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NEW INEQUALITIES IN A BICENTRIC
QUADRILATERAL

MARIUS DRAGAN and OVIDIU T. POP

Abstract. In this paper we will demonstrate some new inequalities in
bicentric quadrilateral. For two inequalities we will also give a geometric
interpretation.

1. INTRODUCTION

In this section we will recall some known results, which we will use in the
following.
In a bicentric quadrilateral we denote the lenghts of the sides with a, b, ¢, d.
F' the area, r the radius of the inscribed circle, respectively R the radius of

. . . . a+b+c+d L.
circumscribed circle and with s = — the semiperimeter.

Theorem 1 (see [4] pages 39-54, or [7] page 164). In a bicentric quadrilateral
are true the following equalities

(1) o1 = Za =2s
(2) 02:Zab282+2r2+2r\/m
3) o3 = Zabc =5 (27’2 + 27"\/4R2i+r2)

(4) o4 = abed = F? = %2

We denote with sy = \/8r (VIRZ + 2 — r) and s, = VARE T 72 4 1.
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Theorem 2 (Blundon-Eddy Inequality, see [3], or [4] page 58, or [7] pages
168-171). A bicentric quadrilateral is given. The inequality

(5) s1<s
hold.

If R = /2, then the quadrilateral is square, both circles are concentric
and inequality hold.

If R # rv/2, then the equality holds if and only if the quadrilateral is an
isosceles trapezoid.
The inequality

(6) 5 < 89

hold with equality if and only if the quadrilateral is orthodiagonal.
The inequalities

(7) 51 <5< 89

hold.

If R = rv/2, then both inequalities becomes equalities and in this case
the quadrilateral is square.

If R # /2, then at least one of the inequality is strict.

Theorem 3 (Fejes Téth Inequality, see [4] page 147 or [7] page 166). In a
bicentric quadrilateral, the inequality

(8) R>V2r
hold.

2. MAIN RESULTS AND APPLICATIONS

Lemma 1. In every bicentric quadrilateral the following inequalities

(9) VAR +12 < 2R+ (3-2V2) 7

and

42 1
(10) VAR? + 12 > {R—F?)r
hold.

4
Proof. After squaring we obtain (\/§ — 1) r? 4+ (12 — 8\/5) Rr>1r? or

4r (\/i — 1)2 (R — r\/i) > 0, which is true.
After squaring we obtain 36 R% + 9r? > 32R? + 12 + 8v/2 Rr or
2
4 (R — 7“\/5) > 0, which is true.

Lemma 2. In cvery bicentric quadrilateral
(11) —

hold.
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Proof. Inequalities hold from (9) and (10).

R
Taking (8) into account we have — > /2, so we will study the variations of

r
the function f : [\/5, +00) = R, f(z) = V422 + 1. We have that

4z 4
fl(x) = Nt f(x) = 42 )ViET1 and the following vari-
ation table
z | V2
f! + + + +
f13 u A U U N +o00
f" + + + + +  +

The function f has the line d : y = 2x oblique asymptote and the following
graph representation from Fig.1.

The line dy has the equation do : y = 22 + 3 — 21/2, da|d and the line d; is
tangent to the graph of the function f at the point A <\/§, 3).

d; d
y
A(\V2,3) d;
\/3 X
Figure 1
4/2 1

The equation of the line dy is dy : y = Tw + —.

The geometric interpretation is that the graph of the function f is between
the lines d; and ds, so

(12) %m +

: <VAr2 r1<2c+3-2V2

W =

R
If in (12) instead of x we put —, we get the inequalities from (11).
r

Theorem 4. In every bicentric quadrilateral hold
VaRT+72-7)* 1 1 1 1
<5+5+t5+5<
2R?r2 a? b 2 d?
_ (2B 41%) VIR 07 — 4R 41
- 4R?r3

(13)
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Proof. By using the identities (1)—(4) and the inequality (7), we have
1 1)\? 1 (Z abc) 2 2% ab
- ) —oN T = _ =
Z a? (Z a) Z ab abed abed
s (22 4 2rVARE T 12)° 2(s? + 202 4 2 VAR T 12)

shpd 5212
2

== (8R? + 20 + 2rV/AR2 + 12 —t)
T

where t = s? € [s2, s2].
Let f: [s],53] — R be a function defined by

2
f = (8R? + 202 + 2rVARZ + 72 —t).
Since f is decreasing we obtain f(s3) < f(s?) < f(s?), s* € [s3,3].
2
F(s3) = 5 (SRZ+ 202+ 20 VAR + 12 — 52 =

r2s?

