwa));" 0#10":'1 +oet oﬂmo"im

This shows that °P; exists and
OPla="u"riy+ -+t Fim-
Thus, °P maps @ into °H,. On the other hand, by 7.3.15,
a="P,a)="u"r + -+, 1+ °a",

where %a’ exists since P,a and pry + - + .t are near-standard. As
before, %4’ is orthogonal to °r,y,..., °r;, and hence, to °H;. This shows that

Pia=0#10?".'1+"'+0#m0"(m»

i.e., P,.=°P/, as asserted.

Now suppose that 7+0. Then there exists a point ¢ in H such that
lal =1 and ||Ta}l =a>0. Consider the point b = P,a, which belongs to H,,.
We have Pob=0b and | TPb|=]Tb| =%« since ||b—al|=0. Moreover,
¢ =Tbis near-standard since T'iscompactand so [[c— P¢c]| = |({— P,)c|| =0
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and |T'b)) =[P, TP, b =||Pyc| >+« while at the same time ||b] < |laf=1.
This shows that | 7’|| is not infinitesimal. We may therefore conclude from
7.3.10 that the eigenvalues of T are not all infinitesimal and so the corre-
sponding set of positive integers W is not empty.

W contains, together with any positive integer i also all positive integers
which are smaller than ;. Now if me W for some infinite m, then |v,| is not
infinitesimal and so |v,|>¢ for some positive standard &. But |v]=]v,|
for all finite 7 and so |v;|=¢ for all finite i. This contradicts 7.3.5 and
shows that W cannot contain any infinite positive integers. Thus W is
either finite, or it coincides with the set of all finite positive integers
N-—{0}.

Suppose first that W is finite, W={1,...,k} where k is a finite natural
number. Then the space °H,+°H, +--- +°H; is finite-dimensional. Let
H, be the orthogonal complement of this space in A, and let P, be the
projection operator from H onto H,,.

7.3.17 THeorReM. On the assumptions just stated,

7.3.18 Hi®°H,® @ H,@H,=H,
7.3.19 Pi+Py+--+P+P=1,
and

7.3.20 Ole1 +°v2P2+---+°kak=T.

Proor. 7.3.18 follows from the definition of H,, where we recall that
the several °H, are orthogonal. 7.3.19 is an immediate consequence of
7.3.18. In order to prove 7.3.20, we make use of 7.3.9 and 7.3.11, so

7321 T=(T)="(v,P{+Vv,Pj+ - +v,P))
= (Vi P{ 4 4P+ s Pis s+ +9,P)
=°le1+'-'+0kak+0(vk+lPk'+l+‘~'+VRP}:)

since °P/=P, i=1,...,k. These equations are meaningful since 7' and
viP{+ -+ v, P, are near-standard operators in H,. As far as 7' is con-
cerned, this fact was established earlier and is implicit in 7.3.11. Agaip,
if a is any finite point in H,, with projections a,,...,a, into H,...,H,
respectively, then

a=a,+-+a,+4a’
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for some a’ in H, that is orthogonal to a4,...,q;. For any i, | <i<k, a;
may be written as
a;=Hp Tyt F iy Ying) »

where 7;y,...,7;mqy are the eigenvectors for eigenvalue v;, as introduced
previously, and the y;; are finite since a and the points a; are finite. But
the r;; are near-standard, by 7.3.3, and so the points y;;7;; are near-
standard for these r;; and finally, the a; are near-standard, being finite
sums of near-standard points. Now

(v P{+-+vP)a=v Pa+t - +vPa=va +- +va,

and this sum also is near-standard since v,,..., v, are finite. It follows that
v Py + -+ v, Py is near-standard, as asserted.
Since v, Py + -+, P, is the difference between 7' and

v P+ v P,

it is also near-standard, and the term °(v,,,Pi,,+ - +v,P;) which was
introduced in 7.3.21 is indeed meaningful. We shall show presently that

7.3.22 O(lePk’Hq-..._q.v“P;):O_
Combining 7.3.22 with 7.3.21, last line, we obtain

0"1P1+"‘+0"kPk=T,
and this is 7.3.20.
[t remains to prove 7.3.22. For any finite ¢ in H,,,

(s Pray + o+ v, PYal =live Piya+ - +v,Pal
< Vies 1 Pesrali®+ - + v, Prali®y
<Ives HPGqal >+ + 1 Poall Y <jvesqd el

where v, , i ia|| is infinitesimal. This shows that |lv, ., Py + - +v, Bl
is infinitesimal, entailing 7.3.22.

Suppose next that W is infinite so that W coincides with the set of
finite positive integers. Then the v; are finite but not infinitesimal for all
finite i and the corresponding subspaces °H; of H are finite-dimensional
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and mutually orthogonal. Thus, H'=3 ., °H/ exists as a direct sum. Let
H, be the orthogonal complement of A’ in H where we put H,={0} if
H'=H. Then

[=3]
7.3.23 Ho® Y °H/=H.
=1
If P, is the projection operator from & to °H; as before, i=[,2,..., i finite,
and P, is the projection operator from H to H, then it is an immediate
consequence of 7.3.23 that

7.3.24

Ms

P=1
o

provided we understand this equation in the sense that

7.3.25

o

Pa=a for all aeH
[}

:

Equations 7.3.23 and 7.3.24 or 7.3.25, correspond to 7.3.18 and 7.3.19
for the case of infinite W. The counterpart of 7.3.20 for this case is

7.3.26 Y %Pa=Ta forall points ain H.
i=1

In order to prove 7.3.26, we have to show that s,=[[Ta—3 7=, °v,Pall
tends to zero as z tends to infinity in M, for any point a in H. Now

Ta="T"Ya=%T'Pa)
by 7.3.11, and

n

n n 1] n
S OvPa=Y %vPla= Y “vO(PP,a)= (( 5 VJ’{) Pwa).
i=1 r=1 * i=1

i= i=

i=1

0( i v,.P‘-’) P,a

i=n+1

Hence,

7327 s,=

>

TP a)— 0((& v,-P,-') Pwa)

where we have taken into account 7.3.9. Let « be a standard real number
which is greater than ||alf. Then ||P a| <« and (compare the proof of
7.3.22),
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g
‘]< Y v‘-P,-’>Pwa
! i=n+1

Hence, by 7.3.27, 5,<|%,,;}a+# for any positive standard #, and so
5,<1%,, 1l But the sequence of |v,| is non-increasing, and for every
positive standard » there exist only a finite number of 7 for which |v|>r,
by 7.3.5. It follows that the same applies to 1% and so lim,_ . {%v{=0
in M. Hence, lim,_, ., 5,=0, as required in order to establish the truth of
7.3.26.

Summing up, we have proved

LVas d 1Poall <[Vps it

7.3.28 THeoreM. If W s infinite, then

7.3.29 H,® °H @ H;®--=H
7.3.30 Pya+Pa+Pa+-=a
and

7.3.31 %y, Pia+°v,Psa+-=Ta

for any ¢ in H.

The possibility that °v,-=°vj for i+j where both / and j belong to W,
has not been excluded. However, in this case, the corresponding spaces
°H/ and °H; are still orthogonal and the total dimension of the space
spanned by ali the eigenvectors °r;, whose eigenvalues are equal to v is
finite, again by 7.3.5. On the other hand, all non-zero eigenvalues of 7
appear among the ®v, for ieW. For (using a familiar argument), if Ta=2a
for some @ in H with jlal|=1 and A%°y; for all iel¥, and A+0 then,
multiplying 7.3.20 or 7.3.31 (for finite or infinite W, respectively) by P,
or P,, we obtain

OV,'P,'G =/1Pia
and
Ozllpoa .
This implies Pya=Pa=P,a=---=0 and hence a=0, contrary to as-

sumption. As for A=0, this is an eigenvalue if W is finite, or if W is
infinite and H,+{0}. However, on this point no further details are pro-
vided by our analysis.
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7.4 An invariant subspace problem. The main purpose of this section is
the proof of the following theorem.

7.4.1 THeorReM (Standard). Let 7 be a bounded linear operator on H
and let p(2) # 0 be a polynomiai with complex coefficients such that p(7)
is compact. Then 7 leaves invariant at least one closed linear subspace
of H other than H or {0}.

T is said to leave invariant a subspace E of H if TEC E.

Some auxiliary considerations will be prefaced to the proof of 7.4.1.

Let T={(ay), /,k=1,2,3,... be the matrix representation of the bounded
linear operater T with respect to a given basis {e,,e,,e,,...}. Then it is
well known, and not difficult to verify, that

74.2 Z Iajk|2<00> j=123,...
K=1

and

74.3 |ajk|2<°os k=1,23,....
i=1

Within *M, the subscripts of @ vary also over the infinite natural
numbers. 7.4.2 implies that Y ;. ,|a,}? is infinitesimal for all infinite w,
provided j is finite. This is not necessarily true for infinite j. In fact, g,
need not be infinitesimal for infinite /. For example, if 7=/, the identity
matrix, then a;,=1 for j=w. However,

7.44 THeorem. If T=(a;) is a compact linear operator on H then a,
is infinitesimal for all infinite & (/ finite or infinite).

ProoF. Suppose first that j is finite, while % is infinite. Then
Iajkiz < zk|a;n|2 .

The right hand side of this inequality is infinitesimal, since % is infinite,
SO ay is infinitesimal.

Suppose next that both j and k are infinite and define a point a=
(ay,8,,a1,...) in *H by a,=0 for n&k and by a,=1. Then |a]|=1. Since
a is finite and T is compact, b=7a must be near-standard. But b=



196 LENEAR SPACES [7.4

(b1,b2,b3,...) where b;=3 " | a,,a,=a,,. Hence, taking into account 7.2.2,
a;,~0 for infinite j. This completes the proof of 7.4.4.

The operator T=(ay} will be called a/most superdiagonal with respect
to a given basis if a;, =0 for j>k+1,k=1,2,3,....

7.4.5 THrorem. Let T=(a,) be an almost superdiagonal stundard
bounded linear operator on A such that @=p(7)=(b,} is compact for a
standard polynomial with complex coefficients,

p()=co+c, 2+ +¢,2", ¢, $0, mz1.

Then there exists an infinite natural number o such that q,,, | ,, is infinite-
simal.

PrROOF. We show by direct computation that for any positive integer 4,
7.4.6 Bhsmi=Conlrt 1480+ 20+t Fhsmham=1 -

Now by 7.4.4, b, ., is infinitesimal for all infinite A. Fixing 4 as an
infinite natural number, we conclude that one of the factors on the right
hand side of 7.4.6 must be infinitesimal. But c,, is standard and different
from zero, hence, is notinfinitesimal. Thus, forsomej,0<j <m, a4, ;4 4+
is infinitesimal, and the conclusion of the theorem is satisfied by w=»A+.

Let E be any internal linear subspace of *H. In accordance with a
previous definition, the set of points °E in H consists of all standard
points ¢ whose monad has a non-empty intersection with £, u{a)n E+0.
Theorem 4.3.3 shows that °E is closed irrespective of whether or not E is
closed. Moreover, if a and b are points of °£ and 4 is an arbitrary stan-
dard complex number, then there exist points ¢’ and & in E such that
a'eula)n E, b'eu(d)n E. Tt follows that a'+b'eE and Ag'cE; and that
a +b'eu{a+b) and Aa'eu(Aa). We conclude that e+ b and 2a belong to
OF, so that °E is a closed linear subspace of H.

An internal linear subspace £ of *H may be finite-dimensional in the
sense of * M (i.e., O-finite-dimensional), though not in the standard sense.
The dimension of £ will be denoted by dim(£). For example, in the case
of the space H, considered in the preceding section, dim(H,)=w.

7.4.7 THeoreM. Let E and E, be two internal linear subspaces of *H
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such that Ec E, and dim(E,)=dim(E)+ 1. Then °£<°E,, and any two
points of °E, are linearly dependent modulo °E.

PrROOF. °EcPE, is trivially true since £< £,. Now let ¢, and g, be any
two points in °E,. Then there exist points 1,,7, in £, such that o, ~1,,
a,~1,. Since the dimension of E, exceeds that of £ by one, there exists
a representation

7.4.8 t,=A7,+1,

or vice versa, where 7 belongs to E and A is a complex number. Suppose
now that ¢, and o, are linearly independent modulo °E. If 1~0, then
21,~0 since 7, is finite, and so 7, =71 and g, 21, which implies that ¢,
belongs to °E. This contradicts the assumption that ¢, and ¢, are linearly
independent modulo °E. Again, if A were infinite, then the equation

7.4.9 1, =47 'r, =17,

which is a consequence of 7.4.8, would show that ¢, belongs to E (since
A~ '~0and A~ 'teE). We conclude that A is finite and possesses a standard
part A0, Also t=1,— A1, ~0, where 0 =6,—""4¢, since

t—o=1,—Ait,—~{0,—"As)=1,~0, + 2 (1, =06} +(A—-"D 0, .

On the right hand side of this equation 1, —0,~0, A(t;—¢,)~0, and
(1—°2) 0, ~0. Hence, 1—0o~0, as asserted. [t follows that ge®E, so that
o, and ¢, are linearly dependent modulo °E. This contradiction proves
7.4.7.

Let T be a bounded linear operator on H and let A, and T, be defined
as in section 7.3. Let £ be an internal linear subspace of H,,. Eis Q-finite-
dimensional since H, is Q-finite-dimensional.

7.4.10 THeoReM. If E is invariant for T, i.e., T,EcE, then °E is
invariant for 7, T°Ec °E,

PrROOF. Let €K, then we have to show that Toe®E. By assumption,
there exists a t€£ such that 6~1, Then T, eF. Now
Te-T,i=Te—P,TP1=To-P,Tt=(T-P,T)o+P,T(oc—1).

On the right hand side of this equation 7¢ is standard and so
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I{T—P,T)oli=(I—P,}Tof

is infinitesimal. And |o — || 1s infinitesimal, so |P,T(c—1)| also is infi-
nitesimal. This shows that |7~ T,z is infinitesimal, and so To~T,7,
Toc®E, as asserted.

Proor of 7.4.1. For a given T, which satisfies the assumptions of the
theorem, consider the set of points 4=1{0,70,T%g,...} in H, where gis
any point of H such that ||¢||=1. If 4 is linearly dependent algebraically,
then 77" Yo=Y % _ 4, T*o for some (finite) natural number #. In that case,
the finite-dimensionat subspace of H which is generated by 6,70,...,T"¢
1s invariant for 7, and we have finished. Similarly, if the closed linear
subspace £ generated by A is a proper subspace of H, then £ may serve
as the required invariant subspace for T. Accordingly, we shall suppose
from now on that A is linearly independent algebraically and generates
the entire space H. We now choose a special basis {e,,e;,¢3,...} for Hin
the following way.

Put e; =0. By one of the assumptions just made, the space H, gener-
ated by e, and Te, = 7o must be two-dimensional. Choose e, in H, such
that ||e;ll=1 and (e,,e;)=0. Then ¢, and e, form an orthonormal basis
for H,. Next consider the space H,, generated by ¢,,e,, and Te,. H, is
also the space generated by a, 7o, and 720, and is therefore strictly three-
dimensional. Choose e, in H; such that [le;]| =1, (e,.e;) =(e,,e3) =0. Then
,,e5,65 form an orthonormal basis for H,. Continuing in this way, we
obtain an orthonormal sequence of points {¢,} in H,#=1,2,3,... such that
for every n>1, the space generated by ey,e,,e;,...,e, coincides with the
space generated by o, 70,...,7" " ! 6. In more detail {e,} may be obtained
from {T"s}, n=0,1,2,... by the Gram-Schmidt procedure.

Te,is linearly dependent on ¢,,¢,,..., ¢, ; and may be written in the form

7.4.11 Te,=a e +as€p+F Ftyy14854,., H=12,..

Since the closed linear subspace generated by A4 coincides with H, {e,}
constitutes a basis for H. 7.4.11 now shows that the matrix (a;) which
represents 7 with respect to this basis is almost superdiagonal.

Passing to *H, we see from 7.4.5 that there exists an infinite natural
number w such that a,,, ,,, is infinitesimal. For such an @, we consider
the space H, and the operator 7,,=P,TP,. Let {={(x,x,,...) be any
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finite point in *H and let {=(z,.2,,.. }=(TP,— T, )YE=(I-P)TP,E. We
find by direct computation that z,,, ; =a,,; %, and z,=0 for n+w+1,
Hence, [{{l <lay,+ 1,0 I€]l s that { is infinitesimal. Thus, (TP,— T,,){=0,
and TP,£ =T, ¢ for all finite points & in *H. More generally, we prove by
induction that for all finite ¢ in *H and for all finite positive integers 7,

7.4.12 TP E~TIE.

We have just seen that 7.4.12 is true for r=1. Suppose 7.4.12 has been
proved for r—1, r>2. Then

TPL=TT §=TPT ExT, T =T,

This proves the assertion for r and hence, establishes the truth of 7.4.12
for all finite positive integers r.

We apply 7.4.12 to the monomials of p(7T) and take into account that
Pt =¢ for CeH,,. This yields

7.4.13 p(TYE=p(T )¢ for finite {eH,,.

Let 7' be the restriction of T, to H,, as before. Since H,, is Q-finite-
dimensional, i.e., finite-dimensional in the sense of *Af, the standard
theory of linear operators {(or matrices) for finite-dimensional spaces,
transferred from M to * M, shows that 7’ possesses a chain of invariant
subspaces

7.4.14 EycE cE;c--cE,,

where dim (E))=j, 0<j<w, so that Ey={0}, E,=H,. Thus, T'E,cE;
j=0,1,2,...,w. Let P; be the projection operator from *# onto E, j=
0,1,2,...,w, so that P,=P,.

Choose £ in H such that |{| = 1. Then we may suppose that p(T}£+0,
for otherwise &,7¢,..., T"¢ would be linearly dependent, proving the theo-
rem, as pointed out previously. Since £ ~P ¢, we have p(T)YE~p(T)PE,
so p(T)Y P, ¢ is not infinitesimal. It now follows from 7.4.13 that p(T,) P,.¢
is not infinitesimal, But p(T,) P, ~p(T )&, and so | p(T,) ]| > o for some
standard positive g. Define ¢; for j=0,1,2,...,» by

7.4.15 0;=p(TYE-p(T,)PiL] .

Then o;<{p(T )l 1€~Pill, and go=1p(T,)¢H. Hence, go>0. Also,
&= P e =& - P,E|l is infinitesimal, hence ¢, <do. Tt follows that there
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exists a smallest positive integer A, which may be finite or infinite, such
that g, <%0 but g, , > ie.

With every E; there is associated a closed linear subspace °E; of H, as
introduced earlier in this section. We propose to show that

7.4.16 °E,_ +H and  °E,%{0}.
For if °E,_, = H then ¢€°E,_,, and so [|é—P;_ ¢ ~0. But
i SHp(T)NI 1E=Pio &,

50 ¢;.., 20, which is contrary to the choice of 2. Also, °E, cannot reduce
to {0}. For consider the point =p(T,,) P;¢. n belongs to £, since P;{eE,
and E, is invariant under p(T’) and, equivalently, under p(7,,). We claim
that # is near-standard.

Indeed, since PteH,, n=p{(T ) P;é~p(T)P,{, by 7.4.13, and p(T) P;¢
is near-standard since P;¢ is finite and p(7) is compact. Hence, # is near-
standard, and “y exists and belongs to °E;. But 5 cannot be infinitesimal.
For if =0 then, by 7.4.15

.z Ip(T) el = 1p{T) Pidl > 0 -,

where { = ||l =~0. Hence g, > 1g, which is again contrary to the choice of
A. We conclude that # is not infinitesimal and hence that %4 +0. Thus,
°E,#+ {0} since it contains ‘7.

Now by 7.4.10, both °E, _, and °E, are invariant for 7. If neither of
these spaces were a non-trivial closed invariant subspace of H for T we
should have °E,_,={0} and °E,=H. This contradicts 7.4.7 and com-
pletes the proof of 7.4.1.

Throughout this chapter, we have considered only separable H. But
7.4.1 is actually trivially true for non-separable H for in that case the set
A={0,To,T?%qg,...} generates a non-trivial closed invariant subspace of H
for T, for any o=0.

7.5 Remarks and references. Going beyond 7.3, A. R. BERNSTEIN has, in
his dissertation (1965, unpublished), given the spectral theory of self-adjoint
bounded linear operators within the framework of Non-standard Analysis.
For the background to 7.4, consult ARONSZAIN and sMITH [1954] and
HaLMoS [1963]. The fact that any compact linear operator in Hilbert space
possesses a non-trivial invariant closed linear subspace was first proved
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by J. von Neumann and N. Aronszajn, and the corresponding result for
Banach spaces is due to N. Aronszajn and K. T. Smith. For the result
given in 7.4, compare BERNSTEIN and ROBINSON [1966]). Bernstein has
shown that this result, also, can be generalized to arbitrary Banach spaces.

Further methods and results in Non-standard Functional Analysis will
be found in LUXEMBURG [1962], TAKEUTI [1962] and ROBINSON [1964).



CHAPTER VIt

TOPOLOGICAL GROUPS AND
LIE GROUPS

8.1 Topological groups. A topological group G is (i) a topological
space and (it} a group, such that the group multiplication ab=c is a con-
tinuous function from G x G into G and the operation of inversion,a ™' =6
is a continuous function from G into G. That is to say, by one of the
characteristic properties of a continuous function in a topological space,
if ab=c and W is an open neighborhood of ¢ then there exist open
neighborhoods U and V of a and & respectively, such that UV< W. In
this connection, UV is defined, as usual, as the set of all products a'6’
where a’el/, b'eV. Similarly, if a~'=) then for any open neigh-
borhood ¥V of b there exists an open neighborhood U of & such
that U~ '<V where U™' consists of all elements ¢™' of the group
such that cel/. For the time being, we do not stipulate that G is a
Hausdorff space.