2 (8R? + 2r% + 20 VAR? + 72 — 8rvAR? + 12 + 8r2)
&3 (\/4}2274—7"2 — r)

(8R2 + 1072 — 6rvV4R2 + r2) (\/4R2 + 72+ 7“)

4r3 - AR?
~ (2R?+r)VAR? + 12 — 4R%*r + 1
a AR
and
2
F(52) =~y (SR2 4202 4+ 20 VAR 177 — 83) =
T 82
2 (8R? + 2r% + 2rVAR® + 12 — 4R? — 2r2 — 2rV/ARZ + 12)
= 2 _
r2 (VARZ+12 4 r)
SR (VAIRE+ 2 —r) (VAR 472 —r)
o r2 . 16 R4 - 2 R22 )

o (13) follows.

Corollary 1. In every bicentric quadrilateral holds

2
y L1 1 1 (\/4R2+r2—r) N 4
W Gteptetes @2 2.7

where s} = \/Sr (\/4R2 +r2 — r) )

Proof. The first inequality represent the left side of inequality from The-

R
orem 4. If we denote with z = — > /2, the third inequality is equivalent,
r

5
with (\/ 472 +1 — 1) > 8z4, which is true if > v/2 (according Wolphram
Alpha). The last inequality represent the left side of inequality (7).
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Corollary 2. In every bicentric quadrilateral holds

2 2
e lo11 1 (VIRZ+72-7) N 2 (2v2R-r) 44
W) Gt tat e ame 2 ome? ZaartF
VARZ 112 - r)2 2 (2V2R - r)2
Proof. Inequality S22 > ORZ2 holds from (10).

2(2v2R —r)" 4

2
Inequality ———-—" > — is equivalent with (2\/§R—r) sir>18R%r?
9R2y2 s1T
2 R
or after squaring, (2\@x — 1) 8 (\/4372 +1-— 1) > 4-81374, where z = — >

,
2
V2 or 2 (2ﬂx — 1) (\/4:U2 +1-— 1) > 8124 which is true, according WA,

for any = > V2.
The other inequalities it results from Corollary 1.

Corollary 3. In every bicentric quadrilateral the inequality

g L1111 2R+ (1-2v2) R%r+ Rr? + (2— V2) s
S+ 4+ =<
( ) a2 + + c2 + a2z — 2R2y3

holds.

Proof. It follows from right side of inequality from Theorem 4 and inequa-

lity (9).
We have > a* = 011—40%02 +40103+20§ —404 and replacing the equalities
from Theorem 1, we obtain

17) Sat=2(? + 27 +2r VAR +12) — 48 (50 + 4r VAR +12).

Also Y (a—b)* = 301l — 160209 + 40103 + 2003 — 1604 and replacing, after
perform some calculation, we obtain

(18) S @ =) =20 (52 + 2% + 20 /AR 1 12) —
—16s (82 +8r% + 77"\/@) )

Remark 1. If 3 (a — b)* = 0, equivalent with a = b = ¢ = d, so ABCD
is square. Then R = 2v/2 and it’s immediately that s; = sy = 47 and
Yat —4F? = 0.