In order to carry out the Non-standard Analysis of G, we may consider
in the fi1st instance a full structure M whose individuals are the group
elements of G. However, we shall presently consider situations which in-
volve at the same time the natural numbers, or the real numbers, or even a
general metric or normed space. In all these cases we shall suppose
tacitly that these structures also are contained in M. Passing to an en-
largement * M of M, we then find that *3 contains in the first instance an
enlargement *G of G and, where required, also enlargements of the natural
numbers, of the real numbers, and of the metric or normed space under
consideration.

The monad p(a) of a standard point @ in *G is defined, as usual, as the
intersection of all standard epen neighborhoods of a. An element
aep(e) is called infinitesimal, where e is the identity (neutral element).

8.1.1 THeEOREM. Lel @ and b be any two standard points in *G (i.e.,
a and b belong to G). Then g{a)u(b)< u(ab).
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Proor. Let a'ep(a) and b'en(b). We have to show that for any open
neighborhood W of ab in G, a'6'e*W. By assumption, there exist open
sets I/ and ¥ in G such that qeU, beV and UV W, Then a'e*U, b'e*V
and *{U/*V < *W. Hence, a’b'e* W, proving the theorem.

8.1.2 TuHeoreM. Letubeastandard pointin*G.Thenpu(a™")=(u(a)) ™"

Proor, Given any open neighborhood V of @~ ' in G, we show similarly
as in the proof of 8.1.1, that ¢~ 'e*V for all ceu(a). We conclude that
(u(a@))" ' <p(a™"). Applying the same argument to a™ ! in place of a we
find that (u(a™")) 'cpu((e™')"')=p(a). Hence, p(a™He(u@)™!
proving u(a™ ') =(u(a)) ", as asserted.

Reinforcing 8.1.1, we now prove

8.4.3 TueoreM. Let @ and b be any two standard points in G. Then
ul@u(bh) = ju(ab).

Prooe. In view of 8.1.1, we only have to show that u(a)u(h)>u(ab).
Let c'eu{ab). Since a” 'eu(a™!), we then have a~ 'c’'euf{a™ ")p(ab) and so
a~'c’ep{a™"(ab))=u(b), by 8.1.1. Thus, ¢'=a(a"'c") where acu(a),

=1 .7

a” 'c’eu(b). This shows that ¢'eu{a)u{b) and proves the theorem.

8.1.4 TureoriM (Standard). Leta and W be a point, and a set of points,
respectively, in G. If Wis open, then Wa is open.

Proor. Since W is open, u(b)<* W for any be W. Now let ¢ be a standard
point such that ce Wa. Then ¢ =ba for some beW. Now u(c)=pu(b)a. For
on one hand, u(h)acp(c), by 8.1.1 and on the other hand, if ¢’€u(c) then
b =c'a ‘eu(cula™") =u(h), so ¢’ =b'acu(b)a, u(c) =pu(bla. But u(b)ac
*Wa and so u(c)c*Wa=*(Wa), Wa is open.

8.1.5 THEOREM. Suppose that the points ¢ and & in *G both belong to
the same monad, aeu(c), beu(c) for some standard point c. then
ab~Yeu(e) where ¢ is the identity in G and *G.

ProoF. b7 'ep(e™"), by 8.1.2. Hence ab ™ 'ep(c)u(c™ ) =plcc™ )= pu(e),
where we have made use of 8.1.3.
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We now introduce a concept which has no precise counterpart in the
standard theory of topological groups.

8.1.6 Tueorem. The elements of p(e) constitute a subgroup J, of *G.
Jy will be called the infinitesimal group of *G (or of G).

Proor. If asu{e) and beu(e) then abeu(e)p{e)=1(e). If aeu(e) then
a‘eu(e”*)=ple). This proves 8.1.6.

8.1.7 THeorem. The near-standard points of *G (i.e., the points of *G
which belong to the monads of standard peints) constitute a subgroup J,
of *G.

ProofF. If a'epfa), b'ep(h) then a'b'eu(au(h)=p(ab). If a'eu(a) then
(@) 'e(p(a)) ' =p(a™ ). This proves 8.1.7.

8.1.8 THEOREM. J{ is a normal subgroup of J;.

Proor, Evidently J, < J,. Also if aeJ; and geJ,, then acu(e) and gepu(h)
for some standard point 4. Hence gag ™ ‘eu(hyuie) (u(h))~ ' = pulheh ™) =
1(e), gag~'eJ;. This proves the theorem.

8.1.9 THEOREM. Suppose the group G is a Hausdorff space. Then the
quotient group Jy/J, is isomorphic to G.

Proor. The cosets of J;, within J; are precisely the monads of *G,i.e.,
the monads of points of G. But these cosets are also the elements of Jo/J;
Thus, we may define a mapping V¥ from J,/J, onto G by putting y:bp—a
for bely/J,, aeG if b=u{a). This mapping is one-to-onz since, for a
Hausdorff space, the monads of distinct points of G are disjoint. 1t is not
difficult to verify that  provides ar isomorphism. This proves 8.1.9,

iIf G is compact then all points of *G are near-standard, hence J, =¥G
and, if G ts at the same time a Hausdorfi space, *G/J, is isomorphic
to G.

So far we have considered only the monads of standard points as
provided by the topology of G. We now define the left and right monads
of an arbitrary point g in *G as the left and right cosets of J; = u{e} which
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contain a, so ula)=au(e), (@ =p(e)a. Thus a point & belongs to
w(@) if a~*bep(e) and b belongs to u,(a) if ba™ ‘eu(e).

If a is a standard point then u(a@)=u(a)=y(a). For in that case
i(a) =au(e) = u(a)ule) = pu(a), and if bep(a), thena™ 'beuia™ Hp(a) =p(e),
so that (@) > u{e). Hence y,(a) =u{a) and similarly, u,(a)=pu(a).

Consider any subgroup H of *G. H may or may not be internal. For
example, if G is the additive group of real numbers, so that *G is the
additive group of *R, then H=M, and H=M, are external. In any case we
then have H" =H for any finite natural number #. However, it does not
follow that the same is true also for infinite n.

Let @ be an infinite natural number, and let N{w) be the set of natural
numbers n such that there exists a finite natural m for which n < m®. Then
N(w) constitutes an initial segment of *N, i.e., neN{w) and k<n for
natural k implies keN(w). Evidently, N(w) includes @ and all finite
natural numbers.

For any given subgroup H of G, we now define the subgroup H of *G
as the set of all products a,a, ...a, for any internal sequence {a,.a;,...,a,}
of n+ 1 elements of H, neN{w) (so that the sequence is Q-finite, and the
product of its elements exists, by transfer from M). It is not difficult to
verify that H is indeed a group. In particular, if & is the cyclic group
generated by an element @ of *G (so that H consists of all finite integer
powers of @) then H consists of all powers a*" where neN(w).

We define H{®’ as the union of all '’ (for infinite w). Thus, H** may
be defined directly as the set of all products ag4y...q, for any internal
sequence {ay,day,...,a,} of n+1 elements of H, n an arbitrary finite or
infinite natural number.

8.1.10 THeorem. Suppose H is a normal subgroup of *G. Then the
groups '’ and H“* are normal subgroups of *G.

PROOF. Let g be any point of *G, and let /e H’ for given infinite .
Then we have to show that ghg ~'eH). By assumption, there exists a
O-finite internal sequence {aq,a;,...,a,}, #eN{w) such that geH,
i=0,1,...,n and h=aya,...a,. But then {gaocg~!,ga,9~",...,ga,g~ "} also
is an internal sequence and so ghg "' =ga,g 'ga,g~'...9a,9 'eH, as
required. The proof for ™ is quite similar, and for that case the con-
clusion follows also from the fact that H is the union of the H,
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The component of the identity, G, of a topological group G is defined as
the component of ¢ which contains e, in the ordinary topological sense.
It is known that G, is a normal subgroup of G. For let 2 be an arbitrary
point of G, and consider the mapping ¥:b—ab~' which maps G, on the
set gG, '. This mapping is one-to-one and is topological (e.g., since it
maps monads in G, on monads in aG, !, and vice versa). Thus, aG, ' is a
connected set, being the image of a connected set, and ecaG, ! (forb=a').
Hence, ¢G, ' = G,, ab~'eG, for all beG,. For a =e, this shows that for any
beG,,b™" also is in G,, and further, for arbitrary aeG,, that a(p~1) 1=
abeG,. Moreover, if g is any point in G, then 2G.a~ " is a connected subset
of G which contains e, hence aG.a~'<=G,, G, is normal.

Another well known result, which will be required presently is

8.1.11 THEOREM (Standard). If U is an open neighborhood of e and
a subset of G, then {_J;= U"=G.,.

ProOF. Let G'=\_,=; U", then G’ is an open set since it is the union of
open sets. We propose to show that G’ is also closed. For let a be a point
of G which belongs to the closure of G'. Then the monad of a, u(a) has a
point b in common with *G', and hence with some (*U/)" where n may be
finite or infinite. But beu(a) implies ba~ 'eu(a)u(a™')=p(e) and so
(ha™ ") "' =ab 'eule), ab 'e*U. At the same time be(*U)" and so
a=ab~' be*U(*U)"=(*U)"*" and so ae*G', aeG’, G' is closed. But G’ is
a subset of G,. Since we have shown that it is both open and closed
we conclude that G' =G, proving §.1.11.
We are now in a position to prove

8.1.12 THeoreM. Suppose G, contains a neighborhood of e. Then
J() =*G,.
Proor. By 4.1.2 there exists an internal open set U which is contained
in jt(e). Then |-, U"=*GC,, by transferring 8.1.11 to *M (where the left
hand side is now taken in the sense of *3). But Uc u(e) =J, and so we
conclude that J{*’ 5 *G,. On the other hand, the elements of /{™ are all
products of elements of *G, and so Ji”’ =*G,. The theorem follows.
Suppose next that G is a local topological group. That is to say, Gisa
topological space, and a partial operation {partial function of two
variables) is defined from G x G into G such that the following conditions
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are satisfied. (i) For any elements a,b, and ¢ of G such that ab, {(ab)c, bc,
and a{bc) are defined, the associative law holds, that is to say{ab) ¢ =a(bc).
(it) For a specific element ¢ of G called the idenrity, the products ge and eq
exist for all @ in G and ae =ea =a. (iti) Suppose ab is defined. Then there
exist open neighborhoods U and V of @ and & respectively, such that a’6’ is
defined for all a’'el, b'e V. Moreover, the operation ¢'d’ is continuous on
Ux V. (iv), Suppose the element a of G possesses a right inverse, b=a""',
ab=e. Then there exists an open neighborhood U of ¢ such that every
a’el possesses a right inverse & =(a’) ™!, a’b’ =e. Moreover, the operation
(a’)"! is continuous on U.

Passing to G*, we consider the monad of e, u(e). Since ee=e, there
exists a standard open neighborhood U of ¢ such that ab exists and is a
continuous function of @ and b in U. It follows that the product ab exists
for all @ and & in u(e) and, similarly as in 8.1.1 that for such @ and &,
abeu(e). And since e possesses a right inverse, i.e., itself, there exists an
open neighborhood W of e such that a~! exists and is a continuous
function for all ae W. We conclude that @~ exists for all aeu(e}and, more-
over, that @~ 'eu(e) for such a. Since the associative law applies to the
multiplication of elements of u(e), we conclude that (e} still constitutes a
group, J,. Also, since for any aeJ;, a” exists for all finite integers n we
conclude that &” exists in *G also for sufficiently small infinite (positive or
negative) integers n. The elements of J, are called infinitesimal.

8.2 Metric groups. We shall say that ¢ is a metric group if ¢ is a
topological group such that some open neighborhood U of the identity is
a metric space whose metric is compatible with the specified topology of
U. Thus, we may talk of the distance ¢(a,b) between any two points a,b
in U. In terms of this distance, u(e)=J, consists of the points  of U such
that g(a,¢) is infinitesimal.

Let  be any positive infinitesimal number. Then we define J,(#) as the
set of elements aeJ, such that ¢(a,e)/n is finite; and we define J, (i) as the
set of elements geJ, such that g(a,e)/y is infinitesimal.

For any positive infinitestmal », we shall consider the following
conditions:

8.2.1 Jy(n) is a group. Thus, if aety (1) and bedy () then abe,(n) and
a”'eJo(n).
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8.2.2 J,{(n) is a group.
8.2.3 If aeJ,y(n), beJy(n) then aba™ b7 ‘et (n).

8.2.4 J,(n)is a normal subgroup of Jo (7).
It follows from 8.2.1 — 8.2.3 that

8.2.5 The commutator subgroup of J,(#) is contained in J, (n).

Let G be a topological group, B a normed linear space over the real or
complex numbers and ¢ a topological mapping from an open neighbor-
hood of the identity ¢ in G into an open neighborhood ¥ of the origin 0 in
B, such that ¢(e)=0. Then the group operation in G defines a partial
fuaction from V' x V into V by the following definition

8.2.6 fEx)=¢(d" ()~ ().

This definition implies £ (0,0} =0. Moreover, if f (a,b) is defined for points
a and b in B then there exist open neighborhoods V, and V, of @ and b
respectively such that f(a’,»") is defined for all ¢’eV,, b'eV,. In particular,
there exists an open neighborhood W of 0 in B such that /'(a,b) is defined
for all @ and b in W. For such a set W, we now introduce the following
condition.

8.2.7 For any two points a and b in W, there exist open neighborhoods
W,c W, W,c W of a and b respectively, such that for all xeW, and yel¥,,

8.2.8 Fxp)=flab)+xr(x—a)+A(y—b)+¥(x,)
where x and 4 are scalars that depend only on @ and # and

8.2.9 lmy (x,0)((Ix—al +liy-bi)}=0.

x=a
y—b

8.2.10 THeoreM. In order that condition 8.2.7 be satisfied it is neces-
sary and sufficient that for all standard points @ and b in *W there exist
standard complex numbers «x and 2 such that for all xeu(a), yeu(b),
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8.2.11 fy=f(a,b)+x{(x—a)+i(y—b)+z,

where |z| < r | x —all + 5l y — b]| for infinitesimal # and s which may depend
also on x and p.

PrOOF. Suppose that the condition 8.2.11 is satisfied, and let ¢ be any
positive standard number. Then

17 e y=fla,p)—k(x~a)y—A(y—b)l=lzll<r|x—all+sly—bl

and hence
8212 [f(e—fab)—x(x—a)—Ay—dl<ellx—al+lly—0bl)

for all xeu(a), yeu(b) and hence, in particular, for all x,y such that
| x—al <8, || y—b| <& where § is any positive infinitesimal number. Since
such a & exists in *M, we conclude by transfer to M that there exists a
standard positive & such that 8.2.12 is satisfied for all [x—all <4,
| ¥—b] <é. This shows that the condition of the theorem is sufficient.

The condition is also necessary. For suppose 8.2.7 is satisfied and let
xeu(a), yeu(d). Then 8.2.9 shows that [y (x, ) I/(|x—all+{y—>bl)=ris
infinitesimal. Hence,

If .0y = fla.p)=x(x—a)=A(y = D)l = g x| =rx—al +r|y->bl.

This proves our assertion.
Supposing from now on that 8.2.7 is satisfied, put a=x=0in 8.2.11.
This yields
S O)=f0.b)+Ai{y—b)+2

for all yep(d) where |z||<sly—b4| for some infinitesimal s. But
JO, y)=¢(ed 1 (»))=¢(¢ "' (¥))=y and in particular, f(0, b)=b.
tHence

y=b+A(y—b)+:,

where 4 is a standard number which is independent of y. Then

(1=Dy-b)=z
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for any yep(b). Taking an arbitrary yeu(b) other than b and bearing in
mind that ||zl <s| p—b| for some infinitesimal s {(which may depend
on y), we obtain

=A== -4ly=bl<sly—bl

and so || —Af<s. But s is infinitesimal and 1—A is standard, hence
| —4A=0, A=1. The same method shows that x =1 and so 8.2.8 yields, for
a=b=0,

8,213 Jp)=x+y+¥(xy)
where ¥ (x,y) satisfies 8.2.9 (for a=5=0), while 8.2.11 yields

8.2.14 Jeoy)=x+y+:z

for x=~0, y~0, where |z < r|x|| +s|iy| for some infinitesimal r and s.
Evidently, this condition is satisfied if and only if there exists an in-
finitesimal » such that |z|| = r(fix| + || ¥1).

The metric of the linear space B induces a metric in the open subset U/
of G by means of the definition ¢{a,6) =||$p{a)— ¢ {(b)|. Since the mapping
¢ is topological, the given topology of U coincides with the topology in-
duced in U by the metric ¢. Thus, G is a metric group in the sense defined
previously.

We are now going to show that 8.2.14 implies the conditions 8.2.1 -
8.2.4 and hence also 8.2.5, for arbitrary positive infinitesimal 7.

The condition states that for all aeu(e), bep(e), and &' = ¢(a), b' = ¢(b),

8215  o(abe)=l¢(ab)l =1 (a',b)=]a'+b +y (a"b)|
=l¢{@)+d(b)+y (dla), (B,

where || (¢{a), @ (D) = r(lp{a)|| + [l {(h)]) for some positive infinitesimal
r. Hence
glabe)< (@ (a)li+ ¢ (B +r{lld ()l + b (B}
=g(a,e}+o(b,e)+r(o(ae)+o(b,e)).
Hence, if
e(a,e)<mn, o(b,e)y<mn
then
elabe)y<s2m(1+1)n.
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We conclude that both Jy(n) and J,(n) are closed under multiplication.
Now take =g ! in 8.2.15 so that b, like 2, belongs to the monad of e.
This yields
0=|id(a)+(a” ) +y¥(d(a)d(a” I

and hence
8.2.16 d(ay+p(a™ V==Y (dp(a).d(a™"))

and

8217  [¢(@)+¢a D=l (d (@) dla” N =r(l¢@l+i¢a )

where r is infinitesimal.
Dividing 8.2.17 by n we obtain

X

i;l}t;b(a) <r

-~ (a)|| +

(i

}ﬁ(a")' <1 +n

8.2.18 ‘

1 1
~¢@)+-¢pah)
n n

i

- J

o)
8.2.18 in turn implies

¢ (a)

t
’-05(0")”—
n

+ L‘yzﬁ()”)

and hence,

(t=r)

Lo
i !

and so

<2

- ¢(a)

8.2.19 H ¢(a™h)

l 1+r|
riin

8.2.19 shows that if |(1/n)¢(a)|| is finite, then [(1/n)¢(a”")| is finite, and
if [(1/m)é{a)|} is infinitesimal, then [|(1/n)¢{a"")|| is infinitesimal. We con-
clude that if aedy(n) then a~'eJy(n); and if acJ () then a~'eJ, ().
Accordingly, we have shown that both Jy(4) and J,(n) are groups, as
required by conditions 8.2.}1 and 8.2.2.

Next we prove 8.2.3. We have, for acu(e), beu(e),

Lo
i

b (ab)=d(a)+ (b)Y +y (d(a) (b)),
$la” b =@ N+ V¥ (da ), 807 ),
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where
¢ (¢ (a), (D)} =r(lp (@)l + ¢ (D))
and

lep@ D™ Ni=s(l¢@ Y+l (d™HI)

for certain non-negative infinitesimal r and 5. Furthermore,
$(aba™'b™ N =plab)+d(a” b N+ (Pp(ab)d(a” b))

where

I (¢ (ab), ¢ (a™ b "Nl =1(Id(ab)li+lip(a” b 1)

for some non-negative infinitesimal 7. Now,

$(aba™'b™)=d(a)+ (@ N+ (B)+H (b )+ ((a),$(b))
+¥(¢la™ ), ¢(b™ N +Y(p(ab)d(a™ b))

or, making use of 8.2.16,

dlaba™'b™ = —y(¢(a), ¢(a N)~v(d(b), (b "))
+ (¢ @), ¢ D) +v(@la™), ¢ (b)) +y (¢(ad).g(a™'b7h).

Accordingly,

i
8.2.20 -g(aba“‘b",e)=’ <
"

idJ(aba"b")
n

i
';’w(a),es(a‘*))
+H%¢(¢(w,¢<b“‘))“+u}y w(os(a),as(b))H

+ ]+

f
Now suppose that @ and b belong to Jy(). Then

1
-y-’w(dJ(a"‘),d’(b"))

iww(ab),«»(a"b"))“.

11 in) @ (@), 1C1/m)y ¢ (B, WL /m) @ (a™ VI,
Ity (6™ D), (1 m) dab)l, I(Lim (a5~ 1)

are all finite. We conclude that the moduli on the right hand side of 8.2.20,



8.2] METRIC GROUPS 213

(1 /m) (B (@), dla™ DL I /mY (¢ (b), ¢ (5~ "), and soon, are all infinites-
imal, This shows that (1/7)¢(aba ™'~ ') is infinitesimal and proves 8.2.3.
Finally, we prove 8.2.4. For aeu(e), beule),

¢(aba” Y= (ab)+p(a™ )+ ($(ab)d(a™ "))
=p(a)+¢(b)+p@™ N +y(¢(a) d (BN +¥ (¢ (ab)d(a™’)).

Making use of 8.2.16, we now obtain

¢ (aba™ )= (b)+y(p(a), (B))+y (d(ab),¢(a™"))
(¢ (a).¢(a™ ).

Hence

8221  o(aba™',9)=¢(aba NIi<|d B+ ¥ (¢ (a), ¢ ()i
+ 19 (@ (ab), ¢ (@™ Nl + ¥ ($(a) ¢ (@™ )

Dividing 8.2.21 by n, we find that the terms on the right hand side of the
resulting inequality, i.e.,

(1/n) 11 (B L/} 1 (@), & (ONIL (1)) I8 (B (ab) pa™ "N,
(U (¢ (@), p(a” I

are infinitesimal for aeJy(n), beJ, (). This shows that g{aba™"',e)/n is in-
finitesimal and proves 8.2.4.

Since J, () is a normal subgroup of J,{(7) the quotient group J, (1)/J; (n}
exists, and since J;(y) contains the commutator subgroup of Jy(n),
Jo (m)/J; () must be Abelian. A more precise description of Jy()/J; () is
obtained in the following way.

Let B, be the additive group of finite points of *8 and let B, =u(0),
regarded as an additive group. (B, has been called previously the principal
galaxy of *B).