Theorem 5. The best constant k such that the inequality

(19) Y a'>4F?+ kY (a—b)*

it’s true in every bicentric quadrilateral is k = %

Proof. Taking Remark 1 into account, it follows that for R = rv/2 inequal-

ity (19) becomes equality. So for R = rv/2, inequality from (19) is true
for any real number k. In the following, we will consider that R # rv/2,
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so R > rv/2. In this situation, inequality from statement is equivalent,
according (17), (18), F = sr and t = s? with

(t+2r2+2rVART T 72)" —2 (62 + dr VAR 12) ¢

k< f(t)= :
10 (¢ 4+ 202 + 20 /ARZ +72)° — 8t (t + 82 + TrV/ART 1 12)

for any t € [s?, s3], with
f(t) =
—2r (\/ 4R%2 412 —i—r) (t2 — (87“\/ 4R%2 412 +8r2) t+48R2r24+40r3\/4R2 + 12 +4Or4)
p— 2 .
(2 — 8rVARZ + 72t — 1212t + 80r2R? + 40r3v/AR2 + 72 + 80r*)

Let g(t) = t* — <8r\/ AR? + r2 + 87"2) t + 48R%r? 4 40r3v/4R? + r2 + 40r*
and then we have t, = 4rvV4AR2 +r2 4+ 4r? < t; = 8r (\/4R2 + 72 — r2), or
4VAR? + 72 > 12r, or R > v/2r, which is true, where t, is the abscissa of

the peak of the function g of degree II in t.
For the function g, the discriminant is

2
Ay = (8rvART+72 +8r2)" — 4 (48R*? + 40r*VAR® + 12 4 40r') and
after calculation Ag = R% — 272, Since R > rv/2 it results that Ay >0, s0
the function g has two distinct real roots.
Let t] < t} the roots of equation f/(t) = 0 and t; = s3, to = s3.
Then the variation table have the forms

t tll ty t/2 t1 to
FO-— = 0 + + + + 0 — — = -
f(t) f(t) f(t) o f(ta)
or
t tll ty 3] to tl2
- - 0 + ++ + 0 - - — -
f(t) f(th) f(t) 7 f(t2) f(t5)
or
# t, t th to
Fol- - 0 + + + + 0 - - — =
f(t) f(#h) ft) 7 f{ty) N\ f(t2)
so it f(t) = min {£(t), f(t2)} and f(t) > min{f(t1), f(t2)}, for any
t € [s2, s2).

R
In the following we denote — = z and since R > 2v/2, we have that
T

x > /2. We calculate the expression
2
(3%—1— 212+ 2rV/AR2 + 7‘2) -2 (6r2+ 47“\/4R27+7“2) 5?2
2
10 (s%—i— 2r24 2r\/AR2+ 7“2) — 8s% (s%—i— 8r2+ 77”\/W)

f(t)=f(s1) =
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with s1 = \/87“ (\/4R2 + 72— r), we have

Ar? (E)W— 37“)2— 322 (37"—}— 2VAR2+ 7“2) (\/4R2+ r2— r)

t1)= =
fw) 40r2 (5VAR? + 12 — 37~)2 — 96072 (VAR + 12 — 1) VARZ + 712
 (3vAT - 3)2 ~8(3+2vAa?+1) (VA2 +1-1)

10 ((5\/41»2 F1-3) 24 (VEP F1-1) Va2 ¥ 1) N
362?442 - 38VAZ 11 (9VA0Z+1-11) (Va2 +1-3)
10 (422 +10 - 6vAa + 1) 10(m_3)2 ’

from where f(t1) = 13( 4212—:—1 __1;) . In the same way we observe that
Vdaz? +1+1

. We make the observation that since z > /2 it

flt2) = 2 (VieZ+1-3)

follows that v4z2 +1—3 > 0.
By calculation f(t1) — f(t2) we get

Ft1) — Fta) = 4/4z? +1-16 2(4z% — 15)
' ? 10 (VA2Z+1-3) 5(Vaa?+1-3) (Va2 +1+4)

where © = E > /2.
Let u : \/{oo) — R be a function, defined by
u(z) = tligltlitz f(t) =min{f(¢t1), f(t2)} and taking above into account we
9VAz? +1—11 V15
10 (VA2 +1-3) © (ﬁ2>
Va2 +1+1 V15
2(Virri-3) 7o)

It is immediately verified that the function w is strictly increasing on

have wu(z)=

1 1
(\/i, oo) and ILm u(z) = 3 From the above it follows that f(t) > 3 for

any t € [s}, s3] and o # /2. Taking into account the observation from the

beginning of the proof, the equality occurs in (19) if R = rv/2 for any real
number k and the conclusion of the theorem results.