8.2.22 THEOREM. J,(n)/J| (%) 1sisomorphic to the additive group B,/ B, .
Proor. Consider the following mapping, x =y{a), from Jy(n} into B.

i a=({inéla)=x.
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This mapping is one-to-one and onto, for if x is any point in B, then the
corresponding point =y ~*(x) in J,(y) is given by a=¢ "' (nx).

We have | x(@)| =(1/n)I¢(a)] =(1/1)e(a,e). It follows that x(a) belongs
to B, if and only if 4 belongs to J,(3), i.e., ¥ maps J, (1) on B,.

Let aeJy(n), beJ,y(n) then

¢ (ab)=d(a)+¢(b)+ y(d(a), ¢ (D).
Dividing by 1 and taking into account that
¥ (¢ (a). ¢ (B =r(li¢ (@) + (D)),
where r is infinitesimal, we obtain
8.2.23 x(aby=y(a)+y(d).
Similarly,

$(ab™ =@+ (B ) +y((a), (b))
=¢(a) = (BY+y (9 (a), o (b N—v (d(B),$(b™ M),

where we have taken into account 8.2.16. Dividing again by n and bearing
in mind that

$¢(¢<a),¢(b‘1>)zo,

and

1

;?'#(Q-"(b), ¢(b™1))=~0,
we obtain
8.2.24 x(ab™ D=y (@)—x(b).

This shows that x(a)—x(b) belongs to B, if and only if x(ab~') is in-
finitesimal, i.e., if and only if ab~* belongs to J; (7). We conclude that the
cosets in Jy(1) with respect to J, () are mapped on the cosets in B, with
respect to B, and hence that y induces 2 mapping X from J, (3)/J, (n) onto
B,/B,. More particularly, ¢ =X(x) for acJty (n){Jy (1) if x(@)eé for all gea,
¢ being an element of B,/B,,. 8.2.23 now shows that X(a8)=X(a)+ X(p),
while 8.2.24 implies that X{(#~')= — X(§) for any « and 8 in J, ()/J,(%)-
This proves 8.2.22.

If Bis finite-dimensional then the points of B, are near-standard and so
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B,/8, is isomorphic to B. Thus, we have

8.2.25 CoOROLLARY. If B is finite-dimensional then Jy(n)/J, (1) is iso-
morphic to B.

Since G is Jocally connected it follows from 8.1.12 that J{*) = *G,, where G,
is the component of the identity in G. For the case now under considera-
tion, we may supplement this resunlt as follows,

8.2.26 THeoreM. For any positive infinitesimal #,

(Vi (’?))‘w)'_"(-]o ('!))(w}= *G,.

PrOOF. Evidently, (J, (1)) < (Jo(N) ™= J;'®. Thus, it only remains
for us to prove that (J,#))®? >*G,. Consider the subset U of *G which is
defined by

U={ale(a,0)<n’}.

U is an open internal set. Also, U< J, (1) since (1/7)0(a, €} is infinitesimal
for all geU. Transferring 8.1.11 to *M, we see that (-, U"=*G..
But ;L Uc{J, (). Hence (J,(n))'’>*G,, proving the theorem.

8.3 One-parametric subgroups. Let G be a topological group as
considered in section 8.1 above and let H be any (internal or external)
subgroup of *G. Let H' be the set of all near-standard elements of H.

8.3.1 TuroreM. H’is a group.

PrOOF. H' is not empty since eeH'. Let acH’, beH’. Then there exist
standard points ¢ and 4 in *G (i.e., ceG, deG) such that acu(c), beu(d).
But then abeu(cd), a~'eu(c™"), so that ab and ¢~ * and are near-standard.
This proves our assertion.

In agreement with our earlier notation, let °H be the set of standard
points whose monads have a non-empty intersection with H (or, which
is the same, with H').

8.3.2 THEOREM. °H is a subgroup of G.
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Proor. Evidently, °H is a subset of G. Let ae®H, be’H, then ceu(a),
dep(b) for certain elements ¢ and ¢ of H. Hence cdep(ab), ¢ 'eu(a™').
This shows that the monads of @b and a~ ! have non-empty intersections
with H, and so abe"H, a~'€°H, °H is a group.

If H is internal and G satisfies the first axiom of countability then °# is
closed, by 4.3.12. This will be the case, in particular, if G is a metric group,
for in this case, the sequence {U,} provides a base for the system of
neighborhoods of the identity, where U, ={blo(b,e)<(1/n)}, and the
sequence {U,a} provides a base for the system of neighborhoods of any
other asG.

Now let @ be an arbitrary element of *G and let H ={a"}, where » ranges
over all integers, finite or infinite. Then # is an internal set and a subgroup
of *G and H' is a subgroup of *G while °H is a subgroup of G. Moreover,
if G satisfies the first axiom of countability then °# is closed.

We shall suppose from now on that G is a Hausdorff space. This will be
the case, in particular, if G is metric.

8.3.3 THeoreMm. °H is Abelian.

PrOOF. Let be®H, c®H, then there exists integers #7 and #, finite or in-
finite, such that a"eu(b), a"eu(c). Hence a™*"=ag"a"euf{bc) and
a"t"=a"g"eu(ch). But @” " =a""" and so u{bc)n u(ch)+0. This proves
that b¢c =ch, since G is supposed to be a HausdorfT space.

Suppose now that a is infinitesimal. Then ¢" is infinitesimal for all
finite n. Let H={a"} as before. We define a mapping from H' onto °H,
@:b—c by the condition beu(c). It is easy to verify that @ is a homo-
morphism. Let X' be the kernel of this homomorphism. Then K'=H'n
u(e). Also, a"eK' if and only if @ "eK". Let P be the set of natural numbers
n such that a*"eK’. Then Po N. If Po*N, °H reduces to the identity.

8.3.4 THEOREM. Suppose P is a segment (i.e., neP and m<# implies
meP). Then °H is torsion-free.

PROOF. Suppose P is a segment. Let b3e¢ be an element of °H. Then
a"eu(b) for some n such that |#|>m for all meP. Let k be any finite
positive integer. Then a™eu(b*). But |nk[>|n|>m for all meP. Hence,
a™¢u(e), b*+e. This proves the theorem.
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It seems intuitive that the powers of an infinitesimal element in some
sense make up a one-parametric group. We shall make this idea precise
under the following conditions.

Suppose that an open neighborhood U of the identity e in G is mapped
by a topological mapping ¢ on an open neighborhood V of the origin 0
in B such that ¢(e) =0, as in section 8.2, and let f (x, y) be defined again
by 8.2.6, £ (x,»)=¢(d ' (x)¢ ' (»)). Suppose more particularly that B
is the n-dimensional real Euclidean space, B=R", n>1, so that x=
(x',x%,...,x"), y=(",3%,...,»"), where the norm is defined by [x]|=
|x'] 4 |x%|+ ... +|x"]. Then the function f (x,y) is given by a set of n
numerical functions of 2z real numbers, f*(x*, x2,...,x" y',3%,...,»". Letx
be a positive real number such that the closed cube C which is given by
[x]<ea, j=1,2,...,n is contained in V.{Observe that we are discussing
certain standard structures so that in the present context we take it for
granted that o is standard.) We shall suppose that the following condition
is satisfied.

8.3.5 The functions f*(x!,...,x",»%,...,y") possess first and second deri-
vatives with respect to the y/, and these derivatives are continuous func-
tions of their 2n variables for |x,| <«, |y,|<a, j=1,...,n

8.3.5 is satisfied by any n-parametric Lie group.

The condition implies that there exists a (standard) positive § such that

aZfi
——l= ijk=1,...,n,
ayjayk J n
for all x and y in C, i.e., for
(xj|<e, ly;l<a,  j=1,..n

By Taylor’s theorem we have, for x and y in C,

a £
B3.6  fI(xL,. Xy )=S0, 0+ Z y ( f)
ay (x,0)

2 f ) n " ( al fi )
+ i Y
%Z( ) ((5}”) (x,sy>+;>*:kyy 0y'0y" )y

where the subscript (x,0) indicates that the derivatives in question are
evaluated at (x',...,x",0,0,...,0), while the subscripts (x,0y) stand for
(x*,....x"8y',...,0y") where 0 <8< and & depends on x and y.
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Puttingy =y*=... = y" =0in8.3.6, we find that /(x*,...., x",0,...,0) =x".
Also, 1°(0,...,0,y1,...,y")='. This yields

a afl) n aZf(
¢ i 2
Y=Y y¥{5) +31X () (—
Jz (6y 9,0) ng (3}’})2 (0,89
. 62 i
+Y "( ) ,  i=l...nm.
Jgky Y ayjayk (0,8y)

Taking ' infinitesimal, but different from zero, in these equations, while
¥y’ =0 for j%i, in turn for i=1,...,n, (or else, by a standard procedure} we
conclude without difficulty that

3 (0, i%j
837 (f> a;={ ‘;*’,}, i j=1,.m
5)’ (0,9) Li=j

From these relations we derive the following basic auxiliary result.

8.3.8 TuEOREM. Suppose condition &.3.5 is satisfied. Then for all x and
y in p(0),
Jxy)=x+y+z,

where [|z] =r] »| for some non-negative infinitesimal » which depends
on x and y.

Thus, 8.3.5 implies condition 8.2.14, and its consequences, e.g., 8.2.25,
whose assumptions are now applicable.

ProofF, We have, for all x and y in the monad of 0,

af' )
839  fix'..x"yl.. )= x+y+2y((f) —5})
ay (x,0)

+i2(y")2( {;) +Zy"y"( if k) , =l
=1 Oy) Jixon %k 3y'0y" J iz 09

. aZfl' n ) aZfi
y’)z( ) + y’y"( ; ) <
=1 @y’ Jixom Jgk 2y3y* ix0)

BT+ S0 )= Al

Now,
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At the same time,

L afi . (afl) .
1 — —4; - ~9;
;;1 J';ly ((ayJ)(x.O) J) ' Jxoy 7

where s is infinitesimal, since the d/°/8y” are continuous functions of x.
Hence,

Izl =11 (x,3)—x~yil =';If"(X’,...,x”,y’,...,y")—x‘—y‘l
<(s+nBliyDlyl.

<nmax
i

3 =slyl,

Since s+#nB| y| is infinitesimal, this proves 8.3.8.

Within this framework, we return to the consideration of the subgroup
H={a"} of *G, a infinitesimal, a+e, and of the associated groups H'
and °H. Putting x=¢(a™) for any m such that a” is infinitesimal and
hence x~0, and putting y = ¢(a), we obtain from 8.3.8,

@™ )=f($(a"), P (a))=d (@) +$(a)+2,,
where ||z,,| =rall¢ (@}, r, non-negative and infinitesimal. Hence,
8.3.10 $@™* ) —p(a") - pla)=2,.

Now let k& be any positive integer, finite or infinite, such that a™ e for
m=0,1,...,k—1. Adding the resulting equations 8.3.10 for these values
of n and bearing in mind that ¢(a%) =¢({e) =0, we obtain

k=1
$(@)= kb (@)= 3 za=ws,
where
k—1 k—1 k—1
ol =] 3 2 §0||zmu=( gorm)w(a)n.

But the set {ry,r,...,7. -1} 1$ O-finite and so it attains its maximum for
some j, 0<j<m—1, which maximum is therefore infinitesimal. We
conclude that

il 1At

o @l ko™
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also is infinitesimal, in other words,

9 (@) —kp @) _
k@I

8.3.11

Now let k be a negative integer such that a~*,a~%,...,4a" are all in-

finitesimal. By adding the equations 8.3.10 for m=—1,—2,...k, we see
without difficulty that 8.3.11 holds for such negative & as well.

Let k be any integer different from zero such that 8.3.11 is satisfied, and
suppose that ¢(a*)~0. Then k¢ (a)~0. For if | k¢ (a)| is not infinitesimal
then (1/[k ¢ (@) ¢ (a*)=0, hence

1 1 1
ke (@) > ———— kb (@) — ———— ¢ ().
k@i O g @i O kg 2

8.3.12

But according to 8.3.11 the right hand side of 8.3.12 belongs to u(0)
while the norm of the left hand side is

Ik (@

This contradiction proves k¢(a}~0.

Conversely, if 8.3.11 holds for an integer ¥+0 and k¢(a)=0 then
$(a)~0. For 8.3.11 shows that [¢(a")—k¢(a)l=cllk¢(a)| for in-
finitesimal ¢, hence |[¢(a*)—k¢ ()] =0, hence ||¢ (a)| ~O.

!# k¢ (a)” =1.

8.3.13 THeorem. Condition &.3.11 holds for all integers 4+0 such
that k¢ (a)~0.

PROOF. Let k be a positive integer which satisfies the assumptions of
8.3.13. Then we have to show that for any standard positive ¢,

Ip(a") =k (@)l e
ik ()]

8.3.14

We know already that 8.3.11, and hence 8.3.14 holds for any finite
positive integer k. But the set of k satisfying 8.3.14 is internal so if
there is any positive integer for which 8.3.14 does not hold for a given
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>0, then there must be a smallest positive integer &k =A of this kind. We
then have
ip(a*"H—(A=1)d(a)l <
M2-D¢ @)l

and so
8.3.15 I¢p(a* " H—(A~D@ (@l <el(2=1)p(a)l.

Now if |A¢(a)| were infinitesimal then [[(A— 1)@ (a)| also would be in-
finitesimal. In thatcase, the right hand side of 8.3.15 would be infinitesimal,
hence |¢p{a*~ ) —(A—)p(a)) =0, hence |P(a*~')]~0. Hence, 8.3.10
would apply, for m=21—1, entailing

lp(ay~¢(a*~ =g (@)l =cld(l,

for infinitesimal ¢, and hence
8.3.16 I¢ (@) —p(a* ™) —d (@)l <sl$ (@)
But then, taking into account 8.3.15,

¢ (@) =A@}l =lip (@) —d(a* = (@+d(a' " H~(A-D ()l <
¢ (@) ~d(a* "N~ @l +l¢ @™ H~(A~ D@ <elip(@h+
e(A-1}p (@l =¢l’p(a)}.

Hence, [[¢(a*)~ Ad (a)l <&{ 1 ()|l which shows that 8.3.14 holds also for
k =4, contrary to the definition of 2. This proves our theorem for positive
k. A similar argument is available for negative k.

Let ¢ be a standard positive number smaller than 1. Then 8.3.13 shows
that 8.3.14 applies for all positive integers k such that [|k¢(a)l| ~0.
Hence, by a familiar argument there exists a positive integer 2 such that
iA¢{a)| is not infinitesimal, and hence is greater than some positive
standard y and such that 8.3.14 holds for all positive integers k<1, We
observe that the existence of such A and y can also be inferred more directly
from the argument used in the proof of 8.3.13. We may choose y so that
y <4, where a was introduced on p. 217.

Let ¢ be any standard number in the interval 0<¢<7y. Since ||@(a)] is
infinitesimal, and |A¢ (@) =Al$(a)] >y, there exists a natural number %,
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0<k <4 such that ®{| k¢ (@)} =¢. We now define a mapping ¥ (¢) from the
interval 0 <7<y into the group G in the following way. For any ¢ in the
interval, we choose a natural number &, 0<%k <A such that °| k¢ (a)|| =1.
And we then put ¢ (¢) =°(@"). In order to show that this is a good definition
we have to verify (i) that °(a*) exists, i.e., that @* is near-standard, and
(ii) that °(a*) is independent of the particular choice of k subject only to
the condition ||k (a)| =1.

Evidently, (i) holds for k =0 for in that case °(a®) =°(¢e) =e. For k+0,
we have, by 8.3.14,

g (@) <lg(a)—kd (@) + 1k (@) < (e + 1) ik ()l <2y <a.

Hence, ||¢(a“)| is finite, and ¢(a*) is a finite point in »#-dimensional
Euclidean space and accordingly, possesses a standard part °(¢(a")). Also,
$(a") is in the S-interior of the range of the topological mapping ¢, so

Ap(@N=¢(a) and  Y(=0""(($ ().

As for (i), let j and £ be two natural numbers such that 0< j<h<A,
o jd () ="k (@) =1, 0<r<y. Then (4 —;)$(a)] =0. Hence, by 8.3.13,
lp(a"~H—(h—)¢(a)| ~0, and so [¢(a"~/)~0. This shows that
a""i~e,a" Jeu(e), and hence a"=a""aleule) n(®(a?))=p(*@’)), and
hence °(a") =°(a%), as asserted.

We observe that for £+0 in the interval of definition of ¢ (t), we have
Y (t)*e. For let °|k¢(a)l =¢, then 8.3.14 implies

(@)l = ikp(a)— (kp(a)~ p(a*))]| = [kp{a)] — | $(a*) -k (a)]
>(1-e) k¢ (@) >3 (1—e).

This shows that [|¢(a")| is not infinitesimal and hence, that a* does not
belong to the monad of e, ¥ () ="(@") *e.

8.3.17 THeOREM. Let 5 and r be two non-negative real numbers such
that s+¢<y. Thea
Yls+)=d()y ().

Proor. Let j and 4 be natural numbers such that °|| jo(a)l =s,

lhd (@)l =+, and so °li(j+H)¢ (@] =s+¢ Then ¢ (s)="(a’), y(£)="a"),

W (s +0) =@ ") =%a’)°(@") = () (£). This proves our assertion.
As an immediate consequence of 8.3.17 we obtain
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8.3.18 COROLLARY. Lett be a standard real number, » a finite natural
number, such that 0<¢<7y and nt<y. Then ¥ (nt)=(y ()"
Another consequence of 8.3.17 is

8.3.19 THEOREM. Let s and ¢ be standard real numbers such that
O0<s<t<y. Then y(s)Fy(2).

PROOF. Put r=r—s, then WY(O)=¢(r)¥(s) by 8.3.17. Assuming
Y (t)=y(s) we should then obtain (r)=e, O<r<y and we showed
previously that this is impossible. This proves 8.3.19.

We now define a function ¥(r) whose domain is the set of standard real
numbers, and whose range is in G, in the following way.

For r=0, we take any finite positive integer » such that 0<(1/m1<y,
and we then define ¥(t) = (¥(51))". And for £ <0, we put ¥(1) =(¥(~1)"".

In order to show that this is a valid definition, we have to verify that
for +=0, the value of (¥(31))" is independent of the particular choice of ».
This is evidently correct for 1 =0.

Let £ and # be finite positive integers such that for a given standard
positive £, 0<ir<y, 0<ir<y. Put s=L£s. By 8.3.18, y()=(y¥(s))" and
YD = (Y ()" Hence (¥ (3n) = (¥ ()" =(¢(0)", as required. Observe
that, for 0<7<y, (&) =y (1).

8.3.20 THEOREM. 'P(r) is a homomorphism.
Proor. We have to show that, for any standard real s and 1, ¥(s+1)=

¥(s) ¥(2). Suppose first that s and ¢ are both non-negative, and choose a
finite positive integer » such that Osi(s+ £)<y. Then

1 1 t
w(—(s+:>)=w(- s)w(- :),
n n n
by 8.3.17. Hence

ow] (Gl GOV (G GG

since ¢/ (15} and ¢ (1r) commute, their product in either order being equal to
¥ (1(s+ ). This shows that ¥(s + )= ¥(s) ¥(2), proving the assertion in
this case.
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If both s and 7 are negative, then, by definition, ¥(s)=(¥(-s))"!,
Y =(W (-1, Ps+)=(¥(-s5s—))"1=(¥(-1t—-5))""! and, as we
have shown already, ¥(—¢—s)=¥(—1)¥(—ys). This shows that

Ps+0)=(P(—t—5)""=(P(=9) "(F(-0))""'=¥) ¥,

and proves the assertion for negative s and ¢. The remaining possibilities
can be disposed of in a similar way.

8.3.20 shows that ¥(¢) represents a homomorphism from the standard
real numbers onto a commutative subgroup of G, to be denoted by H,.

H, is a subgroup of °H. For any ¢ in the interval 0<¢<7y it follows in
fact immediately from the definition of ¥(¢) that () belongs to °H.
And any ¥(7) is a finite (positive, negative, or zeroth) power of such an
element.

Let K, be the kernel of the homomorphism ¥(#). We have shown that
K, cannot contain any numbers ¢ in the interval 0<s<y. It follows that
K, either reduces to {0} or that it consists of the integral multiples of a
standard positive number . In the former case, H, is isomorphic to the
additive group of standard real numbers; in the latter case, it is isomorphic
to the additive group of standard real numbers modulo t (or, which is the
same up to isomorphism, modulo 1).

8.3.21 TueoreM. The mapping ¥(¢) is continuous.

Proor. In view of the fact that ¥(¢) is a homomorphism, we only have
to prove that for every standard open neighborhood Q of e there exists a
standard 6>0 such that ¥(r)eQ for (7] <é. Since ¥(—1)=(¥() " *, we
may confine ourselves to positive 7 (for the general case may be obtained
from this by considering @ n Q7). At the same time we may restrict our
atteation to sets Q which are contained in the domain U of the mapping ¢
into B, and on this assumption, we only have to verify that for any
standard #>0, ¢ (POl <n for 0<z<d. Supposing (as we may) that
<y, we see that this is equivalent to showing that {|¢ (¥ ()} <# for
0<t<d. But for ¢ in the range under consideratior, ¥ () ="(a"*) for a
positive integer k such that t =°}|k¢(a)l and at the same time 8.3.14 holds
for the selected ¢, 0<e< 1. Then 8.3.14 implies

g () <k (a*)— ke (@) + k¢ (@) <(1 +¢) |k (a)]] <25 .
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Hence,

i (@ DN =1l @i =116 (@) <35,

so that || (¥ (1))|} <# is satisfied by putting 6 =4#. This proves the theorem.

8.3.21 shows that the group H, is connected. It follows that H, is a sub-
group of the component of the identity G, of G.