In conclusion, equality in (19) occurs if and only if the bicentric quadri-
lateral becomes a square.

1
In the following we will give a direct proof of inequality (19) for k = 7
Corollary 4. In every bicentric quadrilateral the inequality

1
4 2 4
(20) E a* > 4F —1—5 E (a—10)
holds.
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Proof. From (17) and (18), inequality from statement is equivalent with
2
(t+2r2 +2r VAR +77)" — 2t (6r% + dr VAR +12) >
2

>5 (t + 212 + 2rV4R? + r2) — 4t (t + 8r2 + Trv/4R? + 7"2),
equivalent with
(21) 47'( 4R2—|—7“2+7") [t—4r( 4R2—|—r2—|—r”20.
From (5) we have t = 52 > s? and we will prove that

82 > dr (\/ 4R? 4+ r? + r). The last inequality is equivalent with

8r (\/ 4R? +r2 — r) > 4r (\/ 4R? +r2 + 7“), equivalent with

V4R? + r2 > 3r which is true since R > 2r. From the inequality above,
the inequality (21) follows.

Lemma 3. In every bicentric quadrilateral the identity
(22) (a=b)'4+b-c)+(c—d)+(d—a) =
= 25" — 16r/AR? + 12 5% + 4 (2% + 2r\/W)2
holds.
Proof. We have
Z (a—b)* = Z (a* — 4a3b + 6a2b* — 4ab® + b1) =

cyclic cyclic
=2 Z at — 4(a®b + ba® + bPc + b + Ad + dPc + dPa + aPd)+
+6(a?b? 4+ b2 + *d* + d*a?)
and taking a + ¢ = b+ d into account
a*b+bPa+blc+be® + Pd+ dPe+ d*a+ a’d =
=a*(b+d)+b(a+c)+Pb+d) +dP(a+c) =
= s(a®+ b+ I+ d*) =s[(a+ c)(a*+ = ac) + (b+ d)(b*+ d*— bd)] =
= s*[a® + 0% + & + d* —(ac + bd)].
But ac+bd = 2r (\/W—F r) (see [4] page 25, or [7] page 163)

and > a? = 2s% — 4r? — 4rV/AR? + 12 (see [4] page 57, or [7] page 164).
So

Z (a® 4 b%a) = 52 (232 — 4% — Ap\/AR? + 12 — 2r\/AR? 412 — 27“2) =

cyclic
=52 (232 — 67"\/41%327—1—7“2 — 67"2> ,
Za4 =2 (82 +2r2 + 2r\/4R2 + 7“2)2 — 45> (57“2 + 4r\/4R? + 7‘2)
and

Z a®b? = (a® + ) (b* + d°) = [(a+ ¢)* — 2ac] [(b+ ¢)* — 2bd] =

cyclic

= (5% — 2ac)(s*> — 2bd) = s* — 2(ac + bd)s® + dabed =

=s' = (4T\/m + 47“2) s% 4+ 4r?s?,
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From the above identities, we have
2
> (=)t =4 (s + 27+ 2 VAR? +12) — (4004 327 /AR?+ 1?) 57—

cyclic
—8s" + (24rV/AR2 + 72 + 24r%) 5* + 65—
— (24rVARZ + 12 + 249%) 57 + 241757 =

= 4s* + (16r% + 16rV/AR? +12) 5 + 4 (2r? + 27~JW)2 -
— (40r? 4+ 32r/AR2 +12) s — 85" + (24rV/AR2 + 72 + 24r%) 5°+
+651 — (24rV/AR2 + 72 + 24r%) 5% + 24r%5% =
— 95ty (16r2 £ 16rVAR? + 12 — 40r2 — 32rV/AR? + 12+
F24r VAR 72 4 242 = 24r JAR? 77 - 2477 1 247%) 5%+
+4(2r? + wmf :

from where (22) it follows.