By way of example, we may consider the group G of non-singular
square matrices of order m>1, 4 =(a}), j,k=1,...,m, with real co-
efficients, The corresponding linear space B is m*-dimensional. Denoting
the coordinates of a point of B by x'/%, j k=1,...,m, we see that an
appropriate mapping ¢ from a neighborhood of the identity I =({) in G,
into B, is given by x"/* =4 - 8], Let AeG and let 5 be positive infinitesimal
then the matrix /+ A# is an infinitesimal element of the group G. If we put
a=3 T, lall thenaccording to our previous definitions, ||¢ ({+ An)| =an.
Then if ¢ =(k||¢ (I + An)|) =a’(kn) where k is a (finite or infinite) natural
number, we have for sufficiently small standard positive ¢, ¢()=
oI+ Am).

8.4 The Lie algebra of a group. In the classical theory of Lie groups,
infinitesimal elements cannot occur directly. They are replaced, or re-
presented, by certain linear differential operators, the so-called infinizesi-
mal transformations of G. Taken as a linear vector space, and with the
appropriate definition of the Lie product, the infinitesimal transforma-
tions of G constitute the Lie algebra of the group. We are going to show
how to correlate the infinitesimal transformations of G with the in-
finitesimal group element of the present theory. Observe that there is
nothing infinitesimal about an infinitesimal transformation, in the original
sense of the word ‘infinitesimal’ (which is the sense in which this word is
used in the present book). Rather, the term ‘infinitesimal transformation’
was chosen precisely for the intuitive reason which we are about to
explicate.

We shall suppose that condition 8.3.5 is satisfied. Let g(x) =g(x!,...,x")
be a standard function which is defined on the cube C, i.e., for |x;| <e,
i=1l,...,n. Assume that g(x',...,x") has continuous first and second
derivatives on C.

Let b be any infinitesimal element of *G, y = ¢ (b), and let x be a standard
interior point of C, x=¢(a). Let # be any infinitesimal number such that
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ko (b}l /n is finite, We consider the ratio
8.4.1 ;l(g(da(ab))—9(¢(a)))=}I(g(f(x,y))w(x))-

By 8.3.6,
n . a 1
g{f (x,y))—g(x)=g(X‘ +2 y’(-é%) +B1 Iyl
=1 (x,90)

T 2 :
+J§1y (B_J/J)(xlo)+ﬂ" [Iy” )_g(x ,'..,x"),

where 0< |8, <8, i=1,...,n, B being the standard positive bound on the
functions {(8%/")/(8y’8y*)| which was introduced in section 8.3. Applying
Taylor’s theorem to g, we obtain further

8.4.2 g(f (x,))—g(x)= Z " i‘ +B0yh? % ir
Ll ’ ay .0) 4 J’I ax,
In this equation, the remainder term r is given by

_ " n jg{j 2)a>2
r—(‘; (j;ly (W)u }+ﬁ. Iyl g

where the second derivatives of g which appear upon evaluating the right
hand side are taken at a point

(B ) b2 ().

for a number 7 satisfying 0 <7< 1. Since the second derivatives of g are
continuous, hence bounded, on C we conclude that there exists a standard
positive number y such that | 7| <y|| ¥}I* for all x and y under consideration.
Going back to 8.4.2, taking into account that the first derivatives of g are
continuous, hence bounded, on C and putting

o faf
l}(lx (x)=(_) i:jzl)--"”,
! ayj {x,0)*
we obtain

843 o G)-0= 3 (3 0] ks
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where |s] <8} y||? for a standard positive 5 which is the same for all xand y
under consideration. Now |¢(b)I/n=|lyl/4 is finite, by assumption.
Hence, from 8.4.1 and 8.4.3,

0 1 n n o ag
8.44 (- (9(s (ab))—g(¢(a))))= 2 ( 2 A5 (x))ﬂp
B i=1\j=1 ox
where A/="(y’/n), j=1,...,n. Defining the infinitesimal transformation
Y by
fn n L 3
8.4.5 Y=Y ( 2 A‘tif‘,-(x))—
i=1\j=1 ox;
we therefore see from 8.4.4 that Y can be expressed in terms of the in-
finitesimal group element 5 by

°r1
8.4.6 Yg= (;(g(¢(ab))—g(¢(a))))»

Since Y is determined by the vector (A1, 4%,...,4") we can evidently get
the same ¥ for numerous choices of #,y",3%,...,»" If we choose 1 as a
positive infinitesimal number, which is kept fixed throughont the dis-
cussion, then the infinitesimal elements of *G which give rise to an in-
finitesimal transformation as in 8.4.6 are precisely those for which
i ¥lifn =@ (&)/n =e(b,e)/n is finite, i.e., they are the elements of the
group Jy(#) introduced in 8.2 above. Two elements of Jy(n), #, and &,
determine the same infinitesimal transformation Y if ¢(b)/n~
¢ (b,)/n or, which is the same, if &, and b, belong to the same coset
with respect to J, (7). Again, if beJy () determines Y then ™" determines
— Y, and if byeJ,(n) and b,eJ,(n) determine the infinitesimal transfor-
mations Y, and Y, respectively, then b6, determines Y, + Y.

Finally, we have to consider how to obtain the Lie product of two in-
finitesimal transformations within this setting. For this purpose, we
strengthen our differentiability conditions on the composition functions
by assuming that the f* have first, second, and third continuous partial
derivatives on the cube C. It then follows from Taylor’s theorem that
these functions can be written in the form

847 [\ xNy ) =Xyt _kZlaﬂ-axjxu rolix)? )yl
ke
+s,flxifyl?,



228 TOPOLOGICAL GROUPS AND LIE GROUFS (8.4

where r; and s; are uniformly bounded by a standard positive number, for
all points in the cube.
Now let b; and b, be two infinitestmal elements of *G and let

y1=(1es ¥ =08)), 3 =(y2,.,33) =@ (h;). Then a straightforward
computation {which occurs also in the classical theory) shows that

848 ¢(b|bzb|_1bz_l):( Y chvivi+ely iy,
F k=1

Fo lylilyah?e. ¥ chyivs+oa iyl Iy h
Jk=1

TN 1|}’2H2>,

where the ¢; and ¢; are finite and cj, =g —aj;. This shows that if
v {1 and || ¥,/ are finite then

1 L 1 " . L
?d’(blbszlbz l)zn—z(z C}kyiy;v"’_kzlcjky{y;)’
e

Jk=1

Put c=bb,b; 'b7 ' and let a be any element of the group G such that
d(a)y=(x!,...,x") belongs to the interior of the cube C. For any function

g{x',...,x") as above, we consider (1/#%)(g{¢(ac))—g(¢(a))). Still as-
suming that | y,{/s and |[y,|/n are finite and taking into account 8.4.8,
we obtain (compare the evaluation of 8.4.1)

n L n - . ; ag
2(g (¢ (ac))—g (¢ (a))= o Z L X Guiydn(® 5.
i= =1 jk= -
Hence, putting A/ =°(y//n), j=1,...,n, i=12,
0 ] n n " . tia ki ag
8.4.9 — (g (p(ac))—g(d(a)) Z Y Y AMA () — -
7 =t m=1jk=1 dx
We recall that at the same time

1,2.

979 LAY
8.4.10 (;(g(qb(abz))*g(ﬁf’(“)))):.;, Eﬁ”’?(")a%’ l
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Reference to 8.4.5 and 8.4.6 now shows that 8.4.10 and 8.4.9 are equivalent
to

g4l Yg- (; (g(¢(ah,))_g(¢<a)))), =12,

and

971
8412 [V,.Y;]¢= (?(g(rﬁ(abtbzb?'bz"))—g(d)(a)))),

respectively. We have thus correlated the commutator of two infinitesimal
elements of the group *G directly with the Lie product of the correspond-
ing infinitesimal transformations.

8.5 Remarks and references. For the classical background to this
chapter, the reader may consult PONTRIAGIN [1946] and couN {1957}



CHAPTER IX

SELECTED TOPICS

9.1 Variatiens. In the first three sections of this chapter, we shall
consider several variational problems and methods from the point of view
of Non-standard Analysis. We begin with an informal discussion of the
basic notions of the Calculus of Variations. Working at first in the
standard system of real numbers R, let F be a family of curves in »-
dimensional Euclidean space R", n>1, all given in parametric form
x'=x(5), i=1,...,n, a<t<b. The functions x'(¢) shall be continuous with
continuous first derivatives in the closed interval a<t<b, except that the
derivatives may have discontinuities of the first kind at a finite number of
points. The distance between two curves may be given either by

9.1.1 0(x,.x2)= sup [|x, (N—x, (D] = sup \:’{(x,l(!)——x}(t))z-f-m+

aztzh asigh R
(xT (= x3(0)7)

or by
9.1.2 2(x.x)=p(x X0+ e{x],x5},

where ¢ is defined by 9.1.1 and x; =(x]"(),...,x!' (1)), f=1,2. Let*Rbea
higher order non-standard model of Analysis so that, in particular, *R
may be an enlargement of R.

Let J[x] be a functional which is defined on F, that is to say, a function
from Finto the real numbers. As we pass from R to *R, Fisextended to a
set *F and J[x] is then defined on *F. Let x and y be two curves which
belong to *F such that x is standard and ¢(x,y)=0, or, alternatively,
a(x,»)~0. We put dx=y—-x={'(D=x'(®,...., y"({—x"(f)) and
sJ=Jy]-J[x]=J[x+0dx]—J[x]. 8J will be called the first variation
of J. The vector function (0,...,0) will be denoted simply by 0.

Suppose in particular that J[x] is given as an integral of the form
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b
I00= [ ax 0.5 ) ar

such that x(a) and x(6) are the same for all elements x of the family .
Suppose further that g possesses continuous and uniformiy bounded first
and second derivatives for all sets of arguments {r, x(¢), x(f)) which occur
for curves of the family F and let z(f)={(z"(¢),...,z"(7)) be an internal
function such that x{(r)+Az(r) belongs to *F for all A in the interval
0<ig!t, so that z(a)=z(b)=0. Following the standard procedure
of the calculus of variations, we compute J[x+z]—J[x]. Supposing in
particular that 5(x +z,x) =5(z,0) is infinitesimal, we obtain

b n

J[x+2]—Jd[x] =.f Z (;%— %(%))z‘d:+m(é(z,0))z

ai=1
where m is finite. Thus, writing éx for z,

b

- ag dfadg ; . 2
9.13 5J-J 2 (5;‘_5?(455?’))& di  mod 0((g(z,00)"),

g =1

where the symbol O is as defined at the beginning of section 3.6. The
symbol o also was defined there.
We shall say that J is stationary at x if

9.1.4 8J~0 mod o{g(sx,0)).

Then 9.1.3 shows that in that case

b n

29 d/a 4
9.1.5 9 _9 9 Vox'di=0 mod o(@(6x.0)).
dx' dt\ox’

a i=3

It is now not difficult to obtain the equations of Euler-Lagrange from
9.1.5. Generally speaking, our method parallels the classical procedure
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quite closely. The main difference compared with the standard theory is
that here we define the notion of the first variation directly and that the
stationary values of J are then given by 9.1.4. Classically, the first variation
is defined by an expression which coincides formally with 9.1.5 and whose
vanishing determines the stationary values of J.

Qur definition can be generalized immediately so as to refer to any real
valued function x which is defined in a metric space 7. f(x) will be said to
be stationary at a point x4 which belongs to the S-interior of the domain
of definition of /(x} if

F(x)=f(x) modo(e(x,x,))

for all points x in the monad of x,.

9.2 Riemann’s mapping theorem. The use of Non-standard Analysis in
connection with direct variational methods can be of considerable interest.
As a first example we consider Riemann’s fundamental theorem in con-
formal mapping.

Let D be a simply connected domain in the standard plane of complex
numbers such that D possesses at least two boundary points. Riemann’s
theorem states that there exists an analytic function w=f(z} which is
univalent (schiicht} on D and which maps D on the interior of a circle.

A standard proof of the theorem proceeds as follows.

(i) One chooses an arbitrary point 2z, in D and one shows by means of
a simple irrational function that there exist functions g(z) which are
analytic, bounded, and univalent on D such that g(z,}=0and g'(z¢)=1.
Let the class of these functions be denoted by 1.

(ii) For any gerl let m[g] be the least upper bound of the values of
|g(2)l in D. m is finite since g is bounded. Let ¢ be the greatest lower
bound of all m[g], geI. Thus, ¢>0. One proves that this bound is
attained tn I, in more detail,

9.2,1 THEOREM (Standard). There exists a function f(z)el” such that
m[f]=e.

(iii} Finally, one proves that f(z) maps D on a circle. If this were not
the case then (as can be shown by another construction) there would exist
an ~e{ such that m [A] <m[ /] =¢, and this contradicts the definition of ¢.
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9.2.1 is usually proved by means of Vitali’s theorem or by some related
method. Using internal analytic functions in * R we may proceed as follows.
Since g is the greatest lower bound of the set of numbers m{g]. gel, the
following statement holds in R.

9.2.2 ‘For every positive J there exists a function G(z) in 7 such that
m[G]<o+d.

9.2.2 can be formalized as a sentence X of K where ¢ appears in X
explicitly as a constant while § and G are represented by quantified
variables. Let §' be any positive infinitesimal number. Interpreting X in
*R, we find that there exists a function F(z)e*{" such that m[F]<eg+4".
Since D is open, it is a subset of the S-interior B of *D. F(z) is delined and
analytic in *D and m[F] is the lowest upper bound of the values of F(a)
for ze*D. Thus, £(z) is bounded in *D by ¢+3" and hence, is S-contin-
uous on B, by 6.2.1. Let f(z) = °F(z), then f(z) is analytic in D hy 6.2.3
and is bounded in D, e.g., by ¢+ L. Also, f(zo)="F(z,) =0 and f'(zo) =
(°F(2)),=,, = since Fe*I" and so f(z) is not constant. Hence, /(=) is
univalent in D, by 6.2.10, and, accordingly, is an element of /. Finally,
forany z,€D, |F(z,)|<g+4d"and | f(z;)— F(z )| is infinitesimal. It follows
that | f(z;}<e+#n for some infinitesimal n. But f(z,) is a standard
number and so, more precisely, | f{z ) <¢. This implies that m[ /] <o
and so m[ f] =0, since fel". The proof of 9.2.1 is complete.

9.3 Dirichlet’s principle. As a second example for the use of Non-
standard Analysis in connection with a direct variational method we
consider the solution of the first boundary value problem of Potential
Theory (Dirichlet’s problem) by means of Dirichlet’s principle. We shall
require the following result which is of independent interest.

Let D be a domain (open connected set) in R* and let ¢(x,») be a
function which is defined on *D.

9.3.1 ThroreM. Suppose ¢(x,y) is finite and harmonic (possesses
continuous second derivatives and satisfies Laplace’s equation} every-
where in * D. Then the function °¢(x, ) exists and is harmonic everywhere
in D.

We prove this theorem in several stages. As a first step, we wish to show
that ¢(x,y) is S-continuous in the S-interior of *D. Let p=(x,,¥,) be a
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point in *D and let C be a circle with center p and standard positive radins
Ry such that C and its interior belong to *D. Since ¢ is harmonic in *D,
we have Poisson’s integral

b 4

1
9.3.2 ¢(x,y)= 5 J

(RE~r?) ¢ (xo+ Ry cOS @, Yo+ Ro sin w)
R+ r*—2Rqyr cos (w—8)

where g =(x, ) is a point in the interior of the circular disk bounded by
C, (x,y)=(xo+r cos 8, yo+r sin 8), r<R,. Now
Ry—r?

RZ+r2~2Ryr cos (w—0)

r(2R, cos (w—8)—2r)

9.3.3
Ri+ 1t —2Ryr cos (w—80)

Suppose 7 < 4 R then the denominator on the right hand side 0£9.3.3 cannot
be smaller than 1R]. It follows that 9.3.3 is smaller than, or equal to,
4r|2 Ry cos (w—0)—2 r|/R3, which in turn is smaller than or equal to
16 r/Ry. On the other hand, ¢(x,+ Ry cos w, yy+ Ry sin w} attains its
maximum somewhere on the circle C, for w=w, say, and since
[@¢{xo+ Ry cos wg, Yo+ Ry sin wo)| <m for some standard positive m we
may write

l6{a0)—(p)l =;;U ¢ (xo+Rocos 0,

n

t J‘ 16¢ 16mr

<— | m—dw=
27z Ro Ro

+R 1)
Yo oSlnw)(Rg+r2—2RorCOS(w‘G) ) w

where ¢(g) and ¢(p) stand for ¢(x,y) and P(x,,¥,) respectively. It
follows that if ¢ is in the monad of p so that r is infinitesimal, then
|p(gY— (2} =0 and hence ¢(g}=¢(p). This shows that ¢{x,y) is S-
continuous at p. But p may be any point in the S-interior B of *D and so ¢
is S-continuous at all points of B.

Accordingly, we may define °¢(x,y)=¢(p) for all standard points
P =(x,y) which belong to °8 and in particular for all points of D (which is
subset of °B) as the joint value of °(¢(g)) at points g which belong to the
intersection of the monad of p, u{p), with B. Moreover (in agreement with
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a general conclusion reached earlier) °$ is continuous in D. For, given
p=(x,)eD, and given a standard £>0, there is a standard § >0 such that
any standard g which satisfies ¢{p,q)<d is in the interior of D and
satisfies also |6 (g)— ¢ (p) <ie. But |°p(p)—d(p)| and |°d{g)— p(g)| are
infinitesimal and so

6 ()= "¢ (P <I°d ()= (DI +|d (@~ b (p) +1$ (p)-"¢ ()| <c.

This shows that °¢ is continuous in D.

Let C be a circle which is contained in D, with center {x,,),) and
radius Ry. We may now conclude that °¢ —¢ is infinitesimal on C. We
may conclude further that there exists a positive infinitesimal ¢ such that

9.3.4 IO¢ (XO + Ro COS w, Jy + RD Sln w) - (ﬁ(xt) + Ro COos w,
Yo+ Ry sin w)f<e

for —n<w<n, i.e., everywhere on C. This is true since [°¢—¢| is
contintuous on C and so possesses an absolute maximum on the circle.
However, we may deduce the existence of such an ¢ also without taking
into account that [°¢ — ¢| is continuous. For since [°¢ — ] is an internal
function which is infinitesimal everywhere on C, we have |%¢ — | < /n
on C, for all finite positive integers #, and we may then conclude in the
usual way that this inequality is true also for some infinite #.

In order to prove that % (x,y) is harmonic in D, it is sufficient to show
that for every point p of D there is an open circular disk E which is
contained in D, and bounded by a circle C about p as center, such that
Poisson’s formulae holds for °¢ in E. That is to say, we have to prove that
9.3.2 holds in E with °¢ for ¢, where p =(x,, ) and R, is the radius of the
circle C. Now for any point g=(x,y) in E, the difference °$ (x,y) —~ ¢ (x, )
is infinitesimal. Thus, in order to show that °¢ satisfies Poisson’s formulae
of ¢ we only have to verify that the difference

T

1 o .
9.3.5 4 =§; H(Ry,w,r0) ¢ (xo+ R, cos w, yo+ Ro sin w)dw

-n

1
~ 3 [H(Ro,w,:',0}¢(x0+R0 cos W, ¥y + R, sin w)dw
n‘l
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also s infinitesimal, where A is the Poisson Kernel, H{(R,w,r,0)=
(RG—rHRS+r*=2Ryrcos(w~8)), and where we observe that
H(Rq,w,r,0) is strictly positive in the range of integration. Then

E:d
|
|4] gZ—J LH (Rg,0,7,0)} 120 (xo+ R €05 @, yo+ Ry sin w)—
e
&
¢{(xo+ Ry cos w, yo+ R, sin w)|dw5TJH(Ro,w,r,0)dw=s,
s
-1

where we have taken into account 9.3.4. This completes the proof of 9.3.1,
since ¢ is infinitesimal.

Going back to the standard plane R? for the time being, let D be a
bounded domain (open and connected set) whose boundary C consists of
a finite number of Jordan arcs, and consider Dirichlet’s integral

(o e

D

for functions ¢{x,y) which are defined on D and satisfy the following
conditions. (i} ¢ (x,y) is continuous on D U C, and takes specified boundary
values on C. (i1) ¢ (x,y) possesses continuous first derivatives on D except
possibly at a finite number of circular arcs and straight segments C;
where it may have discontinuities of the first kind. That is, if P is a point
on one of the C; then the limits of d¢/dx and d¢/dy exist on approaching
C; from either side.

Let @ be a set of functions ¢(x,y) for which 4[¢] exists either as a
proper or as an improper integral. We shall suppose that @ is not emipty.
Then the sct of numbers 4{¢] for pe® possesses a greatest lower bound
(infimum) d>0. Given any positive ¢, there exists a function ¢€@ such
that d< A{ @] <d+e.

We pass to *R, take & positive infinitesimal, and choose a function
Pe*@, ¢y (x,y) say, such that d<df¢,] <d+e. Then ¢, satisfies condi-
tions (i) and (ii) above in the sense of * R. Thus the number of circular arcs
at which the dertvatives of ¢, are discontinuous may now be infinite in the
absolute sense although it is Q-finite.
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Now let D’ be any closed subdomain of D in R%. Since D is bounded, D’
is bounded. Hence, by the theorem of Heine-~Borzl, we may cover £ with
a finite number of circular disks all of which are contained in D, together
with their circumferences. Let y be one of these disks and let I be its
circumference.

Passing to *R, let ¢, be the harmonic function in *y which takes the
same values as ¢, on *I', ¢, may be determined by means of Poisson’s

integral. Putting
A.[¢]= JA(({ Py -—-) )d,\‘dy
ay
we claim that

9.3.7 4,061 4,801,

and we prove 9.3.7 by a familiar application of Green’s theorem.

Now let ¢, be the function which is obtained from ¢, by setting ¢, =,
on *DU*C—*y and ¢, =¢, on *y. Then ¢, also belongs to *@ and
4[] =4(po]. Hence, d<A{¢,]<d+¢. Beginning with ¢, we may
apply this procedure to all circular disks of the selected finite covering of
D' inturn. Inthis way, we finally obtain a function ¢ which has a Dirichlet
integral satisfying ¢ <A[¢)<d+¢ and which is harmonic in D’ excepl
possibly at a finite (firite in the absolute sense} number of circular arcs
across which the function @ is still continuous, but its first derivatives may
have discontinuities of the first kind, in the sense explained. Such dis-
continuities may occur only across the circumferences of the disks which
constitute the selected finite covering of D’. For although the derivatives
of the original ¢, may have had discontinuities of this kind also across
additional circular arcs or straight segments, all these were eliminated in
the course of the successive modifications of the function.

One shows next that @ is linite in D. It then follows from 9.3.1 that
"$(x,)) exists and is harmonic in the interior of D’ except possibly on the
circumferences of the disks just mentioned. However, adapting classical
methods, one can show that in actual fact no discontinuities occur on
these circumferences within 0. Finally, one approximates D by a
sequence of closed subdomains 2= D)< Dic... such that D, =
and one shows that the functions ¢,(x,») ="@(x, ) determined in the way
just mentioned in the interior of the respective regions £, coincide in their
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joint domains of definition (i.e., ¢,(x,y) =¢,(x,»} in the interior of D, for
j=n). The function ¥ (x,y)} which is defined at any point p = {x,y)eD as the
joint value of the ¢,(x,») for the D, which contain p in their interior, is
then harmonic in D. ¥ (x, y) can be shown to satisfy the specified boundary
conditions.

We have detailed only the steps which mark the salient difference
between the approach of Non-standard Analysis and the classical method.
Whereas in the classical procedure ¥ (x,») is obtain in terms of limits of
minimizing sequences, we arrive at ¥ (x, y) by taking the standard parts of
functions whose Dirichlet integral is infinitely close to the greatest lower
bound d.

9.4 Sources and doublets. In the theory of continuous media, the
language of infinitesimals has a long tradition. This tradition remained
unbroken even though infinitesimals had been abandoned in pure Analysis.
For example, the derivation of Euler's equations of motion is frequently
based ¢n the consideration of the balance of forces acting on a very smail
cube and several laws of Fluid Mechanics are expressed in terms of fluid
particles whose dimensions are supposed to be infinitely small. Again, a
doublet s defined by letting two sources of equal and opposite strength
move infinitely close to each other while the strength of the sources varies
in a suitable manner. It is usually taken for granted, and sometimes
shown explicitly, that the use of infinitesimal language can be avoided.
Naturally, this is not what we shall do here,

Consider, for example, the derivation of the formula for a doublet in an
incompressible fluid. The velocity potential of a source located at a point

(X0, Y0, 2p) 18

G 1
9.4.1 Plx,p,2)=—" S
’ 4n \-’/{(-‘—XU)Z'F(}’-}’O)Z+(Z—30)2}
a
— D{X,5,21 X0 Y0.Z0) «
4n
where ¢ is the strength of the source. The velocity potential due to a
source of strength —a at (x,, ¥o,2o) together with a source of strength o
located at {xg+ Ar,yo+pr,zo+ vr), where (4,3, v} is a unit vector, is
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a
9.4.2 Wi{x.o)= i (P (x.y.2; X0+ A8y + it 2 +Vr)—
n

P (x,y,: N v\‘O‘yO!ZO)} .

Working in *R and supposing r positive but infinitesimal, we obtain for
{x,y, ) outside the monad of (x4,%s,70),

94.3 D(x, 5,2, Xg+ Ar Yo+ urzo +ve) — @ (X, 1,25 X5,V 0:20) =
0 @ P P
r R i mod o (r).
0,\0 Cyo  0Ozy

Multiplying 9.4.3 by o/4n, where ¢ may be finite or infinite and putting
or =1 we obtain, taking into account 9.4.2,

T P @ 0P
'I/(X,y*z)xz- A —+/z—+x— mod o).

(}y CZO
Assuming 7 to be standard, we conclude that “y(x,y,2) exists for all
standard points (x, y,z} other than (x,,¥,,%) and

o T/ 0b
9.4.4 e e R P

Oxy @yy Oz

Thus, %y (x,y,z) is the velocity potential of a doublet.

So far, we have been dealing with sources and doublets in incompressible
flow, i.e., with solutions of Laplace’s equation. Next, we consider the
corresponding notions for linearized supersonic flow. The appropriate
partial differential equation now is, formally, a wave equation,

224’ ¢ a'¢

4.
9.4.5 -8 a 2+az2

0 2]
and the corresponding (tnduced) velocity potential of a source focated at a
point (xg, o, 20) is ¢(x,¥,2) =(0/2r) (X, y,2;Xg,Yq,29) Where
9.4.6 D(x,y.2:X0,Y0,20) =
1
s\/[(-"—xo)z—ﬁz {()’—}’0):4”(2—20)2}} 3
for (x—xo)° > B2 {(y = yo) +(z— 20}, x>y

0 elsewhere.
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Except for the fact that this makes @ =0 in the fore-cone of (x¢, V4, 2o), @
is a fundamental solution of 9.4.5.

From 9.4.6, we may now obtain the equation of a doublet as before. In
particular, if the axis of the doublet is parallel to the x-axis, so that =1,
u=v=0, the velocity potential of the doublet is given by

a
— D(X,5,2; X9+ 1, Y0:20)

)]
9.4.7 c(x,y,z)=°¢(x,y,z)=(
2n

- ‘p(X,}’aZ : x07y0720)) ’

where ®isasin9.4.6 and T =ar is standard, while r is positive infinitesimal.
9.4.7 applies everywhere except for points of the Mach cone
(x—xoP =B {(y—yo) +(z— 20’} =0,  x=x,.

Consider the surface integral j'jst:dydz where S is an area in the plane
Xx=2x, & any constant > x,, and consists of the points of that plane which
satisfy o — x> {3.\/{(}'—);0)2 +(z—20)*}. Thus S is the intersection of the
plane x=a with the Mach cone emanating from (x,,ys,2¢). Putting
y=po+ecos 8, z=z,+0 sin 8, we then have, with g, =(x— x,)/8,

¢a 2%
gdf
D(x,5,2;X0, V0,2 ddz=Jd J.
! ( Y Vo 0) y A 90-\/{(0(-360)2-ﬁzgz}

¢o

=2n Qz 73
,[\/{(“"Xo) —f%0%}

0
= =2/ {(a~x0)? — B2} ]5 M < 2m (- xo).

It follows that

a 0 g
9.4‘8 Jj*fldyd2= |i:2- .J‘J‘((p('\'syaz;x0+rsy0!30)
4
S by

—cb(.\',y,z;xu,_\-‘o,zo))dydz:|=cr((or—(xU +r)—(2=x )=—ar=—1.

On the other hand, the surface integrai that we set out to calculate
originally, i.e., [[s{dyd:- =[fs*ydydzs actually diverges since

-

¢« T X—Xp

T
[} - — =
Yx,y,z)=— - = e 1

2n CXy 2r [{X XU)Z ‘82 {(y _}.0)2 } (Z :0)2}]1
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Hence,
o 2n
T (o — xo)gd()
9.4.9 {dydz= - {d :
H a zaJ "J[a —xo) =BT
hY
- _(i""‘o]QdO
7“’0) —ffzé’ ]

0

z[ a—xg ]“"‘
] \/("o Q)

and this expression is properly divergent. However, 9.4.8 yields precisely
the finite part of this divergent integral, i.e.,— 7, whichis obtained classically
by neglecting the contribution of the upper limit of integration onthe right
hand side of 9.4.9.

9.5 Local perturbations. Let W be a large vessel whose solid walls are
at rest and which is provided with a number of small orifices, Q,,..., 2.
The vessel is filled with an irrotational and incompressible fluid {water,
say) which flows in and out of the orifices. Then it appears intuitively
likely that the field of flow of the fiuid inside the vessel in regions far
removed from the orifices depends essentially only on the total flow across
each of the orifices and is sensibly independent of the distribution of the
flow across each orifice. The same idea may be expressed by the assertion
that any modification of the flow across that orifice can produce only local
effects in the sense that the effects produced by it in regions far removed
from the orifice are negligible.

It is our purpose in the present section to make this intuitive principle
precise.

For a given system of rectangular coordinates relative to which the
vessel is at rest, let u, 4, w be the velocity components of a specified field of
flow within the vessel, as usual, and let ¢{x,y,z) be the corresponding
velocity potential, so that

9.5.1 =——, p=—— we — o8

or, in vector notation, ¢ = — grad ¢ where ¢ =(u, v, w). If we suppose, for
convenience, that the density of the fluid, g, is equal to 2, then the kinetic
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energy of the fluid in a given volume V coincides with the Dirichlet integral
of ¢ over that volume, Dy, [¢] =], (grad ¢)*d1.

We shall require some simple relations involving Dirichlet integrals.
Let V be a finite volume which is bounded by a simply connected surface
S. Suppose that V is divided into two volumes V, and V;, by a surface S,.
Suppose further that S, is bounded by a simple curve Con § which divides
S into two surfaces S and S, such that S, together with S bounds V| and
S, together with § bounds ¥,. Let ¢,¢,, ¢, be three functions which are
defined and harmonic in V, V|, V, respectively, and which are continuous
in the closures of the respective volumes. Suppose that (grad¢,),=
(grad¢), on S; and (grad¢,), on S,, and (grad¢,),=(grad¢,), on S,
where the subscript » indicates the component normal to the surface under
consideration (the same direction being taken for grad ¢,, and grad ¢, in
the case of §;). Using the notation

Dy [¢]=f(grad $)dr, Dy, [¢,]=J.(grad d’1)2 dr,
v V.

Dy, [9:1= [ (erad ,1* a1,
as above, we propose to show that "
9.5.2 Dy[¢]<Dy,[¢,1+Dy,[4.].
PROOF of 9.5.2. Put ,=¢,—¢ in V|, ¥, =¢,—¢ in V,. Applying the

divergence theorem to the function ¢ grad ¥, in ¥; and similarly to ¢
grad ¢, in ¥, we obtain

953 f ¢ grad ¢ do=fdiv(¢ grad ) dr
SHyus, Vi

and

9.5.4 - f ¢ grad y, dd=fdiv(¢ grad ,)drt,
SiusS; L&

where we assume that the normal to S points from V, to V,. Adding 9.5.3
and 9.5.4 and bearing in mind that grad ¥ n =grad ¥, » where n is the unit



9.5] LOCAL PERTURBATIONS 243

normal to S at any point of this surface, we obtain

9.5.5 Dy o, ]+ Dy,[d4,]=0

In this equation, we have made use of the general notation Dy [¢,¥] =

v grad ¢ grad ¥ dr.
Now ¢, =d+v,,¢,=¢+4,. Hence

Dy, [¢|]=DV. [¢]+DV. ['Pl]'*‘zDV. [¢’J’l] s
Dy,[¢:1=Dy,[¢1+Dy,[¥21+2Dy, [d4,].

Adding the last two equations and taking into account 9.5.5, we obtain

Dy, [¢:]+Dy,[¢21=Dy [¢]+ Dy [¥ 1+ Dy, [¥.].

This implies 9.5.2 since Dy {4,120, Dy, [¢¥,]=>0.

Suppose now that S, is divided into two parts, S; and Q. Let g, be a
real valued function which is defined on Q such that j'Q g,do =0. Consider
the problem of determining a harmonic function ¢ in ¥V {which is con-
tinuous in ¥ up to and at the boundary of V) and such that the outward
normal derivative 0¢/on satisfies

o¢ ¢
92.5.6 —=g,0nQ0, —=0o0nS-¢Q.
on on

This is a boundary value problem of potential theory, of the second kind,
and subject to certain conditions of regularity, which we do not discuss
here, it possesses a solution which is uniquely determined except for the
possible addition of an arbitrary constant. We select such a solution,
¢=¢(x,y,z). Since ¢ is harmonic in V¥, and d¢/dn=0 at all points of S,
we must have j35(0¢f6n) do =0 in other words the flow due to ¢ across S,
vanishes.

Furthermore, let ¢, be defined and harmonic in ¥, such that
(8y,/2n) =4, on Q and (8y,/dn)=0 over the remainder of the boundary
of V,;and let ¥, be defined and harmonic in ¥, such that (dy,/on) =0
on S, and (8¢, /dn} =(d¢p/0n) on S,. The problem of finding such a ¥, hasa
solution since [s,(8¢/on)do =0, as shown above. Then ¢, +, has the
same normal derivatives on the boundary of V, as ¢ and so grad¢ =
grad yr, + grady, throughout ¥;. Hence,

Dy [¢1=Dy [¥ +¥:1=Dy [¥, ]+ Dy, [ ]1+2Dy, [¥42].
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Now let 4 be an arbitrary constant, and consider the function
(14 /2)¥,+y, which is defined and harmonic in V|, together with the
function {1+ )¢ as defined in V,. Then (] +1)¢ has the same normal
derivatives on S, as ¢ (i.e., both vanish at points of S;} and {1 + ¥, + ¢,
has the same normal derivatives on S, as ¢. At the same time, (1 +2)¢
and (I + /)y, + ¢, have the same normal derivatives across S,. Accord-
ingly, the inequality 9.5.2 applies, with ¢, (I +2}¢, (1 + )¢, +¢, for
.y, ¢, respectively, so —

9.5.7 Dy[¢1< Dy [(1+ D) +¢, ]+ Dy, [+ )]

Expanding on the right hand side, we obtain

Dy [¢1<Dy [+ V2] +22Dy [+, ] + 42Dy, [¥.]
+Dy,[$]+24D,,[¢1+A°Dy [¢].

Hence, taking into account that Dy [¥,+¥,] =Dy, [¢],
9.5.8 02Dy, [¥ + 49,1+ Dy, [+ 27 (Dy, [¥,]+ Dy, [¢]) -

But this inequality can hold for all real 2 only if the coefficient of £ on
the right hand side vanishes, i.e.,

9.5.9 Dy, [V +iba;] + Dy, [¢]=0.

Hence,

9.5.10 Dy [d]=Dy [¥y+ +¥:]4 Dy, [d1=Dy [y +2.4]
=Dy [¥11+ Dy, [¥ 1 ¥21=Dy [¥1 - Dy, [¥2]- Dy, [¢].

This shows that
9.5.11 Dyle]<Dy, [¥4].
At the same time, from 9.5.9 and 9.5.10,
Dy, [¢]= =Dy [¥1¥21= Dy, [¥2]=Dv, [¥, 1Dy [¢]— Dy, [¥2],
and so
9.5.12 Dy [¢1<Dy [V, ]-Dv{¢].

Observe that the right hand side of 9.5.12 is non-negative, in view of
9.5.11.
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Consider now a one-parametric family of vessels W(¢), defined for
t>0, such that W{(z,) is part of W(¢,) for t; <t;, and such that all the
vessels have an orifice, @, in common. For example, the W{¥) may be
cylindrical, with generators parallel to the x-axis, extending from x=0 to
x=¢, open at x =0 and closed at x =r. Thus, Q is precisely the base of the
vessel at x =0, and the normal component of the flow at @ is, except for
the sign, the x-component ». Supposing that u is specified on Q, so that
jud ydz =0, we denote the resulting velocity potential in the vessel > (7)
by ¢,. Then the kinetic energy of the fluid within the vessel, assuming
¢ =2 for the density, is precisely Dy, [¢.], i.., the Dirichlet integral of ¢
taken over the volume of the vessel. Putting D{¢t)=Dy [ ¢,], we find
that D(?) is a decreasing (i.e., non-increasing) function of ¢. For if 1, <¢,
then by 9.5.11, with ¢,,,¢,, for ¥, and ¢ respectively, D(¢,)> D(t,). Also
Denoting by D(t,,7,) the Dirichlet integral of ¢ (,) over the excess volume
of W(t,) over W(z,), so that D(¢,,1,) is defined for 0<1, <71,, we obtain
from 9.5.12,

9.5.13 D(t,,1,)<D(t)—-D(t,) for O<ty<t,.

But D(£)>0, and so lim,_, , D{t} =d exists, and d=>0. Passing to *R, we
conclude that D(¢)~d for all infinite £, and so

9.5.14 D(1,,t5)~0

for all infinite ¢, and 7, >1,.

From this result, we may draw the following conclusions. Suppose that
the vessel W is a cylindrical pipe with generators paralle! to the x-axis,
with a base which is given by a standard equation in the yz plane {e.g.,
circular, with standard radius ), and extending from x=0 to x=1, ¢
positive infinite. Suppose that W is open at both ends, and denote the two
bases by Qp and Q, respectively, Suppose further that the x-components of
the normal velocity across Q, and @, are specified as standard functions
of y and z, so that o udxdy =[oudxdy=UA, say, where A is the cross
sectional area of the cylinder, and hence [, (¢— U)dxdy = {,,(u—U)
dxdy=0. Then the integral { ((u— U)?*+v*+w?)dxdydz is infinitesimal
when taken over any volume of fluid in the pipe which is infinitely far
removed from both ends.
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To take another simple example, W{¢) may have the shape of a cone
whose base is in the y,z-plane while its apex is on the positive x-axis.
Suppose that the vessel is open at the base of the cone. Then for any
standard distribution of normal velocities across the base, D(¢,,7,}~0 for
infinite 7, <¢,. We conclude that if the height of the cone, ¢,, is infinite,
then the kinetic energy of the fluid at the part of the vessel for which
t=1,,t, infinite, is infinitesimal.

We now wish to estimate the magnitude of the velocity at a point of the
vessel which is far removed from the specified orifice or orifices, For this
purpose, we make use of the mean value theorem of potential theory
which states that if a sphere S together with its interior belong to a
domain in which a function ¢ is harmonic, then

1
9.5.1 d
5 $o= in Ro J¢ G .

In this formula, R, is the radius of the sphere and ¢, is the value of ¢
at its center. From 9.5.15 one obtains without difficulty the less familiar

3
dr,
4nR8j¢ f
1 4

where the volume of integration V is the interior of the sphere. Hence, by
the Cauchy-Schwarz inequality,

9 2 9 3
.5.17 L dt} <———|d Zdr= 2de.
? ¢ léang(J.d’ ’) IGnZRSf ’J‘i’ § 47:jo¢ i
14 V vV 14

Replacing ¢ in 9.5.17 in turn by the partial derivatives d¢/dx, d¢/dy,
d¢/dz, and adding, we obtain

(5 o)+ )z () (5 (3 )

where the subscript 0 indicates again that the value of the expression in

9.5.16 $o=
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parentheses is taken at the center of the sphere. Thus, briefly,

3

9.5.18 ((grad ¢)*)o sm Dy [¢].

We conclude that grad ¢ is infinitesimal at any point P which belongs
to the S-interior of a volume for which D{¢] is infinitesimal. For in this
case, we may surround P with a sphere S of standard radius R,>0 such
that § and its interior belong to the volume in question. Then the right
hand side of 9.5.18 is infinitesimal and the same therefore applies to the
left hand side. Thus, if ¢ is the velocity vector of the flow through a long
cylindrical pipe considered above then ¢=(U,0,0} at all points which
belong to the S-interior of the pipe and are infinitely far from both ends;
while in the case of a conical vessel considered later, g is infinitesimal in
the S-interior of the vessel at all points which are infinitely far from its
open base.

The restriction of our couclusion to the S-interior of the vessel is un-
avoidable. At a sharp corner which projects into the vessel, the flow
through a single orifice, however far, may produce an infinite velocity.
On the other hand, it should be possible to establish our results even for
infinite vessels which do not belong to a standard one-parametric family
of vessels, although our present method depended on that condition.

9.6 Boundary layer theory. In this section we propose to show how our
notions can be used in order to discuss boundary layers in viscous fluid
flow.

Consider two-dimensional flow along a semi-infinite flat plate which
extends from x =0 along the positive x-axis. The external fiow may be
non-uniform. Let it be given by a velocity vector (i &) which, on the
positive x-axis, reduces to #=U(x), #=0.

Passing to *R, we now suppose that the field of flow (x,v) is given by
u =i, v =0 at all points (x, ¥} except those for which x>0, °y =0. Thus, we
still have to determine (, v) at all points which are infinitely close to the
positive x-axis. For this purpose, we proceed as follows. We suppose that
the dynamic viscosity, v =g/, is a definite positive infinitesimal number.
We introduce another positive infinitesimal number §, which will be
circumnscribed more closely in due course.
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The flow is governed by the equations of Navier-Stokes,

0 F] 1o 2 2
gx dy  e0x ay

6v+v v 1 0p+v 620+ 0%

U —+v—=——— —+—,
éx 8y pdy \dx? oy’
together with the equation of continuity,

du Ov
9.6.2 —~+—=0
ox +6y

The boundary conditions at the plate are
9.6.3 u=v=0 for x>0,y=0.

Putting v"=v/¢ and taking x and y"=y/é as independent variables in
place of x and y we obtain from 9.6.1, 9.6.2, and 9.6.3,

9.6.4 éu+ ,0u 1dp 62u+ 1 3%
.6. — 4t — = W—t——
“ox dy'  pdx \ox* 8*ay?

5 av'+ , o' 1 6p+ 5ézv'+162v’ 6u+0v' 0
—_— el e — ¥ D — —_—— . e —_——= ,
“ox oy )T "asay o Tsayt)  axay
and

9.6.5 u=v'=0 for x>0, y'=0.

We now suppose that p, z and, v’ are standard functions of x and y’ for
finite positive x and for finite y” and we try to satisfy 9.6.4 for such x and y’
modulo infinitesimal quantities. Thus, we negleét v(92u{dx*) on the right
hand side of the first equation of 9.6.4. Next, we introduce the usual
assumption that the inertia forces which are given by the left hand side of
the first equation of 9.6.4 multiplied by ¢ are of the same order of magnitude
as the viscous forces which, after the discarding of gv(d%u/éx?), are given
by (ov/6%)(8*u/8y'?). The appropriate interpretation of this assumption
within our framework leads us to postulate that theratio v/6? is a finite and
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non-infinitesimal number v, so that v=v'8>. Making use of this relation
in the second equation of 9.6.4, we find that
1 8

9.6.6 LN
b dy

Since p is a standard function of x and )’, 9.6.6 implies that ép/dy’ =0,
pisindependent of y’. Thus, the equations governing the flow in the region
under consideration reduce to

u ou  1dp 3u
9.6.7 U b0 = — -ty

ax 8y pdx ay?
.
Lo
dy

6u+av’ 0

ax dy

in the second system of coordinates, i.e., to

du ou 13p u

9.6.8 u<§+va_y=_g_a§+v(§2’
op
dy
%4_ a_v_o
ox ay

in the original system. These are the boundary layer equations. Since all
other quantities in the first equation of 9.6.7 are standard, we conclude
that v’ must be assumed standard. (Strictly speaking, this argument
depends on the assumption that 8%u/dy’? is not identically zero.)