Theorem 6. The best constant k such that the inequality
(23) d a'>4F?+ k> (a—b)*
cyclic

1s true in every bicentric quadrilateral is k = 1.

Proof. It is immediately checked that if R = /2, the quadrilateral is a
square, then the inequality (23) becomes equality, for any real number k.
In the following, we will consider R # rﬂ, so R > /2. In this situation,
from the statement, Lemma 3 and (17) we have

2
2 (32 +2r2 + 2rVAR? + 7“2) — 452 (5?"2 + 47“\/4R27+7"2> — 4522

>k
2
254 — 16rVAR2 + 1252 + 4 (27“2 + 2rvV4R? + r2)

- i

for any s € [s1, s2].
We denote s? =t € [s}, s3] and consider the function f : [s?,s3] — R

2 2
(t + 272 + 2rVAR? + T2) — 2 (6r2 + 4rv4R? + 7"2)
2
2 — 8r/ARZ + r2t + 2 <2r2 1+ 2rV4AR? 1 r2)

ft) =

and then
F1(#) = _47“( (VAR2 472 —2r) 2 — (4r*VAR2+ 12 +8R%r+ 4r° ) 1+
+320 VARZ £ 77 + 64 4 32,°) -
L (12 = 8rV/AR2 + 72t + 16r% (rV/AR2 + 12 + 2R + r2))2 :
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R
Let # = — > /2 and the function g : [s?, s3] — R defined by
T

g(t) = (\/ 4R2% + 1?2 — 2r) 2 — (47‘2\/ AR? +r2 + 8R?*r + 4r3) t+
+ 32r1\/4R? + 12 + 64R*r® 4 321>, t € [s2, 53]
We have to prove that ¢, < t1, equivalent with

2V + 1+ 427 +2 <8 (Va2 +1-1) (V422 +1-2), o
\/4x2+1—|—2x2—|—1<4(\/4:c2+1—1)(\/4x2+ —2), or

13v422 +1 < 1422 4+ 11, and after squaring 4(z? — 2)(4922 4 6) > 0.
Since V4R2 +r2 — 2r > 0, it results that g is increasing on [s?, s3], or

g(t) > g(s?) = 32r° (627+ 3 — 5v/422+ 1) (V422 + 1 - 2) > 0,

for any = > v/2.
So f is decreasing for any t € [s2,s3]. We have k < f(s3) < f(t), for

any t € [s7,s3] and the best constant is k = inf  h(z) = 1, where
xe(\/i+00)

Vdz?+1+1
h: (v2,00) = R defined by h(z) = f(s2) = ———, K(z) < 0 for
any x € (\@, oo) and lim h(z) = 1.

T—00
Taking into account the observation from the beginning of the proof, the
equality occurs in (23), if R = /2 for any real number & and the conclusion
of the theorem results.

Corollary 5. In every bicentric quadrilateral, the inequality
(24) a'+0H A AR (a0t (bt + (c—d) + (d—a)?
holds.

Proof. The inequality (24) is obtained from Theorem 6 for £ = 1. In the
following, we give a direct proof of inequality (23) for £ = 1. From Lemma
3 and (17), inequality from statement is equivalent with

t+2r? + 27"\/4]%274—7”2)2 —2 (50 + 4r\/AR? +r2) t >
> 2tr? + 42 — 8ry/ARZ + 12t + 2 (207 + 2rm)2 :
equivalent with
(VARZ 12 —2r)t > 4R? + 2r°\/AR? + 2 + 21,

Since t > s? = 8r (\/ 4R% 4+ 1? — r) it will sufficient to prove that

8 (\/4x2+ — 1) (\/4332 +1— 2) > 422+ 24 2¢/422+ 1, for any x > V2.

If we denote v4x2 + 1 = y > 3, then the above inequality becomes
8(y—1)(y—2) > y?>+ 1+ 2y or (Ty — 5)(y — 3) > 0, which is true since
y > 3.
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