At the plate, u=v' =0, In addition we have to link #', v with the external
flow components & and &. We shall consider conditions above the plate.
Corresponding arguments hold below the plate.

As ¥’ tends to infinity through the standard real positive numbers,
y=y'0 remains infinitesimal and bounded, for example by the infinitesimal
number \/6. Nevertheless, we shall assume that
9.6.9 b u(x,y)=(x,0).

¥
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That is to say, we assume that u(x,y) realizes its external flow value al-
ready in the interior of the monad of y=0. Correspondingly, we may
amend our earlier definition of the domain of validity of the expressions
for the external flow by supposing that

9.6.10 u(x,yy=a(x,y}, v(xy)=>6(x,y)

above the plate for all y such that y/J is infinite.
In order to complete the set of boundary conditions, we add

9.6.11 limu(x,y)=14(0,0).
xi0

In terms of the original system, 9.6.9 and 9.6.11 are equivalent to

9.6.12 Iim u(x,p}=1a(x,0)
yid a0

and

9.6.13 imu(x,y)=a(0,0).
x|0

Although 9.6.13 is a commonly accepted condition for the leading edge,
the validity of 9.6.13, and hence 9.6.12 warrants further investigation.
Suppose the functions w,v'p provide a solution for 9.6.7 with the
boundary conditions 9.6.9 and 9.6.11. Since the functions on the left hand
side of the equations in 9.6.7 are standard, we conclude that, for x>0,

u{x,y)~i(x,0)

for all infinite y’. Transforming back to the original system, we conclude
that

9.6.14 u(x,y)~a(x,0)

for infinite y{4.
In the standard procedure, one replaces 9.6.12 by

9.6.15 lim u (x,y) =i (x,0)

y=x
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and one may then expect 2.6.14 to be satisfied approximately for infinite
¥/d. There is a conceptual difficulty in using boundary conditions such as
9.6.15, which refer to very large y, in order to determine the field of flow as
a solution of equations which apply only for very small y. Since itis known
that in practice acceptable solutions are obtained by the use of such
boundary conditions, the difficulty has long since become a grain de
beauté of boundary layer theory.

However, we may equally well continue to work with 9.6.7 where this
difficulty does not occur since y remains infinitesimal although y* becomes
infinite. Actually, the problem of solving 9.6.7 with the boundary condi-
tion 9.6.9 and u=v" =0 at the plate is formally equivalent to the problem
of solving 9.6.8 for the boundary conditions 9.6.9 and w=v=0 at the
plate (for v read v). For example, for the case of zero external pressure

gradient
9.6.16 p=const., #=const=U

we may find the solution by a well known procedure, which depends on
the introduction of the variable

U ’
9.6.17 n=% /—y.
v'x

We introduce a modified stream function ¢ which is linked to u and v’
by u=3ay'/dy’, v’ = —(0y'/0x). Assuming W'=\/(Uv'x)f(n) we find from
the first equation of 9.6.7 that

&’f 4%

9.6.18 (-j-)?—3+f c-i?=0, 0(}’(@.

The appropriate boundary conditions are f=d f/dy=0 for #=0and
d f{dn =2 for 5 0, and several methods of integration are available for

this problem.
The expression for the shear stress at the plate is

du Ov 1 du o'
9.6.19 Y A T I L Lo
' p<6y+5x) [Qv(ééy’Jr 3x)]y'=o
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Hence

9.6.20 - 5%
S=0y/r [ +6°

But, for the case under consideration,

Jdu 2 \/ ”
5 5;—~é — 1",

. Ou B U Y
ey (a—;—,)yzo—keu\/;f ©).

U 21" (0)
\/ riel \/x

For a plate of length ¢, this leads to the following expression for the
drag D, taking into account both top and bottom surfaces,

9.6.21 %cozz\/a_frdx~\/cJ~%QU2f”()dx oU2ef " (0).

and so

Hence, from 9.6.20,

Introducing the Reynolds number R, = Uc/v on the left hand side of
9.6.21, so that R, is infinite, we obtain

9.6.22 JR.D=oUcf” (0)

For practical purposes, 9.6.22 may be interpreted as stating that for
large Reynold’s numbers, \/ R.D is approximately equal to ¢U%¢f "(0) and
this is in fact a well-known conclusion of boundary layer theory. We have
gone through the calculation in order to show that it can be carried out
consistently within our framework. It is significant that the particular
choice of §, which serves as a sort of unit of measurement for the infinitesi-
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mal region in which we are interested, does not affect the final result
obtained for the drag. Nor does it affect the results obtained for other
physical quantities such as the displacement thickness.

This conclusion applies also in the general case. For let 6 =/'v, which s
a permissible choice for & since /v is infinitesimal. Then v’ =v/8* =1. Let
the corresponding solution of 9.6.7 for the stated boundary conditions be
given by ug(x,y’), vp(x,¥). A simple argument shows that for any other
choice of &, a solution is then provided by u(x,y)=ug{x,y'/\'v),
v (x,y)=vo(x,¥'{\/v). The equations for the shear stress, 9.6.19 and
9.6.20 are still applicable and so

T / ,(614) / f(a“o) (a“0>
— =V | — =V =g P .
\/v ey 3}’ y=0 N 3}’ ¥=0 ay y'=0

where uy =uo(x,p"), "=y [V =y//v. But 0(duy/dy"), -, is precisely the
corresponding expression obtained for d =,/v, ¥' =1. This shows that our
particular choice of & does not affect the result, so long as & is positive
infinitesimal and v’ is finite and, moreover, standard.

9.7 Saint-Venant’s principle. The hydrodynamic problem of section 9.5
has an older counterpart in the Theory of Elasticity. We recall the fol-
lowing facts and common notation of that theory.

The components of the strain tensor will be denoted by e,,, e, ..., etc.
so that e, =e,,, etc. The strain energy function W is a positive quadratic
form of the six distinct components of the strain tensor. The components
of the stress tensor, X, X,, X, etc., are given by

ow
9.7.1 X,=a—xx, Xy:YX:ae_xy, etc.
Also, in the absence of body forces,
0X, 0X, 08X,
+ =

9.7.2 +— 0,
: dx &y 0z
an+aYy+aY,_0
x dy Oz B

0z, 0z, 0z,

ax T ay |2z
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Throughout the discussion, we shall adopt the assumptions of the
classical Theory of Elasticity, and we shall confine ourselves to isotropic
and homogeneous sofids.

Let the volumes V, V|, V; and the surfaces §,§,,S5,,5; be subject to the
conditions stated at the beginning of section 9.5, so that V is divided by S;
into V; and V;, etc. For any volume 4, we define

9.7.3 D,[Fl= ( Wdr,

A

where F is a symbol which stands for a particular field of strainin 4 or, if
we wish, for the strain tensor, and W =W/[F] is the corresponding strain
energy function. Thus, D,{F] is the strain energy stored in a material
volume A which is subject to a strain F. Given two fields of strain in 4, F
and F', we define a scalar function U[F, F"] with domain A4 by

ULF.Fl=4{X e+ Yxe;y-{-zxe;z.;....},

where X,,... are the stress components of the field F and e,... are the
components of strain given by F'. Then U[F ,F]=U[F,F'] and
U[F,F]=W[F]. Put

9.7.4 D, [F,F']=IU(F,F') dr.
A

Now let F, F|,F, be three fields of strain which are defined in V, ¥V}, V,,
respectively, and are continuous in the closures of the respective volumes.
Suppose also that the stresses given by F, and F respectively are the same
across §,; that the stresses given by F, and F respectively, are the same
across S, and that the stresses given by F, and F; respectively, are the
same across Sy. By this we mean, for example, that if do is an element
of S, then the stresses on dg which are due to £, and F;, coincide. Under
these conditions, we propose to show {compare 9.5.2) that

9.7.5 D [F1<Dy [F ]+ Dy,[F,].
For this purpose, we verify first that

9.7-6 Dy’[F,FI_F]+DVZ[F,F2_F]=O,
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where F, — F and F, — F are the fields obtained by subtracting the corre-
sponding strain tensors. Thus, the stresses due to F; — Fand F, — F vanish
on S; and S, respectively, and are the same across S;. Hence, if (i, v, w) is
the displacement vector due to £, and (X, ¥,, Z,) is the stress vector on
S5 due to both F;, — Fand F, — F, then the first and second terms on the
left hand side of 9.7.6 are different in sign but are both equal in magnitude
to

J-(X,,u + Yo+ Z,w)do.
Sa

This proves 9.7.6. Referring back to 9.5 we see that 9.7.6 is analogous to
9.5.5. Proceeding as in that section we arrive at

Dy, [Fy1+Dy,[F,1=Dy[¢1+ Dy [Fi—F1+ Dy, [F,—F].

This proves 9.7.5 since Dy [F,— F1>0, D, ,[F,— F]=0.

Suppose that S, is divided into two parts, S, and @ and let & be a
system of external forces, or stresses, acting on Q and in static equilibrium
{(i.e., with zero resultant force and moment). We make the assumption
(which is usually taken for granted in the Theory of Elasticity) that @
determines a unique field of strain in any material volume which will be
considered here. Thus, let F be the field of strain produced by @ in V, and
G, the field of strain produced by @ in ¥, no other tractions across the
boundaries of ¥ and V, being present, respectively.

The stresses due to Facross S, must be in static equilibrium, since there
are no other surface tractions on the boundary of V,. Thus, there exists
a field of strain G, in V, which is free of stresses across S, and whose
stresses across 8, coincide with those due to F. Then £=G,+ G, in V,
since the stresses due to Facross the boundary of V| coincide with those
due to G+ G,. Hence,

Dy, [F]=Dy,[G,+G,]=Dy, [G]+Dy,[G,]+2Dy,[G,,G,].
Introducing the fields (1+A)G,+G, where 4 is a real variable and

taking into account 9.7.5 we obtain, exactly as in section 9.5 (see 9.5.11
and 9.5.12),
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9.7.7 DV{FJQDV.[GJ
and
9.7.8 Dy,[F]1<Dy,[G]-Dy[F],

where the right hand side of 9.7.8 is evidently non-negative.

Continuing as in 9.5, we consider a one-parametric family of finite
elastic bodies B(¢} defined for #>0 such that B(¢)) is part of B(s,) for
¢, <r; and such that there is an area, 0, which is common to the surfaces
of all the B(1). For example, B() may be a prismatic bar whose generators
are parallel to the x-axis with bases at x=0 and x =1, while Q is the base
at x=0, Let @ be a system of forces, or stresses, acting on Q and in static
equilibrium. @ will be kept fixed throughout the discussion. Let F, be
the field of strain produced by the given loading in B(f) so that D{¢)=
Dy [F]is the corresponding strain energy in B(z). For 1,21, Jet D(t,,1,)
be the strain energy due to the loading @ of B(t,), and stored in the excess
volume of B(Z,) over B(t,). Then (compare 9.5.13),

9.7.9 D(1,,t,)<D(1)—-D(t;) for O<it <t,.
Passing to *R, we conclude, as in 9.5, that
9.7.10 D(1,;,t,)~0

for all infinite ¢, and 7,>1¢,.

Again, we wish to deduce from 9.7.10 that the strain components them-
selves are infinitesimal at all points which belong to the S-interior of
B(t,)—B(t,). This can be proved by elementary methods and it will be
sufficient to indicate the main steps.

We first write the strain energy function W in the form

9.7.11 W=1Li(e,. +e,+ e;.)" +p(el + efy +el + %ef, +1e?, +{;ef,) ,
where A and u now are the elastic constants of the material, 9.7.11 shows

that the dilatation 4 =e_ +e,, +¢,, satisfies the inequality A <4W A2
Hence, for any volume A,
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4
9.7.12 jdzdzsﬁ D,[F],

A

where F is the field of flow whose strain energy function is #. Thus,
f44?dt is infinitesimal if D, [F] is infinitesimal. But 4 is known to be a
solution of Laplace’s equation. Using the mean value theorem of potential
theory we conclude as in 9.5 that 4 is infinitesimal at any point which
belongs to the S-interior of B(¢,)— B(¢,), i.e., which can be surrounded by
a sphere of standard radius whose interior belongs entirely to B(z,)— B(z,).
Moreover, using Poisson’s integral, we may then show that the first and
second (and higher) derivatives of 4 also are infinitesimal in the S-interior
of B(t,)- B(t,).
Now the equations of elastic equilibrium,

o4 2
9.7.13 (i+p)a+uv u=0, etc,

show that the components of strain, e,, =0u/dx, e,,=0dv/dx+ 0ufdy, etc.,
are solutions of Poisson’s equation.

9.7.14 Vi (x,0,2)=~0,

where
1~1~"1 74 i f
o= - s or =e,,

ul ox?
and

i\ 6%4

e=2{14+~]|—— for =e,..,
( #)6x6y J=es

with similar expressions for the remaining components. Thus, ¢ is in-
finitesimal in the S-interior of B(t;)— B(¢,). Atthe same time, 9.7.12 shows
that the integral {,fdz is infinitesimal for 4=B(r,)— B(¢,). Using
particular solutions of 9.7.14, of the form [(e/4nr)dz, it is then not
difficult to prove that f(x,y,2) is itself infinitesimal in the S-interior of
B(t,)—B(¢,). Hence, finally, the components of strain and hence, the
components of stress, are infinitesimal in the S-interior of B(1,)— B(¢,). In
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particular, if £ is an infinite point which belongs to the S-interior of
B(1;), t, infinite, then we can find an infinite £, <, such that P belongs to
the S-interior of B(t,)— B(z,). Hence,

9.7.15 THeoReM. If B(r) defines a family of bodies as detailed, and P is
any infinite point in the S-interior of some body B(¢,) for infinite #, then
the strains and stresses at P due to a standard self-equilibrating load
distribution on @, are infinitesimal.

We may ‘translate’ 9.7.15 into a standard theorem by a procedure which
has been used many times previously. The result is

9.7.16 THroReM (Standard). Let B(7) be a family of elastic bodies as
detailed, and let @ be a specified load distribution on @, which is in static
equilibrium. For any £>0 and J> 0 there exists a positive Ry =R,(, )
such that for any member B(¢,) of the family, and any point P whose
distance from the surface of B(z) is greater than ¢, and whose distance
from @ is greater than R,, the stresses at P are smaller in magnitude
than §. There is a corresponding result for strains.

Saint-Venant’s original principle, which was verified by him experiment-
ally in certain cases, asserts that the stresses due to a local distribution of
loads which are in static equilibrium are negligible at any distance from
the loaded region which is sufficiently large compared with the dimensions
of the region. Theorem 9.7.16 establishes this principle not only for
cylindrical bars, but also e.g., for bars with variable cross section. The
restriction to regions which are at some distance ¢ from the surface of
the body is inevitable, since the principle may actually fail at the surface.
On the other hand, 9.7.16 applies to loads which are distributed over the
entire base of a bar, as required, for example, for the classical applications
of the principle to problems of torsions and flexure. As proved here, there
is a certain uniformity in the conclusion since Ry(e,d} is actually in-
dependent of the particular choice of B(f,). However, it should be possible
to go further and to prove that the same R, is suitable for a wide variety
of load distributions and of elastic bodies.

9.8 Remarks and references. For the classical proof of Riemann’s
mapping theorem whose adaptation to Non-standard Analysis is sketched
in 9.2, compare DIENES [1931]. A related method is given in HILLE [1962].
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A standard text on Dirichlet’s principle is COURANT [1950]. The hydro-
dynamical principle of section 9.5 has been formulated by analogy with
Saint-Venant’s principle (9.7). I have not seen it stated elsewhere, The
methods used in 9.5 and 9.7 were inspired in part by energy arguments due
to O. Zanaboni (zaNaBoNt [1937]), but our results are more precise.
Another relatively recent attempt to endow Saint-Venant’s principle with
a definite meaning is due to E. Sternberg, who used a Green’s function
method (STERNBERG [1954]). However, it appears that Sternberg’s results
are not applicable to external forces which are distributed over a finite
area, although it is for such cases that Saint—Venant’s principle is most
important in practice. While carrying out the analysis of 9.7, I had the
benefit of stimulating discussions with R. A. Toupin. More recently,
Toupin has obtained some interesting quantitative formulations of Saint-
Venant’s principle for cylindrical bars.

The reader is referred to SCHLICHTING [1955] or THWAITES [1960] for
information on boundary layer theory; and to WARD [1955] or ROBINSON
and LAURMANN [1956] for an introduction to the theory of linearized
supersonic flow.



CHAPTER X

CONCERNING THE HISTORY OF THE
CALCULUS

10.1 Introduction. The history of a subject usually is written in the light
of later developments. For over half a century now, accounts of the history
of the Differential and Integral Calculus have been based on the belief that
even though the idea of a number system containing infinitely small and
infinitely large elements might be consistent, it is useless for the develop-
ment of Mathematical Analysis. In consequence, there is in the writings of
this period a noticeable contrast between the severity with which the ideas
of Leibniz and his successors are treated and the leniency accorded to the
lapses of the early proponents of the doctrire of limits. We do not propose
here to subject any of these works to a detailed criticism. However, it
will serve as a starting point for our discussion to try and give a fair
summary of the contemporary impression of the history of the Calculus,
as follows.

‘After a long development which involved the determination of areas,
volumes, and tangents in special cases, the general theory of differentiation
and integration was put forward in the second half of the seventeenth
century by Newton and, somewhatlater but independently, by Leibniz. As
far as the foundations of the new subject were concerned, Newton
vacillated, referring sometimes to infinitesimals, sometimes to limits, and
sometimes to basic physical intuition, and his immediate successors gave
preference to the last-mentioned approach. On the other hand, Leibniz
and his followers based the development of the theory on infinitely small
differentials of first and higher orders. The technical advantages of the
differential notation at first helped to produce rapid progress in the
Calculus and its applications on the continent of Europe, where it was
adopted. However, after a while the glaring internal contradictions of the
theory led to the realization that alternative foundations were required.
Lagrange believed that he had discovered a suitable approach by taking
the Taylor expansion of a function as fundamental. However the satis-
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factory solution to the problem was provided by Cauchy who gave the
first rigorous development of Mathematical Analysis. Cauchy based his
theory on the concept of the limit, which, after Newton, had been advo-
cated again by d’Alembert. Cauchy’s method was subsequently given a
more formal guise by Weierstrass, who had been anticipated to some
extent by Bolzano. As the theory of limits became firmly established, the
use of infinitely small and infinitely large quantities in Analysis became
discredited and survived only as a manner of speaking, e.g., in the state-
ment that a variable tends to infinity. The significance of subsequent
developments in the theory of non-archimedean fields was confined
entirely to Algebra.’

Since (a5 we believe) we have shown that the theory of certain types of
non-archimedean fields can indeed make a positive contribution to
classical Analysis, it seems appropriate to conclude our work with a
number of remarks which attempt to indicate in what ways the picture
sketched above should be supplemented or even redrawn. Our comments
will by necessity be fragmentary since a complete history of the Calculus
would be beyond the scope of this book.

10.2 Leibniz. In spite of occasional slight inconsistencies, Leibniz’
attitude towards infinitely small and infinitely large quantities in the
Calculus remained basically unchanged during the last two decades of his
life. He approved entirely of their introduction, but thought of them as
ideal elements, rather like the imaginary numbers. These ideal elements
are governed by the same laws as the ordinary numbers. However, they
are only a useful fiction, adopted in order to shorten the argument and to
facilitate mathematical invention (or, discovery). And if one so desires,
one can always dispense with infinitely small or infinitely large numbers
and revert to the style of the mathematicians of antiquity by arguing in
terms of quantities which are large enough or small enough to make the
error smaller than any given number.

All this is stated clearly and repeatedly in Leibniz’ writings. We proceed
to quote some passages which are representative of his point of view.

‘... on n’a pas besoin de prendre 'infini ici & la rigueur, mais seulement
comme lorsqu’on dit dans I"optique, que les rayons du soleil viennent d’un
point infiniment éloigné et ainsi sont estimés paralléles. Et quant il y a
plusieurs degrés d’infini ou infiniment petits, c’est comme le globe de la
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terre est estimé un point & ’égard de la distance des fixes, et une boule
que nous manjons €st encore uUn point en comparaison du semidiamétre
du globe de la terre, de sorte que la distance des fixes est un infiniment
infini ou infini de I'infini par rapport au diamétre de la boule. Car au lieu
de 'infini ou de l'infiniment petit, on prend des quantités aussi grandes et
aussi petites qu’il faut pour que I’erreur soit moindre que 'erreur donnée,
de sorte qu’on ne différe du style d’Archiméde que dans les expressions,
qui sont plus directes dans notre méthode et plus conformes a l'art
d’inventer.” {LEIBNIZ [1701]).

‘... D’ou il s’ensuit, que si quelqu’un n’admet point des lignes infinies
et infiniment petites & la rigueur métaphysique et comme des choses
réelles, il peut s’en servir sirement comme des notions idéales qui
abrégent le raisonnement, semblable & ce qu’on appelle racines imaginaires
dans I'analyse commune (comme par exemple ,/ —2)... C'est encore de la
méme fagon qu’on congoit des dimensions au dela de trois ..., le tout pour
é1ablir des idées propres a abréger les raisonnements et fondées en
réalités.

Cependant if ne faut point s’imaginer que la science de I'infini est

dégradée par cette explication et réduite & des fictions; car il reste toujours
un infini syncategorématique, comme parle I'école, et il demeure vrai par
exemple que 2 est autant que }+3+5+1+15+45, etc., ce qui est une
série infinie dans laquelle toute les fractions dans les numérateurs sont 1
¢t les dénominateurs de progression géometrique double, sont comprises
a la fois, quoiqu’on n'y emploie toujours que des nombres ordinaires et
quoiqu’on n’y fasse point entrer aucune mention infiniment petite, ou dont
le dénominateur soit un nombre infini ...
... et il se trouve que les régles du fini réussissent dans 'infini comme s’il y
avait des atomes (c’est & dire des élements assignables de la nature),
quoiqu’il n'y en ait point la matiére étant actuellement sousdivisée sans
fin; et que vice versa les regles de I'infini réussissent dans le fini, comme
§’it y’avait des infiniment petits métaphysiques, quoiqu’on n’en n’ait point
besoin; et que la division de la matiére ne parvienne jamais a des parcelles
infiniment petites: c’est parce que tout se gouverne par raison, et qu’-
autrement il n’aurait point de science ni régle, ce qui ne serait point con-
forme avec la nature du souverain principe.’ (LEIBNIZ {1701]).

‘Entre nous je crois que M. de Fontenelle, qui a Pesprit galant et beau,
en a voulu railler, lorsqu’il a dit qu’il voulait faire des éléments méta-
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physiques de notre calcul. Pour dire le vrai, je ne suis pas trop persuadé
moi-méme qu’il faut considérer nos infinis et infiniment petits autrement
que comme des choses idéales et comme des fictions bien fondées. Je crois
qu'il 'y a point de créature au dessous de laquelle n’ait une infinité de
créatures, cependant je ne crois point qu’il y en ait, ni méme qu’il en
puisse avoir d’infiniment petites et c’est ce que je crois pouvoir démontrer.’
(LeBNIZ [1702a]).

Finally we quote from a letter which was written towards the end of
Leibniz’ life.

‘1. Pour ce qui est du calcul des infinitésimales, je ne suis pas tout a fait
content des expressions de Monsieur Herman dans sa réponse 8 Monsieur
Nieuwentijt, ni de nos autres amis. Et M. Naudé a raison d’y faire des
oppositions. Quand ils se disputérent en France avec I’Abbé Gallois, le
Pere Gouge et d’autres, je leur témoignai, que je ne croyais point qu'il y
efit des grandeurs véritablement infinies ni véritablement infinitésimales,
que ce n’étaient que des fictions mais des fictions utiles pour abréger et pour
parler universellement... Mais comme M. le Marquis de I’'Hospital
croyait que par 1a je trahissais la cause, ils me priérent de n’en rien dire,
outre ce que j’en avais dit dans un endroit des actes de Leipsic, et il me fut
ais¢ de déférer 4 leur priére.” (LEiBNIZ [1716]).

The last sentence provides a reason for a certain lack of decisiveness in
some of the statements quoted earlier. (For the passage mentioned as
having been published in the Actes de Leipsic, see LEiBN1Z [1689].)

However, although Leibniz assures us that the infinitely small and in-
finitely large numbers are ideal elements which are only introduced for
convenience, and that arguments involving them are equivalent to the
method of Archimedes (i.e., the so-called method of exhaustion), there is
no attempt to justify this claim except for the appeal to the ‘sovereign
principle’. The same principle is supposed to serve as a justification for
the assumption that the infinitely small and infinitely large numbers obey
the same laws as the ordinary (real) numbers. Elsewhere, Leibniz appeals
to his principle of continuity to justify this assumption.

We note that although Leibniz wishes to make it clear that he can
dispense with infinitely small and infinitely large numbers and at any rate
does not ascribe to them any absolute reality, he accepts the idea of
potential (‘syncategorematic’) infinity and finds it in the totality of terms
of a geometrical progression.
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We shall make no further reference to Nieuwentijt and Fontenelle,
beyond mentioning that Nieuwentijt was the author of two works
(NIEUWENTIT [1694, 1695]} in which among other things he rejected the
notion of higher order differentials, while Fonteneile became famous by
giving full reign to the tendencies criticized here (FONTENELLE [1727]).
Leibniz repiied to Nieuwentijt in the Acta Eruditorum of Leipzig (LEIBNIZ
{1695]).

10.3 De PHospital. The marquis de I’Hospital was the author of the
first textbook of the Differential Calculus, ‘Analyse des infiniment petits
pour Pintelligence des lignes courbes’, whose first edition was published in
1696. De I'Hospital was a loyal discipie of Letbniz, and adhered con-
sistently to his methods. In the preface to his book de 'Hospital acknow-
ledges his indebtedness to Leibniz and to the Bernoulli brothers without
mentioning details. However, in the present discussion we shall not be
concerned with the problem of assigning priorities but with the evolution
of the fundamental notions of the calculus.

De I'Hospital begins his work with the statement of two definitions and
a corollary followed by two axioms. The essential parts of these definitions
and axioms are as follows (DE L’HOSPITAL {1745]).

‘Définition 1. On appelle quantités variables celles qui augmentent ou
diminuent continuellement; et au contraire quantités constantes celles qui
demeurent les mémes pendant que les autres changent. ...’

‘Définition 1. La portion infiniment petite dont une quantité variable
augmente ou diminue continuellement, en est appeleé la différence ...

For difference read differential. The sentence just quoted is followed by
examples of differences (i.e., differentials) of the coordinates and of the
arc of a curve, and of the area under a curve.

‘1. Demande ou supposition. On demande qu’on puisse prendre in-
différemment I’'une pour I'autre deux quantités qui ne différent entr’elles
que d’une quantité infiniment petite: ou (ce qui est la méme chose) qu’une
quantité qui n'est augmentée ou diminuée que d’une autre quantité infini-
ment moindre qu’elle, puisse étre considérée comme demeurant la
méme...’

‘ii. Demande ou supposition. On demande qu’une ligne courbe puisse
étre considérée comme 1’assemblage d’une infinité de lignes droites,
chacune infiniment petite: ou {ce qui est la méme chose) comme un
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polygdne d’un nombre infini de cdtés, chacun infiniment petit, lesquels
déterminent par les angles qu’ils font entr’eux, la courbure...’

Here again, we have omitted the examples, which refer to a diagram.

In laying down definitions and axioms as the point of departure of his
theory, de I'Hospital of course, merely followed the classical examples of
Euclid and Archimedes. We may recall that a short time earlier, in 1687,
Newton had adopted a similar scheme with regard to the physical notions
and assumptions of his Mathematical Principles of Natural Philosophy.
We may also point out that in the approach of Euctid and Archimedes,
which is also the approach of de I’'Hospital, a definition frequently is an
explication of a previously given and intuitively understood concept, and
an axiom is a true statement from which later results are obtained de-
ductively. Thus, the axiomatic approach implied a belief in the reality of
the objects mentioned (e.g., differentials), which, as we have seen, Leibniz
was unwilling to concede. Itis interesting to contrast this with our present
attitude according to which an axiom implies no ontological commitment
{except possibly in set theory).

Coming next to the details of the two axioms, they were both contained
in the works of Letbniz as permissible assumptions. The assumption given
as the second axiom, in particular, has a long history and has been traced
back to antiquity. The first axiom is of greater importance since it attempts
to provide a basis for the justification of the fundamental rules of the
differential calculus. Additional interest is lent to the axiom by the fact
that it implies, clearly and immediately, a glaring contradiction, i.e., that
the {infinitesimal) difference between two quantities may, at the same time,
be both equal to, and different from, zero. In this connection it is of
interest to read Leibniz’ formulation of the same principle in a letter to de
VHospital.

‘... et je compte pour égales les quantités dont la différence leur est in-
comparable. J'appelle grandeurs incomparables dont I'une multipliée par
quelque nombre fini que ce soit, ne saurait excéder 'autre, de la méme
fagon qu’Euclide I'a pris dans sa cinquiéme définition du cinqui¢me livre.”
(LetBNiZ {1695a)). The definition mentioned here is actually the fourth
definition of the fifth book of Euclid according to the version presently
accepted (EUCLID).

Berkeley pointed out some forty years later (BERKELEY [1734]) that the
same weakness was present in the method of fiuxions. Thisis true although
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the absence of a clear basts for that method made it harder to argue
against. It must also be said that the lore of the method of fluxions
provided a better starting point for the ideas of d’Alembert and Cauchy
(see below). However, there can be little doubt that the inconsistency in
question contributed to the eventual eclipse of the method of infinitely
small and infinitely large numbers at the beginning of the nineteenth
century. In Non-standard Analysis, the inconsistency does not arise since
two numbers ¢ and & which differ only by an infinitesimal quantity are
equivalent, a~ 5, but not necessarily equal. It is true that this leads to a
formatlism which is in some ways more complicated than that introduced
by Leibniz. Thus, for infinitesimal dx and corresponding dy we only have
dy/dx= f'(x), so that °(dy/dx)= f'(x), while dy/dx= f'(x) directly,
according to Leibniz. However, this is a small price to pay for the removal
of an inconsistency.

Another weakness of Leibniz’ theory was that neither he nor his
successors were able to state with sufficienr precision just what rules were
supposed to govern their extended number system. Leibniz did say, in one
of the passages quoted above, that what succeeds for the finite numbers
succeeds also for the infinite numbers and vice versa, and this is remark-
ably close to our transfer of statements from R to *R and in the opposite
direction, But to what sort of laws was this principle supposed to apply?
To take a non-trivial example, why did not Archimedes’ axiom apply to
the extended number system? The possible answer might have been that
the principle was supposed to apply only to the algebraic laws of the
system but this permits the application of the idea only in the simplest
cases. In fact, what was lacking at the time was a formal language which
would have made it possible to give a precise expression of, and delimita-
tion to, the laws which were supposed to apply equally to the finite
numbers and to the extended system including infinitely small and in-
finitely large numbers as well. In our own theory the answer to the question
whether Archimedes’ axiom is true not only in R but also in *R is, yes and
no!If by ‘Archimedes’ axiom’ we mean the sentence of K which formalizes
the statement ‘For every pair of real numbers ¢ and & such that 0 <a<b
there exists a natural number n for which b < na’ then this sentence holds
in R and hence also in *R. In the latter system »# may then be realized by
an infinite natural number. However, if we mean the postulate that for
any pair of real numbers g and b, 0 <a < b there exists a natural number »
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in the ordinary sense such that
b<at+a+ta+---+a (n times)

then this postulate is not true for *R.

10.4 Lagrange and d’Alembert. For over (ifty years Leibniz" method
ruled supreme on the European continent. However, in the second half of
the eighteenth century the doubts regarding the soundness of the theory,
or rather its evident lack of soundness, led to the call for alternative
foundations. Lagrange proposed to base the entire theory on the sup-
posed existence of a Taylor expansion for any (continuous) function
(LAGRANGE [1797]). He thought that in this way the calculus could be
developed independently of ‘any constderation of infinitely small or
vanishing numbers, or of limits, or of fluxions.” One might try to justify
the procedure by choosing to regard it as a precursor to the method of
formal power series, but this would be erroneous since Lagrange is con-
cerned with the values of a function and of its expansion.

Nevertheless the episode is interesting. The fact that a man of La-
grange's stature could propound such a method, and that for a time it was
quite widely accepted (compare LACROIX [1797]), serves to illustrate the
point that the mathematicians of that age were worried about the
basic nature of the concepts of the Calculus and not, primarily, about
the deductive inadequacy of their methods (see 10.7 below).

D’Alembert’s contribution is more relevant to our discussion. It is ex-
pounded in several articles of the Encyclopédie Méthodique (Mathé-
matigues).

D’Alembert based the Calculus on the notion of limit. We quote some
passages from the article under that heading.

‘On dit qu’une grandeur est la /imite d’une autre grandeur, quand la
seconde peut approcher de la premiére plus prés que d’une grandeur
donnée, si petite qu'on la puisse supposer, sans pourtant que la grandeur
qui approche, puisse jamais surpasser la grandeur dont elle approche; en
sorte que la différence d’une pareille quantité & sa /imite est absolument
inassignable...’

‘La théorie des limites est 4 la base de la vraie Métaphysique du calcul
différentiel... A proprement parler, 1a limite ne coincide jamais, ou ne
devient jamais égale, 4 la quantité dont elle est la limite ; mais celle-ci s’en
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approche toujours de pius en plus et peut en différer ausst peu qu’on
voudra...’

D’Alembert then proceeds to discuss the sum of a geometrical pro-
gression as an example of a limit.

The following passage is taken from the article Différentiel.

‘... 1l ne s’agit point, comme on le dit encore ordinairement, de quantités
infiniment petites dans le calcul différentiel; 1l s’agit uniquement de limites
de quantités finies. Ainsi la métaphysique de {"infini et des quantités in-
finiment petites plus grandes ou plus petites les unes que les autres est
totalement inutile au caicul différentiel. On ne se sert du terme d’infiniment
petit, que pour abréger les expressions. Nous ne dirons donc pas avec
bien des géomeétres qu'une quantité est infiniment petite non avant qu’elle
s'évanouisse, non aprés qu'elle est évanouie, mais dans 'instant méme ol
elle s’évanouit; car que veut dire une définition si fausse, cent fois plus
obscure que ce qu'on veut définir. Nous dirons qu’il n’y a point dans le
calcul différentie! de quantités infiniment petites...’

We notice that the definition of the limit reads, at first sight, like an
acceptable though informal statement of our present viewpoint, except
for d’Alembert’s insistence on the condition that a quantity which tends
to a limit does not ever become equal to that limit. This condition is not
only unnecessary but would prove extremely inconvenient in practice.
For example, with d’Alembert’s definition it would be incorrect to say
that x sin (1/x) tends to zero as x tends to zero, since this function has this
value also on a set of argument values different from zero but with zero as
limit. The introduction of the restriction may well have been motivated
by the feeling that if a quantity zends towards a limit it cannot get there
beforehand.

The idea of a limit went back to Newton and had since been discussed
repeatedly in England. The assumption of ‘many geometers’ that a
quantity is infinitely smail neither before nor after it vanishes but just at
the moment of its vanishing, which is sharply criticized in the last of the
passages quoted above, also is in the Newtonian tradition. On the other
hand, Leibniz’ remarks on the ‘style of Archimedes’ which was quoted
earlier, while intended as a description of the method of exbaustion, also
is fairly close to our contemporary notions on limits, and indeed there are
related formulations antedating both Newton and Leibniz. At any rate,
from a historical point of view, d’Alembert’s intervention was important
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because it helped to turn continental Mathematics towards the notion of
limit as the central concept of Analysis.

10.5 Cauchy. The quotations and comments given so far have amended
the picture drawn in section 10.1 chiefly by showing that Leibniz’ theory
of infinitely small and infinitely large numbers was a serious attempt to
provide foundations for the Calculus which avoided the complication in-
herent in the Greek method of exhaustion and that, in spite of its in-
consistencies, it may be regarded as a genuine precursor of the theory of
the present book. The description in 10.]1 would now lead us to expect
that, following the rejection of Leibniz’ theory by Lagrange and D’Alem-
bert, infinitely small and infinitely large quantities would have no place
among the ideas of Cauchy, who is generally regarded as the founder of
the modern approach, or that they might, at most, arise as figures of
speech, as in ‘x tends to infinity’. However, this expectation is mistaken.
We proceed to give a number of relevant quotations from Cauchy’s Cours
d’Analyse (Analyse Algébrique) (caucHy [1821]).

‘En parlant de la continuité des fonctions je n’ai pu me dispenser de
faire connaitre les propriétés principales des quantités infiniment petites,
propri€tés qui servent de base au calcul infinitésimal...”

‘Quant aux méthodes, j’ai cherché a leur donner toute la rigueur qu’on
exige en géométrie, de maniére a ne jamais recourir aux raisons tirées de la
généralité de l'algébre. Les raisons de cette espéce, quoique assez com-
munément admises surtout dans le passage des séries convergentes aux
séries divergentes, et des quantités réelles aux expressions imaginaires, ne
peuvent étre considérés, ce me semble, gue comme des inductions propres
a faire pressentir quelquefois la vérité, mais qui s’accordent peu avec
P’exactitude si vantée des sciences mathématiques.’

‘On nomme quantité variable celle que ’on considére comme devant
recevoir successivement plusieurs valeurs differentes les unes des autres. ..
Lorsque les valeurs successivement attribuées & une méme variable
s’approchent indéfiniment d’une valeur fixe, de maniére & finir par en
différer aussi peu que 'on voudra, cette derniére est appelée la limite de
toutes les autres.’

There follow two familiar examples, one being that of the circle as the
limit of inscribed polygons. Cauchy then continues:

‘Lorsque les valeurs numériques successives d’une méme variable dé-
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croissent indéfiniment, de maniére a s’abaisser au’dessous de tout nombre
donné, cette variable devient ce qu’on nomme un infiniment petit ou une
quantité infiniment petite. Une variable de cette espéce a zéro pour limite.”

‘Lorsque les valeurs numériques d’une méme variable croissent de plus
en plus, de maniére a s’élever au dessus de tout nombre donné, on dit que
cette variable a pour limite Vinfini positif...’

Chapter 1t of the same book begins with a detailed discussion of the
orders of the infinitely small and infinitely large quantities. Continuity is
considered next. We quote,

‘... 1a fonction f (x) sera, entre les deux limites assignées 4 la variable x,
fonction continue de cette variable, si, pour chaque valeur de x inter-
médiaire entre ces Iimites, la valeur numérique de la différence f(x+o}—
S () déeroit indéfiniment avec celle de «. En d’autres termes, /g fonction
f(x) restera continue par rapport a x entre les limites données, si, entre ces
limites, un accroissement infiniment petit de la variable produit toujours un
accroissement infiniment petit de la fonction elle-méme.’

We gather from the above passages that infinitely small quantities are
fundamental in Cauchy’s approach to Analysis. However, these quantities
are not numbers but variables, or rather, states of variables whose limit is
zero. As for variables in general they are not symbols (i.e., elements of the
formal language which describes the system under consideration) but are
regarded as basic entities as a special kind. If one tries to make this notion
precise in contemporary terms one might perhaps describe a variable as a
function whose range is numerical while its domain may be any ordered
set without last element. Bowever, Cauchy evidently does not wish to base
the notion of a variable on the notion of a function; indeed, in a passage
which is not quoted here he defines the notion of a function in terms which
involve the notion of a variable. At the same time it should be mentioned
that elsewhere Cauchy treats functions f(x) such that lim__, f(x) =0 as
infinitely small quantities, implying that functions may be regarded also as
variables.

Whatever the precise picture of an infinitely small quantity may have
been in Cauchy’s mind, we may examine his subsequent definitions and
see what they amount to if we interpret the infinitely small and infinitely
large quantities mentioned in them in the sense of Non-standard Analysis.
For the notion of continuity, Cauchy’s definition may thus be interpreted
as stating that for /'(x) defined in the interval a < x < b, f{x) is continuous
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in that interval if, for infinitesimal «, the difference f{(x+a)—/(x) is
always (toujowrs) infinitesimal. If now we interpret ‘always’ as meaning
‘for all standard x’ then we obtain ordinary continuity in the interval
but if by ‘always’ we mean ‘for all x’ then we obtain uniform continuity.

Cauchy regarded his theory of infinitely small quantities as a satis-
factory foundation for the theory of limits and (d’Alembert’s suggestion
notwithstanding) he did not introduce the latter in order to replace the
former. His proof procedures thus involved both infinitely small (and in-
finitely large) quantities gnd limits. In spite of his own warning against
arguments relying on the generality of Algebra, which was quoted above,
and which may have been directed against Leibniz’ principle of continuity
he did not hesitate to add infinitely small quantities to one another and
even to divide them by one another. The e-technique does appear in his
writings but we may take it, for example, that the condition that
| f(x+2)—f(x)| <efor jaf <& would have been regarded by him as a
criterion for continuity and not as a definition.

We proceed to consider a famous error of Cauchy’s, which has been
discussed repeatedly in the literature. Cauchy introduces a series of
functions

10.5.1 o (x)+uy (x)+uz(x)+-
and states the following theorem (cauchy [1821]}.

10.5.2 ‘Lorsque les différents termes de la série (1) (i.e., in our numbering
10.5.1) sont des fonctions d'une méme variable x, continues par rapport a
cette variable dans le voisinage d’une valeur particuliére pour laquelle la
série est convergente, [a somme s de la série est aussi, dans le voisinage de
cette valeur particuliére, fonction continue de x.

The assertion is that if all the functions #,(x) are continuous in an
interval g < x <b (which includes a particular x,) and if the series 10.5.1
converges in that interval to a sum s(x) then s(x) also s continuous. For
the proof, Cauchy introduces the partial sums s,(x) =ug(x)+u (x)+
.. +u,(x) and the remainders r,(x) =s(x)—s,(x) and then argues as fol-
lows.

‘Cela posé, considérons les accroissements que regoivent ces trois
fonctions (i.e., r,,s, and s}, lorsqu'on fait croitre x d’une quantité in-
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finiment petite. L’acroissement de s, sera, pour toutes les valeurs possibles
de r, une quantité infiniment petite; et celui de r, deviendra insensible en
méme temps gue 7,, si I'on attribue a » une valeur trés considérable. Par
suite, ’accroissement de la fonction x ne pourra étre qu’une quantité
infiniment petite.’

According to Cauchy this leads immediately to the theorem stated
above. Interpreted in terms of Non-standard Analysis, the argument runs
as follows. Let x, be a standard number such that a<x,; <b. In order to
prove thats(x)iscontinuous at x, we attempt to show that s(x; + ) —5(x,)
is infinitesimal for all infinitesimal «. Now

10.5.3 s(xy+a)—s(x)=(s,(x, +“)_5n(x1))+(’n(xx+°‘)"‘rn(x1))

Following Cauchy’s argument we might be inclined to claim that the left
hand side is infinitesimal since s,(x, + o)} —s,(x,) is infinitesimal for all n
and r,(x, +a) and r,(x,) are infinitesimal for all infinite n. However, this
argument is erroneous. For although r,(x,) is indeed infinitesimal for all
infinite # (since x, is standard), r,(x, + «) must needs be infinitesimal only
for sufficiently high infinite #; while s, (x; + &) — 5,(x,)is infinitesimal for all
finite n,and hence, by one of our basic lemmas (3.3.20), for sufficiently small
infinite #. In order to prove that the Jeft hand side of 10.5.3 is infinitesimal
we have to ensure that there exists an » for which r,(x,+«) and the
difference s,(x, +a)—s,(x,) are infinitesimal simultaneously. Two natural
alternatives offer themselves, (i to assume that 10.5.1 is uniformly con-
vergent in the interval a<x <, so that r,{x, +a) is infinitesimal for af/
infinite », or (ii} to assume that the family {s,(x)} is equicontinuous in the
interval, so that s,(x, +o}—s,(x,) is infinitesimal for @/ infinite n.

The classical example of a convergent series of continuous functions
whose sum is not continuous everywhere is {ABEL [1826])

10.5.4 sin x+3 sin 2x +4 sin 3x+ .-+

Indeed, 10.5.4. hasthe surn —4(n + x) for —n < x <0, the sum 0 for x =0
and the sum 4(z—x) for 0<x<x. The sum is thus discontinuous at the
point x=0.

Over thirty years after the publication of Theorem 10.5.2 above, Cauchy
returned to the problem (CAUCHY [1853]). It appears from the text of his
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paper that he made a careful study of the counterexample 10.5.4. This led
him to the following revised version of 10.5.2.

10.5.5 “Si les différents termes de la série
(I) Ugsll g Uy s W8y g qy-ee

sont des fonctions de la variable réelle x, continue, par rapport a cette
variable, entre des limites données; si d’ailleurs, la somme

(3) un+un+l+'”+un'—l

devient toujours infiniment petite pour des valeurs infiniment grandes des
nombres entiers n et n' > n, la série (1) sera convergente, et la somme s de la
série (1) sera entre les limites données, fonction continue de la variable x.

If we interpret this theorem in the sense of Non-standard Analysis, so
that ‘infiniment petite’ is taken to mean ‘infinitesimal’ and translate
‘toujours’ by ‘for all X’ (and not only ‘for all standard x’), then the condi-
tion introduced by Cauchy in 10.5.5 amounts precisely to uniform conver-
gence in accordance with (i) above. We should add that the problem had
in the meantime been considered by other mathematicians, who intro-
duced similar conditions (Compare HARDY [1914]).

Let us nowconsider Cauchy’s definition of thederivative (Cauchy[1823]).

‘Lorsque la fonction y = f(x) reste continue entre deux limites données
de la variable x, et que 'on assigne a cette variable une valeur comprise
entre les deux limites dont il s’agit, un accroissement infiniment petit,
attribué a la variable, produit un accroissement infiniment petit de la
fonction elle-méme. Par conséquent,sil’onpose alors 4x =/, les deux termes
du rapport aux différences

PR LCE e (<)

Ax i

seront des quantités infiniment petites. Mais tandis que ces deux termes
s’approcheront indéfiniment et simultanément de la limite zéro, le rapport
lui-méme pourra converger vers une autre limite, soit positive, soit
négative. Cette limite, lorsqu’elle existe, a une valeur déterminée pour
chaque valeur particuliére de x; ...

— and this value is the derivative of the function of the point under
consideration.
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Later generations have overlooked the fact that in this definition 4x
and 4y were explicitly supposed to be infinitely small. Indeed according
to our present standard ideas, we take /'(x) to be the limit 4y/4x as Ax
tends to zero, whenever that limit exists, without any mention of infinitely
small quantities. Thus, as scon as we consider limits, the assumption that
Ax and Ay are infinitesimal is completely redundant. It is therefore the
more interesting that the assumption is there, and, indeed, appears again
and again also in Cauchy's later expositions of the same topic (CAuCHY
{1829, 1844]). We are forced to conclude that Cauchy’s mental picture of
the situation was significantly different from the picture adopted today, in
the Weierstrass tradition. Thus, for f(x}=x", Cauchy states that
£ {(xy=mx™""! is the limit of

(x+i)"=x" m{m—1) .

=i T ——— X" T e
i 1-2 ’

where i, and hence {x+{)™ — x™ is infinitely small. He also calls the deriva-
tive of a given point ‘la derniére raison des différences infiniment petites
Ay et Ax’, where the term ‘derniére raison’ (ultimate ratio) is taken from
the Newtonian terminology. It seems reasonable to conclude from all this
that in Cauchy’s mind a function did not approach its limit directly, but
only via expressions involving infinitesimals. In fact, a non-standard
analyst would be tempted to equate the expression ‘limit of 4y/4x’ for
infinitely small 4x and 4y with ‘standard part of 4y/dx, i.e., °(dy/Ax)
and this would indeed give the right answer, /'(x), whenever f ' (x) exists.
However, Cauchy would most probably have rejected this suggestion
since he regarded 4x and A4y as variables, i.e., as ‘quantities taking a
succession of values’,

At any rate, Cauchy used infinitely small or large quantities freely in
both definitions and proofs. An interesting example is provided by the
proof of the theorem that if y'= f'(x,) is positive then f(x) increases in
the neighborhood of x, (cauchHy [1829]). Cauchy argues that since
Ay{dx has the limit f'(x,) for infinitesimal dx and 4y = f(xo+ 4x)—
f{x,), and since £’ (x;) is positive, it follows that 4 y/4x must be positive
also for sufficiently small ‘numerical’ values of 4x, where the adjective
‘numerical’ means that 4x is an ordinary number, i.e., in the terminology
of Non-standard Analysis, that 4x is standard. This passage from a ratio
of infinitely small numbers to aratio of sufficiently small standard numbers
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is legitimate in Non-standard Analysis, because it can be justified there by
a rigorous proof. In Cauchy’s theory however, it is a logical non sequitur
and may be said to involve an unconscious use of the ‘principle of con-
tinuity’, whose application had been criticized by Cauchy himself.

What has been said so far concerning differentiation applies equally
well to Cauchy’s theory of integration. The following quotation is typical
(cAauchy [1823]).

‘D’aprés ce qui a ét¢ dit dans la derniére legon, si 'on divise X' —xyen
éléments infiniment petits x, — xq, X, — X,, ..., X—Xx,,_, la somme

(1) S=0ey—xo)f (xo)+Ga—=x ) f (e )+ HX = x0 ) f (%4-1)

convergera vers une limite représentée par 'intégrale définie

X
@ ff(x)dx.’

Even questions concerning the (Cauchy) principal value of a singular
integral are discussed in the same setting.

On the other hand, although his definition of the derivative involved
infinitely small increments, Cauchy introduced differentials in the way
generally accepted in classical analysis. That is to say, for dx=5 where
b#0, otherwise arbitrary, he defined dy by dy=f'(x)b= f'(x) dx s0
that the relation dy/dx= f’(x) is exact.

It appears that Cauchy never abandoned the techniques described above
although the following guotation, which is taken from a paper published
in 1844 may indicate a slight shift in his position.

‘Pour écarter complétement 1'idée que les formules employées dans le
calcul différentiel sont des formules approximatives, et non des formules
rigoureusement exactes, il me parait important de considérer les différen-
tielles comme des quantités finies, en les distinguant soigneusement des
accroissements infiniment petits des variables. La considération de ces
derniers accroissements peut et doit étre employée comme moyen de dé-
couverte ou de démonstration dans la recherche des formules ou dans
I'établissement des théoremes. Mais alors le calculateur se sert des in-
finiment petits comme d’intermédiaires qui doivent le conduire & la con-
naissance des relations qui subsistent entre des quantités finies; et jamais,
a mon avis, des quantités infiniment petites ne doivent étre admises dans
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les équations finales, ou leur présence deviendrait sans objet et sans
utilité...” (CAUCHY [1844])).

The remark in this passage that it is important to consider differentials
as finite quantities, may be contrasted with the fact that, fifteen years
earlier, Cauchy had stated that dx =5 is arbitrary and might even be in-
finitesimal {caucHy [1829]).

Thus, Cauchy stands in the history of the Calculus not as a man who
broke with tradition and swept away old and rotten foundations to make
room for new and sound ones but rather as a link between the past and the
future. The elements of his theory can be traced back to Newton and to
Leibniz {and beyond) but he provided a synthesis of the doctrine of limits
on one hand and of the doctrine of infinitely small and large quantities on
the other by assigning a central role to the notion of a variable which tends
to a limit, in particular to the limit zero. And although his basic approach
was actually superseded half a century later, the immense care with which
e handled his tools and the great scope and detail of his work in Analysis
constituted a giant step in the direction of the final (or, presently accepted)
solution.

10.6 Bolzano, Weierstrass, and after. °...if, for every £>0, there exists a
§>0..., “..if, for every £>0 there exists a natural number n..." - it is by
means of these phrases that we now define limits, continuity, differentia-
tion, and related notions, in an approach which is universally accepted
and which needs no introduction here. The credit for the general adoption
of this approach goes to Weierstrass, although the absence of adequate
records makes it hard to determine when exactly Weierstrass began to
make his ideas public. (Compare HEINE [1872]). It is certain that, in
essence, the method was conceived aiready by Bolzano, who was a
contemporary of Cauchy’s (BOLZAND). Bolzano’s lack of standing in the
mathematical world may have been one of the reasons why he did not
succeed in spreading his ideas. However, as mentioned, there are traces of
the ‘e, §-approach’ already in Cauchy and an interesting example of an
intermediate attitude is to be found in the following (originally unpub-
lished) remark of Riemann’s.

‘Unter dem Ausdruck: die Grisse w dndert sich stetig mit z zwischen
den Grenzen z=g und z=> verstehen wir: in diesem Intervall entspricht
jeder unendlich kleinen Anderung von z eine unendlich kleine Anderung
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von w oder, greiflicher ausgedrickt: fir eine beliebig gegebene Grésse ¢
ldsst sich stets die Grosse « so annehmen, dass innerhalb eines Intervalls
fir z, welches kleiner als « ist, der Unterschied zweier Werthe von w nie
grosser als ¢ ist. Die Stetigkeit einer Function fiihrt hiernach, auch wenn
dies nicht besonders hervorgehoben ist, ihre bestindige Endlichkeit mit
sich’ (RIEMANN).

Thus, Riemann asserted the identity of Cauchy’s notion of continuity
in an interval and of the ‘Weierstrassian’ notion of uniform continuity,
but stated that the Weierstrasstan notion is more concrete (greiflicher). 1t
is hard to say in what sense this could be regarded as a precise statement
at the time when it was made. However, with the spread of Weierstrass’
ideas, arguments involving infinitesimal increments, which survived,
particularly in differential geometry and in several branches of applied
mathematics began to be taken automatically as a kind of shorthand for
corresponding developments by means of the ¢, d-approach (or, later on,
for some more sophisticated method). Usually, this assumption has
turned out to be correct although in several cases its justification was
complicated and hard to achieve. However, it may well have been this
attitude which gave rise to the impression that Cauchy's theory was al-
ready basically the same as Weierstrass', and that the former used in-
finitesimals really as a kind of shorthand. The question remains whether
Cauchy himself also held this opinion. As we have seen he did in fact
regard them (at least toward the end of his life) as tn some way provisional
but there seems to be no indication that he wished to, or would have been
able to, eliminate them altogether. At the same time, we may recall that
Leibniz already claimed that his mention of infinitely small or infinitely
large numbers merely provided an abbreviation of ‘Archimedes’ method’.
And it must be said that in certain respects the Greek method of ex-
haustion is much closer to the method of Weierstrass than to those of
Newton, Leibniz, or Cauchy.

The introduction of the Weierstrass approach in Analysis, the arith-
metization of the system of real numbers, and the discovery of set theory
by Cantor all occurred within the same short time span and were in fact
interrelated. The same period also saw the first attempts to develop a
theory of infinitely small and infinitely large quantities in accordance with
the newly adopted standards of rigor. Following Cauchy’s idea that an
infinitely small or infinitely large quantity is associated with the behavior
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of a function f(x), as x tends to a finite value or to infinity, du Bois-
Reymond produced an elaborate theory of orders of magnitude for the
asymptotic behavior of functions (DU BOIS-REYMOND [1875]). Stolz tried
to develop also a theory of arithmetical operations for such entities, but
conceded that his results were inadequate as far as their practical appli-
cability is concerned (sToLz {1885]). However, the custom of regarding
functions /' (x) such that lim f{x) =0 as infinitely small quantities and to
make correct, though modest, use of this idea in Analysis has been re-
tained in several standard texts (e.g., KHINCHIN [1953]).

Beginning with the turn of the century, interest in non-archimedean
fields was restricted more and more to their algebraic aspects. This period
culminated in the development of the beautiful theory of formally-real
fields of Artin and Schreier. Although purely algebraic, this concept plays
a part in the more recent theory of hyperreal fields (HEWITT [1948]), which,
as we have observed, can serve as non-standard models of analysis. [t
seems likely that Skolem’s idea to represent infinitely large natural
numbers by number-theoretic functions which tend to infinity {(SKOLEM
[1934]), also is related to the earlier ideas of Cauchy and du Bois-Rey-
mond. It is a fact that much of Skolem’s work in Number Theory was
concerned with rational points on algebraic curves and involved a detailed
discussion of the asymptotic properties of such curves. Finally, we should
record that, as far as these matters can be ascertained at all, Skolem’s
works on non-standard models of Arithmetic was the greatest single
factor in the creation of Non-standard Analysis.

We may complete the picture of recent developments by mentioning
that during the period under consideration attempts were still made to
define or justify the use of infinitesimals in Analysis (e.g., GEISSLER [1904],
NATORP [1923}]). The most successful among these is the theory of
Schmieden and Laugwitz (SCHMIEDEN and LAUGWITZ [1958], LAUGWITZ
{1961, 1961al}. The starting point of the Schmieden-Laugwitz theory is,
once again, the identification of infinitely small or infinitely large numbers
with functions, with particular reference to their asymptotic behavior, except
that these functions now are mappings from the natural into the rational
or real numbers, i.e., sequences. The resulting system is not an ordered
field but a ring with zero divisors. Nevertheless, the reader who consults
the original papers will find that the theory is of considerable interest.
Among other things, it includes a substitute for the theory of distributions.
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It might be thought that the introduction and development of the
theory of transfinite cardinal and ordinal numbers also led to an upswing
in the theory of infinitesimals. This is true indirectly since abstract set
theory forms a historical background to the free and easy handling of
infinite sets that is required in Non-standard Analysis. However, the dis-
coverer of Set Theory, G. Cantor, actually went so far as to claim that he
could prove the impossibility of infinitely small numbers by means of that
theory (CANTOR [1887/1888]). And we may quote, without comment, the
words of one of the foremost authorities on Set Theory, A. H. Fraenkel,
in a classical textbook on the subject (FRAENKEL [1928]). Fraenkel men-
tions, with approval, the opinion that the test for the efficacity of in-
finitely small numbers is their applicability to the Differential and Integral
Calculus, and then goes on:

‘Bei dieser Probe hat aber das Unendlichkleine restlos versagt.
Die bisher in Betracht gezogenen und teilweise sorgfiltig begriindeten
Arten unendlichkleiner Grssen haben sich zur Bewaltigung auch nur der
einfachsten und grundlegendsten Probleme der Infinitesimalrechnung
(etwa zum Beweis des Mittelwertsatzes der Differentialrechnung oder zur
Definition des bestimmten Integrals) als vollig unbrauchbar erwiesen...
es besteht auch kein Grund zu der Erwartung, dass sich hierin kiinftig
etwas dndern werde. Gewiss wiire es an sich denkbar (wenn auch aus guten
Griinden dusserst unwahrscheinlich und jedenfalls beim heutigen Stand
der Wissenschaft in ungreifbarer Ferne liegend), dass ein zweiter Cantor
dereinst eine einwandfreie arithmetische Begriindung neuer unendlich-
kleiner Zahlen gébe, die sich als mathematisch brauchbar erweisen und
ihrerseits vielleicht einen einfachen Zugang zur Infinitesimalrechnung er-
offnen konnten. Solange das aber nicht der Fall ist, wird man weder dte
(in vieler Hinsicht interessanten) Veroneseschen noch andere unendlich-
Kleine Zahien in Parallele zu den Cantorschen setzen diirfen, sondern sich
auf den Standpunkt stellen miissen, dass von der mathematischen und
damit logischen Existenz des Unendlichkleinen in einem gleichen oder
dhnlichen Sinn wte beim Unendlichgrossen in keiner Weise gesprochen
werden kann.’

10.7 Infinitely small and large numbers and the infinite. So far, we have
concentrated on the purely mathematical aspects of the development of
Analysts. However, the history of the subject cannot be fully understood if
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we disregard its philosophical background. Nowadays the Philosophy of
Mathematics is considered in connection with more general notions such
as consistency, predicativity, or constructivity. So it might seem to us that
the evolution of the foundations of the calculus amounts merely to the
development of certain mathematical techniques, and the rejection or
modification of such techniques on grounds of obvious inconsistency.
This picture is incomplete. It ignores the fact that, from the seventeenth
to the nineteenth century, the history of the Philosophy of Mathematics is
largely identical with the history of the foundations of the Calculus.

The gingerly way in which the Greek mathematicians, Eudoxus, Euclid,
and Archimedes, handled problems of quadrature and related questions,
was not a sign of the uncertainty of a nascent science, but was due to a
profound and abiding distrust of the notion of infinity. The most famous
expression to this uneasiness is given by some of Zeno’s paradoxes.
Aristotle discussed the matter in several of his writings and rejected the
actual infinite while accepting the notion of a potential, or growing infinite
(ARISTOTLE). The discussion of the problem continued in the Middle Ages,
but we shall not deal with this phase. Writing in 1689, Locke stated a
position on infinity which is close to Aristotle’s (LOCKE {1690]).

Against this background, we have to understand Leibniz’ position in
the following way. Leibniz did not reject the actual infinite in general, but,
at least in his later years, he considered that it has no place in the Calculus.
Moreover, while in his mind the terms of an infinite series constituted only
a potentially(‘syncategorematically’}infinite assemblage, the infinitelylarge
and small numbers were thought to belong to the actual infinite. He there-
fore regarded the latter as ideal or fictitious while accepting the former as
real. The opinion that infinitely large or small numbers were forms of the
actual infinite seems to have been common ground at that time and for
some time after. Thus the curicusly ambivalent and shifting explanations
of Newton and his followers can be explained, at least in part, by their
reluctance to admit the existence of such entities. The vigorous attack
directed by Berkeley against the foundations of the Calculus in the forms
then proposed is, in the first place, a brilliant exposure of their logical in-
consistencies. But in criticizing infinitesimals of all kinds, English or
continental, Berkeley also quotes with approval a passage in which Locke
rejects the actual infinite (BERKELEY {1734, 1735, —]). It is in fact not
surprising that a philosopher in whose system perception plays the
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central role, should have been unwilling to accept infinitary entities
(compare STRONG [1957]).

As the Calculus continued to develop and thrive, the logical and philo-
sophical weaknesses of the system were overlooked for a period. Indeed,
the great success of the theory was ascribed by some to the acceptance of
the reality of the infinitely small and large, by contrast with its rejection
by Archimedes and his predecessors. But when Cauchy constructed his
edifice in response to renewed doubts he quite probably chose the notion
of a variable as basic since, by its very nature, the idea of a variable seems
to express potentiality and not actuality. (Compare CANTOR [1885],
CARRUCIO [1957].) In this respect the shift from Cauchy’s outlook to the
views commeonly held at present is crucial, since the e, d-conditions are
interpreted naturally in terms of actual infinite totalities, e.g., the reai
numbers.

Thus, the problem of infinity which, in the view of many, is still one of
the chief concerns of the Philosophy of Mathematics, although with a
widened scope and with changed emphasis, is basically the same problem
that worried the founders of mathematical Analysis. Having produced a
theory of infinite sets of remarkable coherence and beauty, Cantor and his
followers thought that they had finally caught the actual infinite, just as
de I'Hospital had believed, nearly two hundred years earlier, to have
found it in the Calculus of Infinitesimals. On the other hand, the outlook
of the intuitionists and other constructivists may be compared with that
of Cauchy; while the spirit of Formalism, or at least of one versicn of it,
in its assessment of wide portions of contemporary Mathematics {¢.g., the
theory of transfinite cardinal and ordinal numbers) is close to Leibniz’ as
expressed in his pronouncement (on ipfinitely small and large numbers),
‘que ce n’étaient que des fictions, mais des fictions utiles...’

At the moment Cantor’s point of view is that held by the majority of
mathematicians. But perhaps our historical review suggests that just as
the Calculus of infinitesimals, which was triumphant in the middle of the
eighteenth century was still put on completely different foundations within
the next one hundred years, so future generations of mathematicians,
while accepting the formal results of Set Theory, may reject the platonistic
claims commonly associated with it.

We should add that, to a logical positivist, a discussion of the onto-
logical significance of infinitary notions of any kind is meaningless. How-
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ever, presumably even a positivist would concede the historical importance
of expressions involving the term ‘infinity’ and of the (possibly, subjective)
ideas associated with such terms.

Returning now to the theory of this book, we observe that it is presented,
naturally, within the framework of contemporary Mathematics, and thus
appears to affirm the existence of all sorts of infinitary entities. However,
from a formalist point of view we may look at our theory syntactically and
may consider that what we have done is to introduce new deductive
procedures rather than new mathematical entities. Whatever our outlook
and in spite of Leibniz’ position, it appears to us today that the infinitely
small and infinitely large numbers of a non-standard model of Analysis
are neither more nor less real than, for example, the standard irrational
numbers. This is obvious if we introduce such numbers axiomatically,
while in the genetic approach both standard irrational numbers and non-
standard numbers are introduced by certain infinitary processes. This
remark is equally true if we approach the problem from the point of view
of the empirical scientist. For all measurements are recorded in terms of
integers or rational numbers, and if our theoretical framework goes
beyond these then there is no compelling reason why we should stay
within an Archimedean number system. For, repeating a quotation given
earlier in this chapter, ‘on ne différe du style d’Archiméde que dans les
expressions qui sont plus directes dans notre méthode et plus conformes
a Part d’inventer’.
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